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Abstract. This manuscript was translated into English using
Codex. The purpose of this manuscript is to present fundamental
results in dimension theory for separable metrizable spaces. We
focus on three classical dimensions: the small inductive dimen-
sion, the large inductive dimension, and the covering dimension.
Among other things, we prove that these three dimensions coin-
cide, establish the existence of embeddings into Euclidean spaces,
and determine the dimension of Euclidean space.

To give an accessible proof of the coincidence theorem, we intro-
duce a notion called the decomposition dimension, based on decom-
positions into zero-dimensional spaces. For separable metrizable
spaces, this dimension also agrees with the three classical dimen-
sions above.
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1. Introduction

1.1. Background. In this manuscript we develop the topological di-
mension theory of separable metrizable spaces, starting from zero-
dimensional spaces. It is difficult to give a single answer to the question
of what dimension is. Roughly speaking, dimension is an integer mea-
suring the degrees of freedom of a space, but many different notions of
dimension are now used for a wide variety of spaces. In the setting of
topological spaces, dimension theory may be viewed as a refinement of
the classification of spaces by connectedness. It measures how difficult
a space is to separate, for example by the boundaries of neighborhoods
(the small and large inductive dimensions) or by the orders of refine-
ments of covers (the covering dimension). These dimensions may differ
in general, but one of the fundamental theorems of dimension theory
states that they all coincide for separable metrizable spaces.

A distinctive feature of this manuscript is the introduction of the
decomposition dimension, which is based on decompositions into zero-
dimensional spaces and is intended to make the coincidence theorem
easier to understand. For separable metrizable spaces, the decomposi-
tion dimension also agrees with the three dimensions above.

We aim to cover the broad content of the classical text [5] and to
make results from older sources accessible. More specifically, we discuss
the coincidence of the three dimensions (Theorem 2.29), the determina-
tion of the dimension of Euclidean space (Theorem 3.6), the embedding
of finite-dimensional spaces into Euclidean spaces (Theorem 6.8), and
the invariance of domain theorem (Theorem 4.2). We also include an
embedding theorem for manifolds (Theorem 7.7), which is useful for
modern people.
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For more advanced topics in dimension theory, see [4]. The book [8]
treats settings more general than separable metrizable spaces. A recent
and readily available reference is [2].

We now describe the organization of the manuscript. The remainder
of Section 1 reviews the facts from general topology used in dimension
theory and introduces our notation for special spaces such as spheres.

In Section 2 we develop dimension theory for separable metrizable
spaces. We first introduce the decomposition dimension, the small
and large inductive dimensions, and the covering dimension, and then
establish the basic properties of the decomposition dimension. The
countable sum theorem is particularly important. In fact, our defini-
tion of the decomposition dimension was inspired by the proof of the
countable sum theorem for the small inductive dimension. It measures
the minimum number of zero-dimensional subspaces whose union is
the whole space. It has long been known that this quantity agrees with
the small inductive dimension for separable metrizable spaces. The
zero-dimensional subspaces in its definition need not be open, closed,
Borel, or even Baire sets. It is therefore noteworthy that dimension
can be recovered from the number of pieces in such a potentially wild
decomposition.

Our main strategy for comparing dimension functions is to construct
a base whose members have boundaries of dimension one less than that
of the ambient space. With the exception of the upper estimate for the
covering dimension, all comparisons between dimension functions are
obtained in this way. One advantage of introducing the decomposition
dimension is that it yields a direct proof of Theorem 2.21, which bounds
the covering dimension above by an inductive dimension.

Section 3 proves Brouwer’s fixed-point theorem. This theorem is
needed to determine the dimension of Euclidean space, since, roughly
speaking, Brouwer’s fixed-point theorem is equivalent to

n− 1 < dimRn.

The sections beginning with Section 4 contain applications of di-
mension theory and may be read in any order because they are inde-
pendently of each other. In Section 4, we prove the invariance of do-
main theorem: the image of an open subset of n-dimensional Euclidean
space under a continuous injection into n-dimensional Euclidean space
is open.

In Section 5, we prove that an n-dimensional subspace of n-dimensional
Euclidean space has nonempty interior. This result is better regarded
as an application of the countable dense homogeneity of Euclidean
space than as a direct application of dimension theory.

In Section 6, we prove that every n-dimensional space embeds into
(2n + 1)-dimensional Euclidean space and discuss universal spaces for
n-dimensional spaces.
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Finally, in Section 7, we use only the finiteness of the decomposition
dimension of a manifold to construct a differentiable embedding of the
manifold into a Euclidean space.

1.2. Basic facts from general topology. Whenever we assume a
separation axiom such as normality, we also assume the T1 axiom.

Lemma 1.1 (Tube lemma). Let X be a topological space, K be a
compact space, x ∈ X, and let U be an open subset of X × K. If
{x} × K ⊂ U , then there exists a neighborhood N of x such that
N ×K ⊂ U .

Proof. Since K is compact and U is open, there exist open neighbor-
hoods O1, . . . , On of x and open subsets V1, . . . , Vn of K such that

{x} ×K ⊂
n⋃

i=1

Oi × Vi ⊂ U.(1.1)

Taking N =
⋂n

i=1 Oi completes the proof. □

Lemma 1.2 (The pasting lemma). Let X and Y be topological spaces.
Assume that A1, . . . , Am are closed subset of X with X =

⋃m
i=1 Ai,

and for each i ∈ {1, . . . ,m}, fi : Ai → Y is a continuous map with
fi(a) = fj(a) for all a ∈ Ai ∩ Aj and for all i, j ∈ {1, . . . ,m}. Define
f : X → Y by f(x) = fi(x) if x ∈ Ai. Then f is well-defined and
continuous on X.

Proof. By the assumption that fi(a) = fj(a) for all a ∈ Ai ∩ Aj and
i, j ∈ {1, . . . ,m}, the map f is well-defined. For every closed subset C
of Y , we have f−1(C) =

⋃m
i=1 f

−1
i (C). Since each fi is continuous and

m is finite, we conclude that f−1(C) is closed. Thus f is continuous
on X. This lemma can be regarded as a consequence of the fact that
every topological space has a final topology induced from finite closed
subsets and inclusion maps. □

Theorem 1.3 (Urysohn metrization theorem). Let X be a second-
countable normal space. Then X admits a topological embedding into
[0, 1]ℵ0. In particular, the space X is metrizable.

Proof. We omit the proof. □

Theorem 1.4 (Tietze–Urysohn extension theorem). Let X be a nor-
mal space, A be a closed subset of X, and let f : A → [0, 1] be con-
tinuous. Then there exists a continuous map F : X → [0, 1] such that
F |A = f .

Definition 1.1 (Open shrinking). Let U be an open cover of a topo-
logical space X. A family

{VU | U ∈ U }
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is called an open shrinking of U if it is an open cover of X and

CL(VU) ⊂ U(1.2)

for every U ∈ U .

Lemma 1.5 (Shrinking lemma for covers). Let {U1, . . . , Um} be a fi-
nite open cover of a normal space X. Then there exists an open cover
{V1, . . . , Vm} such that CLVi ⊂ Ui for every i ∈ {1, . . . ,m}. Equiva-
lently, every finite open cover of a normal space has an open shrinking.

Proof. We argue by induction. For each l ∈ {1, . . . ,m}, we construct
V1, . . . , Vl satisfying the following conditions.

(1) CLVi ⊂ Ui for every i ∈ {1, . . . , l};
(2) {V1, . . . , Vl, Ul+1, . . . , Um} covers X.

Assume that the construction has been completed through l = k. De-
fine

A =

(
k⋂

i=1

X \ Vi

)
∩

(
m⋂

i=k+1

X \ Ui

)
.(1.3)

Then A is closed, and condition (2) implies that A ⊂ Uk+1. By nor-
mality, there exists an open set Vk+1 such that

A ⊂ Vk+1 ⊂ CLVk+1 ⊂ Uk+1.

This gives conditions (1) and (2) for l = k + 1. The case l = m
completes the proof. □
We next introduce a notion of similarity for families of sets.

Definition 1.2. Let I be an index set. Two families A = {Ai}i∈I and
B = {Bi}i∈I of subsets of a set X are called similar if, for every S ⊂ I,
we have ⋂

s∈S

As = ∅ ⇐⇒
⋂
s∈S

Bs = ∅.

Equivalently, one intersection is nonempty exactly when the other is.

In topology one is often interested in constructing similar families
subject to inclusions such as Bi ⊂ Ai, with the sets Ai and Bi required
to be open or closed. We restrict ourselves to the finite case needed
below.

Lemma 1.6. Let X be a normal space, and let {F1, . . . , Fm} be a
family of closed sets and {U1, . . . , Um} a family of open sets such that
Fi ⊂ Ui for every i ∈ Z≥0. We do not assume that either family covers
X. Then there exists a family of open sets {W1, . . . ,Wm} such that we
have Fi ⊂ Wi and ⊂ CLWi ⊂ Ui for every i ∈ {1, . . . ,m}, and the
families {F1, . . . , Fm} and {CLW1, . . . ,CLWm} are similar.

Proof. We argue by induction. For each l ∈ {1, . . . ,m}, construct sets
W1, . . . ,Wl satisfying:
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(1) {CLW1, . . . ,CLWl}∪{Fl+1, . . . , Fm} is similar to {F1, . . . , Fm};
(2) Fj ⊂ Wj and CLWj ⊂ Uj for every j ∈ {1, . . . , l}.

Assume that the construction has been completed through l = k. Let
K be the family of all intersections of finitely many members of

{CLW1, . . . ,CLWk} ∪ {Fk+1, . . . , Fm}

that are disjoint from Fk+1. Put H = X \
⋃
K. Since K is finite, the

set H is open, and Fk+1 ⊂ H. By normality, choose an open set Wk+1

such that

Fk+1 ⊂ Wk+1 ⊂ CLWk+1 ⊂ H ∩ Uk+1.

The definition of K shows that

{CLW1, . . . ,CLWk} ∪ {Fk+1, . . . , Fm}

and

{CLW1, . . . ,CLWk+1} ∪ {Fk+2, . . . , Fm}
are similar. The inductive hypothesis therefore gives the desired simi-
larity with {F1, . . . , Fm}. Taking l = m completes the proof. □

Lemma 1.7. Let X be a separable metrizable space, and let B be an
open base of X. Then B contains a countable subfamily A that is itself
an open base base of X.

Proof. Every subspace of a separable metrizable space is separable and
metrizable, and hence Lindelöf. Choose a countable base C for X. For
each U ∈ C, there is a countable family AU ⊂ B such that⋃

V ∈AU

V = U.

Define

A =
⋃
U∈C

AU .

Then A is the required countable base. □

Definition 1.3. Let X be a topological space and S ⊂ X. We denote
the boundary of S in X by BdryX S. Thus x ∈ BdryX S if and only
if every neighborhood H of x meets both S and X \ S. In general, we
see that

BdryX S = CLX S \ IntX S,

where CLX and IntX denote closure and interior in X, respectively.
When the ambient space is clear, we simply write Bdry S, CLS, and
IntS.

Lemma 1.8. Let X be a topological space and A ⊂ S ⊂ X. Then we
have

BdryS A ⊂ S ∩ BdryX A.
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Proof. Put O = IntX A and C = CLX A. Then O ∩ S and C ∩ S are
respectively open and closed in S, and

O ∩ S ⊂ A ⊂ C ∩ S.

Consequently,

BdryS A ⊂ (C ∩ S) \ (O ∩ S).

Moreover, (C ∩ S) \ (O ∩ S) = (C \O) ∩ S = (CLX A \ IntX A) ∩ S =
S ∩ BdryX A. This proves the assertion. □

Lemma 1.9. Let X be a topological space and N ⊂ A ⊂ X. If N is
open in A, then we obtain

BdryA N = A ∩ (CLX N \N).

Proof. We have BdryA N = CLA N \ IntA N . Since N is open in A,
IntA N = N . Also, CLA N = A ∩ CLX N . Therefore we observe that
BdryA(N) = CLA(N)\IntA(N) = (A∩CLX N)\N = A∩(CLX N \N)
as required. □

1.3. Notation for special spaces.

Definition 1.4. Let n ∈ Z≥1. Define Dn = {x ∈ Rn | ∥x∥ ≤ 1 } and
Sn−1 = {x ∈ Rn | ∥x∥ = 1 } where ∥·∥ is the norm induced by the
standard inner product. Thus Dn is the closed n-dimensional ball and
Sn−1 is its boundary, the (n− 1)-dimensional sphere.

Definition 1.5. Let n ∈ Z≥1 and i ∈ {1, . . . , n}. Define In = [−1, 1]n

and In,i+ = {x ∈ In | xi = 1 } and In,i− = {x ∈ In | xi = −1 }. We

write Bdry In for the boundary of In. Then Bdry In =
⋃n

i=1 I
n,i
+ ∪ In,i−

Moreover, In is homeomorphic to Dn, and Bdry In is homeomorphic to
Sn−1.

Definition 1.6. Let n ∈ Z≥1 and k ∈ {0, . . . , n}. We denote by R(n, k)
the set of points of Rn having exactly k rational coordinates. We denote
by M(n, k) the set of points having at most k rational coordinates, and
by L(n, k) the set of points having at least k rational coordinates.

Definition 1.7. Let (X, d) be a metric space, x ∈ X, and r > 0.
We write U(x, r; d) for the open ball of radius r centered at x; thus
U(x, r; d) = { a ∈ X | d(x, a) < r }. Similarly, we define the closed ball
by B(x, r; d) = { a ∈ X | d(x, a) ≤ r }.

2. Dimensions

The purpose of this section is to develop the dimension theory that
forms the main subject of this manuscript.
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2.1. Dimensions and the decomposition dimension. We begin
by introducing the dimensions considered in this manuscript. Among
them, the decomposition dimension is introduced specifically to stream-
line our proof that the three classical dimensions coincide; it is not a
standard notion. Nevertheless, for separable metrizable spaces its value
agrees with all three of those dimensions.

Definition 2.1. A subset S of a topological space X is called clopen
if it is both open and closed. A nonempty topological space X is called
zero-dimensional if it has a base consisting of clopen sets. Here
“zero-dimensional” is used in this sense and does not refer to a partic-
ular dimension function. We shall later see that, for each dimension
function introduced in this manuscript, having dimension at most zero
is equivalent to being zero-dimensional in this sense.

Definition 2.2. Let X be a separable metrizable space. We define
DDimX = −1 if and only if X = ∅. For a nonempty space, write
DDimX ≤ 0 if X is zero-dimensional. More generally, define DDimX to
be the least integer m for which there exist subspaces X0, . . . , Xm of
X such that

DDimXi ≤ 0 and X =
m⋃
i=0

Xi.

Thus DDimX ≤ n means that X is the union of n+1 zero-dimensional
subspaces. This is a topological invariant, called the decomposition
dimension of X.

Definition 2.3 (Small inductive dimension). The small inductive
dimension indX of a space X is defined inductively as follows. We
set indX = −1 if and only if X = ∅. Once the relation indX ≤ n − 1
has been defined, we write indX ≤ n if, for every x ∈ X and every
neighborhood U of x, there exists a neighborhood N of x such that

N ⊂ U and ind(BdryN) ≤ n− 1.

We write indX = n if indX ≤ n but indX ̸≤ n− 1.

Definition 2.4 (Large inductive dimension). The large inductive
dimension IndX is defined inductively. We set IndX = −1 if and
only if X = ∅. Once the relation IndX ≤ n − 1 has been defined, we
write IndX ≤ n if, whenever K is closed, U is open, and K ⊂ U , there
exists an open set V such that

K ⊂ V ⊂ CLV ⊂ U and IndBdry V ≤ n− 1.

We write IndX = n if IndX ≤ n but IndX ̸≤ n− 1.

Finally, we introduce the covering dimension. For a family U of
subsets of a set X and a point x ∈ X, let deg(U ; x) be the number of
members of U containing x, and define deg(U) = supx∈X deg(U ; x).
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Definition 2.5. Let X be a topological space and n ∈ Z≥0. We write
dimX ≤ n if every finite open cover U of X has an open refinement V
satisfying deg(V) ≤ n+ 1. We write n < dimX when dimX ≤ n fails,
and write dimX = n when dimX ≤ n and n− 1 < dimX.

We first record some basic properties of the decomposition dimen-
sion. The following two facts follow immediately from the definition of
DDim.

Lemma 2.1. Let X be a separable metrizable space and S ⊂ X. Then
DDimS ≤ DDimX.

Proof. If X =
⋃n

i=0 Ai with each Ai zero-dimensional, put Bi = S ∩Ai.
Zero-dimensionality is hereditary. □
Lemma 2.2. Let X be a separable metrizable space and let A,B ⊂ X.
If DDimA ≤ n and DDimB ≤ 0, then DDim(A ∪ B) ≤ n+ 1.

Proof. This follows immediately from the definition. □
Proposition 2.3. Let X be a separable metrizable space. Then DDimX ≤
0 if and only if X has a countable base consisting of clopen sets.

Proof. This follows from Lemma 1.7. □
Lemma 2.4. For every separable metrizable space X, the conditions
DDimX ≤ 0 and indX ≤ 0 are equivalent.

Lemma 2.5. Let X be a separable metrizable space. Then DDimX ≤ 0
if and only if, for every pair of disjoint closed sets G,H ⊂ X, there
exists a clopen set O such that G ⊂ O and H ∩ O = ∅. In particular,
DDimX ≤ 0 if and only if IndX ≤ 0.

Proof. The stated separation property clearly implies DDimX ≤ 0, so
it remains to prove the converse. Assume DDimX ≤ 0. For each p ∈ G,
choose a countable neighborhood base Np consisting of clopen sets.
Since H is closed, we may assume that V ∩H = ∅ for every V ∈ Np,
replacing the family by {S ∩ (X \H)}S∈Np if necessary.
Since DDim(X \ G) ≤ 0, the space X \ G has a base B consisting

of sets that are clopen in X \ G. Because X \ G is open in X, every
member of B is also clopen in X. Consider

B ∪
⋃
p∈G

Np.(2.1)

This is a base for X. By Lemma 1.7, it contains a countable base
{Ui}i∈Z≥0

. Notice that Ui ∩G ̸= ∅ implies Ui ∩H = ∅.
Set V0 = U0, and for i > 0 define Vi = Ui \

⋃i−1
j=0 Uj. The sets Vi are

pairwise disjoint and open, and X =
⋃

i∈Z≥0
Vi. Define

O =
⋃

Vi∩G ̸=∅

Vi(2.2)
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The pairwise disjointness of the family gives

X \O =
⋃

Vi∩G=∅

Vi.

Thus O is clopen and contains G. Moreover, Vi∩G ̸= ∅ implies Vi∩H =
∅, so H ⊂ X \O. Hence O has the required properties. □

Proposition 2.6. Let X be a nonempty separable metrizable space.
Assume that there is a countable family of closed sets {Ai}i∈Z≥0

such
that DDimAi ≤ 0 and X =

⋃
i∈Z≥0

Ai. Then DDimX = 0.

Proof. We verify the condition in Lemma 2.5. Let G and H be disjoint
closed subsets of X. We inductively construct sets Pi, Qi, Ri, and Li

for i ∈ Z≥0.
The sets G∩A0 and H ∩A0 are disjoint closed subsets of A0. Since

DDimA0 ≤ 0, Lemma 2.5 gives clopen subsets P0, Q0 of A0 satisfying

G ∩ A0 ⊂ P0;(2.3)

H ∩ A0 ⊂ Q0;(2.4)

P0 ∩Q0 = ∅;(2.5)

P0 ∪Q0 = A0.(2.6)

Since A0 is closed, both P0 and Q0 are closed in X. Moreover, we
see that G∪P0 and H ∪Q0 are disjoint closed subsets of X. Using the
normality of X, choose open sets R0, L0 satisfying

G ∪ P0 ⊂ R0;(2.7)

H ∪Q0 ⊂ L0;(2.8)

CL(R0) ∩ CL(L0) = ∅.(2.9)

In general, construct Pi, Qi, Ri, and Li inductively so that

Pi and Qi are clopen subsets of Ai;(2.10)

CL(Ri−1) ∩ Ai ⊂ Pi;(2.11)

CL(Li−1) ∩ Ai ⊂ Qi;(2.12)

Pi ∩Qi = ∅;(2.13)

Pi ∪Qi = Ai;(2.14)

Ri and Li are open subsets of X;(2.15)

CL(Ri−1) ∪ Pi ⊂ Ri;(2.16)

CL(Li−1) ∪Qi ⊂ Li;(2.17)

CL(Ri) ∩ CL(Li) = ∅.(2.18)
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Such a construction is possible because each Ai is zero-dimensional
and X is normal. For every i ∈ Z≥0 we then have

Ai ⊂ Ri ∪ Li;(2.19)

CL(Ri−1) ⊂ Ri;(2.20)

CL(Li−1) ⊂ Li.(2.21)

Set R =
⋃

i Ri and L =
⋃

i Li. These are open subsets of X, and X =⋃
i Ai ⊂ R∪L, so X = R∪L. If x ∈ R∩L, then x ∈ Ri∩Lj for some i,

j. Taking k = max{i, j} gives x ∈ Rk ∩ Lk = ∅, a contradiction. Thus
R∩L = ∅. By construction, G ⊂ R and H ⊂ L. Since R∪L = X, both
R and L are also closed. Lemma 2.5 now implies that DDimX = 0. □
Definition 2.6. Let X be a topological space. A subset S of X is
called an Fσ set if it is the union of countably many closed subsets of
X.

Corollary 2.7. If a separable metrizable space is the union of countably
many zero-dimensional Fσ subsets, then it is zero-dimensional.

Theorem 2.8. Let n ∈ Z≥0 and let X be a separable metrizable space.
Assume that X has countably many Fσ subsets {Ai}i∈Z≥0

such that
DDimAi ≤ n and X =

⋃
i∈Z≥0

Ai. Then DDimX ≤ n.

Proof. We argue by induction on n. The case n = 0 is Proposition 2.6.
Assume the theorem for all values less than n+1. It suffices to consider
a countable family of closed sets {Ai}i∈Z≥0

such that DDimAi ≤ n + 1
and X =

⋃
i∈Z≥0

Ai.

Set B0 = A0 and Bi = Ai \
⋃i−1

j=0 Aj for i > 0. Each Bi is an Fσ

set, DDimBi ≤ n+ 1, the sets Bi are pairwise disjoint, and X =
⋃

i Bi.
Write Bi = Mi ∪Ni, where DDimMi ≤ n and DDimNi = 0.

Put M =
⋃

i∈Z≥0
Mi and N =

⋃
i∈Z≥0

Ni. Since the Bi are pairwise

disjoint, we have Mi = M ∩Bi, so each Mi is an Fσ subset of M . The
inductive hypothesis gives DDimM ≤ n. Similarly, we obtain DDimN =
0. Since X = M ∪N , Lemma 2.2 yields DDimX ≤ n+ 1. □
We next prove that DDimRn ≤ n and DDimSn ≤ n.

Lemma 2.9. For every n ∈ Z≥0, the space Qn is zero-dimensional.

Proof. Every singleton is closed and zero-dimensional, so the assertion
follows from Proposition 2.6. □
Lemma 2.10. For every n ∈ Z≥0, the space (R\Q)n is zero-dimensional.

Proof. Fix x = (x1, . . . , xn) ∈ (R \ Q)n and ϵ > 0. For each i ∈
{1, . . . , n}, choose ηi, κi > 0 satisfying:

(1) ηi < ϵ and κi < ϵ;
(2) (x1 − η1, . . . , xn − ηn) ∈ Qn;
(3) (x1 + κ1, . . . , xn + κn) ∈ Qn.
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Such numbers exist because Q is dense in R. Set U =
∏n

i=1(xi−ηi, xi+
κi) and C =

∏n
i=1[xi − ηi, xi + κi]. Then U ∩ (R \Q)n = C ∩ (R \Q)n

Hence U ∩ (R \ Q)n is a clopen neighborhood of x in (R \ Q)n. Since
ϵ was arbitrary, every point has a base of clopen neighborhoods. Thus
DDim(R \Q)n = 0. □
Lemma 2.11. Let n ∈ Z≥1 and k ∈ {0, . . . , n}. Then we have
DDimR(n, k) = 0.

Proof. Let I(n, k) be the family of all k-element subsets of {1, . . . , n−
1}. For σ = {i1, . . . , ik} ∈ I(n, k) and v = (v1, . . . , vk) ∈ Qk, let
S(σ, v) be the set of points of Rn whose ij-th coordinate is vj for every
j ∈ {1, . . . , k}. Let T (σ, v) be the subset of S(σ, v) consisting of those
points whose remaining coordinates are irrational. Then we have

R(n, k) =
⋃

σ∈I(n,k)

⋃
v∈Qk

T (σ, v).(2.22)

Since each S(σ, v) is closed in Rn and S(σ, v) ∩ R(n, k) = T (σ, v), we
see that each T (σ, v) is closed in R(n, k). By the fact that T (σ, v) is
homeomorphic to (R \ Q)n−k, Lemma 2.10 shows that DDimS(σ, v) =
0. Since I(n, k) and Qk are at most countable, Proposition 2.6 gives
DDimR(n, k) = 0. □
Lemma 2.12. Let n ∈ Z≥1 and k ∈ {0, . . . , n}. Then we have
DDimM(n, k) ≤ k and DDimL(n, k) ≤ n− k.

Proof. We have

M(n, k) =
k⋃

i=0

R(n, i) = R(n, 0) ∪ R(n, 1) ∪ · · · ∪ R(n, k);(2.23)

L(n, k) =
n⋃

i=k

R(n, i) = R(n, k) ∪ R(n, k + 1) ∪ · · · ∪ R(n, n).(2.24)

The conclusion follows from Lemma 2.11. □
Lemma 2.13. For every n ∈ Z≥0, DDimRn ≤ n and DDimSn ≤ n.

Proof. Since Rn =
⋃n

k=0 R(n, k), Lemma 2.11 gives DDimRn ≤ n (this
also follows from Lemma 2.12). Next consider Sn, the one-point com-
pactification of Rn. We have Sn = (R(n, n) ∪ {∞}) ∪

⋃n−1
k=0 R(n, k).

Proposition 2.6 gives DDim(R(n, n)∪{∞}) = 0, and hence we conclude
that DDimSn ≤ n. □
Alternative proof using ind. Let m ∈ Z≥1. Both Rm+1 and Sm+1

have a base consisting of open sets whose boundaries are homeomorphic
to Sm. Hence DDimRm+1 ≤ DDimSm + 1 and DDimSm+1 ≤ DDimSm +
1. The circle S1 has a base consisting of open sets whose boundaries
contain two points, so DDimS1 ≤ 1. Alternatively, this follows because
R is the union of the two zero-dimensional sets Q and R \Q, and S1 is
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the one-point compactification of R. Induction now gives DDimRn ≤ n
and DDimSn ≤ n. □

Proposition 2.14. Every second-countable topological n-dimensional
manifold M satisfies DDimM ≤ n.

Proof. The assertion follows from local Euclideanness, second count-
ability, DDimRn ≤ n, and Theorem 2.8. Alternatively, use a base
consisting of open sets whose boundaries are homeomorphic to Sn−1

together with Corollary 2.17. □

2.2. Coincidence of the inductive dimensions and the decom-
position dimension.

Lemma 2.15. Let X be a separable metrizable space, and A ⊂ X
satisfy DDimA = 0. Assume that K is a closed subset of X, and U is
an open subset of X such that K ⊂ U . Then there exists an open set
W in X such that K ⊂ W ⊂ U and A ∩ BdryX W = ∅.

Proof. By normality, choose an open set V such that K ⊂ V and
CLX V ⊂ U , and put L = CLX V . Since DDimA = 0, there exists a
neighborhood N ⊂ A of L ∩ A such that L ∩ A ⊂ N ⊂ U ∩ A and
BdryA N = ∅.

We show that each of the sets N ∪K and A\CLX(N ∪L) is disjoint
from the closure of the other. First, clearly

CLX(N) ∩ (A \ CLX(N ∪ L)) = ∅.(2.25)

Moreover,

CLX(K) ∩ (A \ CLX(N ∪ L)) = K ∩ (A \ CLX(N ∪ L))

⊂ K ∩ (A \ CLX(N))

⊂ K ∩ (A \ (L ∩ A))

⊂ K ∩ (A \ (K ∩ A))

= K ∩ (A \ (K ∩ A))

= (K ∩ A) \ (K ∩ A)

= ∅.
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Combining these calculations gives CLX(N∪K)∩(A\CLX(N∪L)) = ∅.
Using N = N ∩ A, we also obtain

N ∩ CLX(A \ CLX(N ∪ L)) ⊂ N ∩ CLX(A \ CLX(N))

= N ∩ A ∩ CLX(A \ CLX(N))

= N ∩ A ∩ CLA(A \ (A ∩ CLX(N)))

= N ∩ A ∩ CLA(A \ CLA(N))

= N ∩ CLA(A \ CLA(N))

= N ∩ ((A \ CLA N) ∪ BdryA N)

= N ∩ (A \ CLA N)

= ∅.
Since K ⊂ V and X \ V is closed, we have

K ∩ CLX(A \ CLX(N ∪ L)) ⊂ K ∩ CLX(A \ CLX(L))

= K ∩ CLX(A \ L)
⊂ K ∩ CLX(X \ L)
⊂ K ∩ CLX(X \ V )

⊂ K ∩ (X \ V )

⊂ V ∩ (X \ V )

= ∅.
Thus K ∩ CLX(A \ CLX(N ∪ L)) = ∅. It follows that N ∪ K and
A \CLX(N ∪L) are mutually separated. Since X is T5, there exists an
open setW inX such thatN∪K ⊂ W and CLX W∩(A\CLX(N∪L)) =
∅. The latter condition implies

A ∩ CLX W ⊂ A ∩ CLX(N ∪ L).(2.26)

Since CLX(N ∪L) = CLX N ∪CLX L = (CLX N)∪L and L∩A ⊂ N ,
we obtain

A ∩ CLX W ⊂ A ∩ CLX N.(2.27)

Replacing W by V ∩W if necessary, we may assume that W ⊂ V . The
preceding observations and Lemma 1.9 now give

A ∩ BdryX W = A ∩ (CLX(W ) ∩ (X \W )) ⊂ A ∩ CLX(N) ∩ (X \N)

= A ∩ (CLX(N) \N) = BdryA N = ∅.
Therefore A ∩ BdryX W = ∅. □
Theorem 2.16. Let X be a separable metrizable space. Then we
have DDimX ≤ n if and only if X has a base {Vi}i∈Z≥0

such that
DDimBdryX Vi ≤ n− 1 for every i ∈ Z≥0.

Proof. First assume DDimX ≤ n. Choose subsets A0, . . . , An of X
such that DDimAk ≤ 0 and

⋃n
k=0 Ak = X. By Lemma 2.15, for every
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k ∈ {0, . . . , n} and every p ∈ Ak there exists a local base Np,k of
open neighborhoods of p in X such that Ak ∩ BdryX V = ∅ for every
V ∈ Np,k. Hence BdryX V is the union of the sets Al ∩ Bdry V with
l ̸= k, and therefore DDimBdryX V ≤ n− 1. Consider

n⋃
k=0

⋃
p∈Ak

Np,k.(2.28)

This is a base for X. Lemma 1.7 therefore yields a countable base
{Vi}i∈Z≥0

satisfying DDimBdryX Vi ≤ n− 1.
Conversely, assume that X has a base {Vi}i∈Z≥0

such that

DDimBdryX Vi ≤ n− 1.

By Theorem 2.8, the set S =
⋃

i∈Z≥0
BdryX Vi satisfies DDimS ≤ n− 1.

Put A = X\S. Then {A∩Vi}i∈Z≥0
is a base for A, and Lemma 1.8 gives

BdryA Vi ⊂ A ∩ BdryX Vi = ∅. Thus DDimA ≤ 0. Since X = S ∪ A,
Lemma 2.2 implies DDimX ≤ n. □
Theorem 2.16 immediately yields the following.

Corollary 2.17. For every separable metrizable space X, we have
indX = DDimX.

Theorem 2.18. Let n ∈ Z≥0, and let X be a separable metrizable
space. Then the following conditions are equivalent.

(1) DDimX ≤ n.
(2) For every closed set K and every open set U in X with K ⊂ U ,

there exists an open set V such that K ⊂ V , CLX V ⊂ U and
DDimBdryX V ≤ n− 1.

(3) There exists a base {Vi}i∈Z≥0
for X such that DDimBdryX Vi ≤

n− 1.

Proof. Proof of [(1) =⇒ (2)]: Assume condition (1), that is, DDimX ≤
n. Choose subsets A0, . . . , An ofX such that DDimAi ≤ 0 and

⋃n
i=0 Ai =

X. Let K be closed and U open with K ⊂ U . By Lemma 2.15,
there exists an open set V in X such that K ⊂ V , CLX V ⊂ U , and
A0 ∩BdryX V = ∅. The definition of DDim then gives DDimBdryX V ≤
n− 1, proving (2).

Proof of [(2) =⇒ (3)]: Choose a countable base B = {Bi}i∈Z≥0
for

X, and define

C = { (Bi, Bk) | Bi, Bk ∈ B,CL(Bi) ⊂ Bk }.(2.29)

The set C is at most countable. For every (Bi, Bk) ∈ C, apply (2) to
CLX Bi and Bk to obtain an open set Vi,k such that CLX Bi ⊂ Vi,k,
CLVi,k ⊂ Bk, and DDimBdryX Vi,k ≤ n− 1. The family {Vi,k} is a base
for X, which proves (3).

Proof of [(3) =⇒ (1)]: Assume that X has a base {Vi}i∈Z≥0
satisfying

DDimBdryX Vi ≤ n−1. Theorem 2.8 implies that S =
⋃

i∈Z≥0
BdryX Vi
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satisfies DDimS ≤ n− 1. Put A = X \ S. Then {A ∩ Vi}i∈Z≥0
is a base

for A, and Lemma 1.8 gives BdryA Vi ⊂ A ∩ BdryX Vi = ∅. Hence
DDimA ≤ 0. Since X = S ∪ A, Lemma 2.2 yields DDimX ≤ n. □
Theorem 2.18 yields the following.

Corollary 2.19. For every separable metrizable space X, we have
indX = IndX = DDimX.

We conclude our discussion of inductive dimensions by proving an
inequality between the inductive and covering dimensions. We begin
with a lemma that lifts open subsets of a subspace to the ambient
space.

Lemma 2.20 ([7]). Let (X, d) be a metric space, A be a subspace of
X, and let U be open in A. Define

B(U) = {x ∈ X | d(x, U) < d(x,A \ U) }.
Then B(U) is open in X and B(U) ∩ A = U . Moreover, if U and V
are disjoint open subsets of A, then B(U) ∩B(V ) = ∅.
Proof. It is immediate thatB(U) is open. We show thatB(U)∩A = U .
If x ∈ B(U) ∩ A, then 0 < d(x,A \ U), so x /∈ A \ U . Since x ∈ A,
it follows that x ∈ U . Conversely, if x ∈ U , then d(x, U) = 0 and,
because U is open in A, d(x,A \ U) > 0. Hence x ∈ B(U) ∩ A.

Now let U and V be disjoint open subsets of A. Since V ⊂ A \ U
and U ⊂ A \ V , for every x ∈ X we have d(x,A \ U) ≤ d(x, V ) and
d(x,A \ V ) ≤ d(x, U). Therefore B(U) ∩B(V ) = ∅. □
Theorem 2.21. Let X be a separable metrizable space with DDimX ≤
n, and let U be an open cover of X. Then there exist a locally finite open
cover V of X refining U and n+1 families of open sets (not necessarily
covers) W0,W1, . . . ,Wn such that each Wi is pairwise disjoint and

V = W0 ∪W1 ∪ · · · ∪ Wn.

Proof. Fix a metric d inducing the topology of X. Since X is para-
compact, there exists a locally finite open cover C refining U . Since X
is separable and metrizable, it is Lindelöf, so we may assume that C is
countable. Write C = {Uk}k∈Z≥0

.
Since DDimX ≤ n, there exist (n + 1)-many zero-dimensional sub-

spaces {Ai}ni=0 such that X =
⋃n

i=0 Ai. For each i ∈ Z≥0, consider the
cover {Ai∩Uk}k∈Z≥0

of Ai. Since Ai is zero-dimensional and separable,

this cover admits an at most countable clopen refinement {O(i)
l }l∈Z≥0

covering Ai. Define

G
(i)
0 = O

(i)
0 , G

(i)
j = O

(i)
j \

⋃
l<j

O
(i)
l (j ≥ 2).(2.30)

The family {G(i)
j }j∈Z≥0

consists of sets open in Ai (they are also closed
in Ai, although we do not use this), covers Ai, and refines {Ai ∩
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Uk}k∈Z≥0
. It is pairwise disjoint by construction. We next define

{I(i)a }a∈Z≥0
inductively. For a = 0, set

I
(i)
0 = { j ∈ Z≥0 | Gj ⊂ U1 }.(2.31)

Once I
(i)
0 , . . . , I

(i)
m−1 have been defined, set

I(i)m = { j ∈ Z≥0 | Gj ⊂ Um } \
m−1⋃
a=1

I(i)a .(2.32)

For a ∈ Z≥0, define

P (i)
a =

⋃
s∈Ia

G(i)
s .(2.33)

Each P
(i)
a is open in Ai, and {P (i)

a }a∈Z≥0
is a pairwise disjoint cover of

Ai. Define Q
(i)
m = B(P

(i)
m ) ∩ Um; see Lemma 2.20. Lemma 2.20 implies

that {Q(i)
m }m∈Z≥0

is pairwise disjoint and covers Ai, although some Q
(i)
m

may be empty. Since Q
(i)
m ⊂ Um, this family refines {Ui}i∈Z≥0

. For
x ∈ X, let N be a neighborhood witnessing the local finiteness of C.
Then

N ∩Q(i)
m ̸= ∅ =⇒ N ∩ Um ̸= ∅.(2.34)

It follows that {Q(i)
m }m∈Z≥0

is locally finite, although it need not cover

X. For each i ∈ {0, 1, . . . , n}, define Wi = {Q(i)
m }m∈Z≥0

. Then Wi is
pairwise disjoint, locally finite, and refines C = {Uk}k∈Z≥0

.
Put V = W0 ∪W1 ∪ · · · ∪ Wn. Since this is a finite union of locally

finite families refining C, it is locally finite and refines C. Moreover,
Ai ⊂

⋃
Wi and X =

⋃n
i=0 Ai, so V covers X. Finally, the family C

refines U , and therefore so does V . This completes the proof. □
Theorem 2.22. For every separable metrizable space X, we have the
inequality dimX ≤ indX.

Proof. This follows from Theorem 2.21. □
Later in this manuscript we shall prove that equality holds.

2.3. Covering dimension in normal spaces. In this subsection, we
first discuss covering dimension for normal spaces in general and then
specialize to separable metrizable spaces.

Lemma 2.23. Let X be a normal space. Then the following conditions
are equivalent.

(1) dimX ≤ n
(2) For every finite open cover {U1, . . . , Um} of X, there exists an

open cover V = {V1, . . . , Vm} such that Vi ⊂ Ui and deg(V) ≤
n+ 1.
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(3) For every finite open cover {U1, . . . , Um} of X, there exists an
open cover V = {V1, . . . , Vm} such that Vi ⊂ Ui and

⋂
j∈J Vj = ∅

for every subset J ⊂ {1, . . . ,m} of cardinality n+ 2.
(4) For every open cover {U1, . . . , Un+2} of X of cardinality n+ 2,

there exists an open cover V = {V1, . . . , Vn+2} such that Vi ⊂ Ui

and
⋂n+2

j=1 Vj = ∅.

Proof. The equivalence [(2) ⇐⇒ (3)] is immediate. The implications
[(2) =⇒ (1)] and [(3) =⇒ (4)] are also immediate.

We prove [(1) =⇒ (2)]. Given an open cover {U1, . . . , Um}, choose an
open refinement G = {G1, . . . , Gk} such that deg(G) ≤ n + 1. Define
l : {1, . . . , k} → {1, . . . ,m} by letting l(a) be the least b such that
Ga ⊂ Ub. For each i ∈ {1, . . . ,m}, put Vi =

⋃
l(a)=i Ga and V =

{V1, . . . , Vm}. Then V is an open cover of X, and deg(G) ≤ n + 1
implies deg(V) ≤ n+ 1.

We next prove [(4) =⇒ (3)]. Let {U1, . . . , Um} be an arbitrary finite
open cover of X. If m < n+2, we may add empty sets and assume that
n+ 2 ≤ m. Let A be the collection of all partitions of {1, . . . ,m} into
(n + 2)-many nonempty subsets. Thus, each member of A is a family
{I1, . . . , In+2} such that every Ik is a nonempty subset of {1, . . . ,m},
Ia ∩ Ib = ∅ whenever a ̸= b, and

⋃n+2
k=1 Ik = {1, . . . ,m}. Since A is

finite, write A = {A1, . . . , Ar}.
Inductively we construct open covers {Gl,1, . . . , Gl,m} of X for l ∈

{0, 1, . . . , r}. First, define
G0,i = Ui.(2.35)

Assume that {Gl,1, . . . , Gl,m} has been constructed, and write Al =
{I1, . . . , In+2}. For k ∈ {1, . . . , n + 2}, put Ok =

⋃
j∈Ik Gl,j . Then

{O1, . . . , On+2} is an open cover of X. By (4), it has an open refinement
{P1, . . . , Pn+2} such that

⋂n+2
i=1 Pi = ∅. For i ∈ {1, . . . ,m}, define

Gl+1,i = Pk(i) ∩Gl,i.(2.36)

Here k(i) ∈ {1, . . . , n + 2} is determined by i ∈ Ik(i). Notice that
Gl+1,i ⊂ Gl,i.

Next, we put Vi = Gr,i and V = {V1, . . . , Vm}. We show that
deg(V) ≤ n+1. Let K = {a1, . . . , an+2} be any subset of {1, . . . ,m} of
cardinality n + 2. Set I1 = {a1}, . . . , In+1 = {an+1}, and let In+2

consist of all remaining elements of {1, . . . ,m}. Take l such that
Al = {I1, . . . , In+2}, and use the notation from the construction above.
For every ai ∈ K, we have

Vai = Gr,ai ⊂ Gl+1,ai ⊂ Gl,ai ∩ Pi.(2.37)

Since
⋂n+2

i=1 Pi = ∅, it follows that
⋂

a∈K Va = ∅. Thus (3) holds. □
Lemma 2.24. Let X be a normal space. Then the following conditions
are equivalent.
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(1) dimX ≤ n
(2) For every finite open cover {U1, . . . , Um} of X, there exists

an open cover V = {V1, . . . , Vm} such that CLVi ⊂ Ui and
deg(V) ≤ n+ 1.

(3) For every open cover {U1, . . . , Un+2} of X of cardinality n+ 2,
there exists a closed cover V = {F1, . . . , Fn+2} such that Fi ⊂ Ui

and
⋂n+2

j=1 Fj = ∅.

Proof. [(1) ⇐⇒ (2)] follows from Lemma 1.5. The implication
[(2) =⇒ (3)] is immediate, and [(3) =⇒ (1)] follows from Lemma 1.6.

□
Covering dimension can also be characterized by the degree of the

boundaries of a family.

Proposition 2.25. Let X be a normal space. Then the following con-
ditions are equivalent. Notice that none of the families appearing below
is assumed to be a cover.

(1) dimX ≤ n
(2) For every finite family {U1, . . . , Um} of open subsets of X and

every family {F1, . . . , Fm} of closed subsets with Fi ⊂ Ui, there
exists a family V = {V1, . . . , Vm} of open sets such that Fi ⊂ Vi,
CLVi ⊂ Ui, and deg({Bdry V1, . . . ,Bdry Vm}) ≤ n.

(3) For every finite family {U1, . . . , Um} of open subsets of X and
every family {F1, . . . , Fm} of closed subsets with Fi ⊂ Ui, there
exist families W = {W1, . . . ,Wm} and V = {V1, . . . , Vm} of
open sets such that Fi ⊂ Vi ⊂ CLVi ⊂ Wi, CLWi ⊂ Ui, and

deg({CLW1 \ V1, . . . ,CLWm \ Vm}) ≤ n.

(4) For every family {U1, . . . , Un+1} of n + 1 open subsets of X
and every family {F1, . . . , Fn+1} of closed subsets with Fi ⊂ Ui,
there exists a family V = {V1, . . . , Vn+1} of open sets such that
Fi ⊂ Vi, CLVi ⊂ Ui, and

⋂n+1
j=1 Bdry Vj = ∅.

Proof. Proof of [(1) =⇒ (2)]: Let H be the family of all sets that can
be expressed as the intersection of an m-element subfamily of

{U1, . . . , Um} ∪ {X \ F1, . . . , X \ Fm}.
By the assumption, H is an open cover of X. Hence (1) gives an open
refinement {W1, . . . ,Wq} of H whose degree is at most n + 1. Choose
a closed cover {K1, . . . , Kq} such that Kr ⊂ Wr. For r ∈ {1, . . . , q},
let Nr be the set of all i ∈ {1, . . . ,m} such that Fi ∩ Wr ̸= ∅. By
Lemma 1.5, for each i ∈ Nr choose Vi,r so that Kr ⊂ Vi,r ⊂ CLVi,r ⊂
Wr. We may choose them so that CL Vi,r ⊂ Vj,r whenever i, j ∈ Nr

and i < j. For i ∈ {1, . . . ,m}, define

Vi =
⋃

{Vi,r | i ∈ Nr}.(2.38)
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Then Fi ⊂ Vi: indeed, if x ∈ Fi, choose r with x ∈ Kr; then x ∈ Vi,r ⊂
Vi. Moreover, the definitions of Nr and H show that Wr ⊂ Ui whenever
i ∈ Nr. Since the union defining Vi is finite, CL Vi ⊂ Ui.

Suppose, toward a contradiction, that there exists a subset I ⊂
{1, . . . ,m} of cardinality n+ 1, say I = {u1, . . . , un+1}, such that

n+1⋂
i=1

Bdry Vui
̸= ∅.(2.39)

Choose x ∈
⋂n+1

i=1 Bdry Vui
. For each i ∈ {1, . . . , n+1}, choose r(i) such

that x ∈ Bdry Vui,r(i). If i ̸= j, then r(i) ̸= r(j). Indeed, supposing
i < j and r(i) = r(j) would give CL Vui,r(i) ⊂ Vuj ,r(i), contradicting
x ∈ Bdry Vuj

.
Since x ∈ Bdry Vui,r(i), in particular x /∈ Vui,r(i). Choose r(n+2) such

that x ∈ Kr(n+2), which is possible because {Kr}qr=1 covers X. Then
r(n+2) is distinct from all the r(i). Since Bdry Vui

⊂ Wr(i), this yields

x ∈
⋂n+2

i=1 Wr(i), contradicting deg({W1, . . . ,Wq}) ≤ n + 1. Therefore
we conclude deg({Bdry V1, . . . ,Bdry Vm}) ≤ n.

Proof of [(2) =⇒ (3)]: By (2), there exists a family {V1, . . . , Vm} of
open sets satisfying Fi ⊂ Vi, CLVi ⊂ Ui, and

deg({Bdry V1, . . . ,Bdry Vm}) ≤ n.(2.40)

Since Bdry Vi ⊂ Ui, Lemma 1.6 gives a family {P1, . . . , Pm} of open sets
such that {CLP1, . . . ,CLPm} is similar to {Bdry V1, . . . ,Bdry Vm} and
Bdry Vi ⊂ Pi ⊂ Ui. Put Wi = Vi ∪ Pi. Then CL Vi ⊂ Wi, Bdry Vi ⊂
CLWi\Vi, and CLWi\Vi ⊂ CLPi. Hence {CLW1\V1, . . . ,CLWm\Vm}
is similar to {Bdry V1, . . . ,Bdry Vm}, and therefore

deg({CLW1 \ V1, . . . ,CLWm \ Vm}) ≤ n.(2.41)

The implication [(3) =⇒ (4)] is immediate.
Proof of [(4) =⇒ (1)]: Let {O1, . . . , On+2} be an arbitrary open

cover of X. By Lemma 1.5, there exists a closed cover {A1, . . . , An+2}
such that Ai ⊂ Oi. Apply (4) to {O1, . . . , On+1} and {A1, . . . , An+1}
to obtain a family {H1, . . . , Hn+1} of open sets such that Ai ⊂ Hi,
CLHi ⊂ Oi, and

⋂n+1
i=1 BdryHi = ∅. For i ∈ {1, . . . , n + 2}, define

a closed set Li by Li = CLHi \
⋃

k<i Hk when i = 1, . . . , n + 1, and

Ln+2 = An+2 \
⋃n+1

k=1 Hk. Then {L1, . . . , Ln+2} is a closed cover of X.
Indeed, if x belongs to no Hi, then x ∈ Ln+2; otherwise, if j is the least
index such that x ∈ Hj, then x ∈ Lj. Moreover, Li ⊂ Oi. Finally,

n+2⋂
i=1

Li = Ln+2 ∩
n+1⋂
i=1

(
CLHi \

⋃
k<i

Hk

)
⊂ Ln+2 ∩

n+1⋂
i=1

BdryHi = ∅.

Thus Lemma 2.24 gives dimX ≤ n. □
Definition 2.7. Let X be a topological space, and let A, B, and C
be its subsets. Assume that A ∩ B = ∅. We say that C separates
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A and B if there exist open sets U and V such that A ⊂ U , B ⊂ V ,
U ∩ V = ∅, and X \ C = U

∐
V . Notice that C is necessarily closed.

Proposition 2.26. (Eilenberg–Otto [3]) Let X be a normal space.
Then the following conditions are equivalent.

(1) dimX ≤ n
(2) For every (n+1)-many pairs (A1, B1), . . . , (An+1, Bn+1) of dis-

joint closed sets, there exist closed sets C1, . . . , Cn+1 such that
each Ci separates Ai and Bi and

⋂n+1
i=1 Ci = ∅.

Proof. Proof of [(1) =⇒ (2)]: We first apply Proposition 2.25 to the
family {A1, . . . , An+1} of closed sets and the family {X \ B1, . . . , X \
Bn+1} of open sets. We obtain open sets {V1, . . . , Vn+1} such that
Ai ⊂ Vi, CLVi ⊂ X \ Bi, and

⋂n+1
i=1 Bdry Vi = ∅. Taking Ci = Bdry Vi

proves (2).
Proof of [(2) =⇒ (1)]: Let {F1, . . . , Fn+1} be a family of closed sets

and {U1, . . . , Un+1} a family of open sets such that Fi ⊂ Ui. Apply (2)
to the n+ 1 pairs (F1, X \ U1), . . . , (Fn+1, X \ Un+1). This gives closed
sets Ci separating Fi and X \ Ui such that

⋂n+1
i=1 Ci = ∅. Choose open

sets Vi and V ′
i such that Vi ⊔ Ci ⊔ V ′

i = X, Fi ⊂ Vi, and X \ Ui ⊂ V ′
i .

Then Bdry Vi ⊂ Ci and CLVi ⊂ Ui, and hence
n+1⋂
i=1

Bdry Vi ⊂
n+1⋂
i=1

Ci = ∅.

Proposition 2.25 now gives dimX ≤ n. □
Theorem 2.27. Let n ∈ Z≥0, let X be a normal space with dimX ≤ n,
and let {Fi}i∈Z≥0

and {Ui}i∈Z≥0
be families of closed and open sets,

respectively, such that Fi ⊂ Ui. Then there exists a family {Vi}i∈Z≥0
of

open sets such that Fi ⊂ Vi, CLVi ⊂ Ui, and deg({Bdry Vi}i∈Z≥0
) ≤ n.

Proof. Consider all subsets of Z≥0 of cardinality n + 1. There are at
most countably many such subsets, so enumerate them as

Γ1,Γ2, . . . ,Γi, . . .(2.42)

We inductively construct sequences of families of open sets {Pi(k)}i∈Z≥0

and {Qi(k)}i∈Z≥0
, indexed by k ∈ Z≥0, such that for every i ∈ Z≥0,

Fi ⊂ Pi(k) and CLQi(k) ⊂ Ui, and such that for every l ∈ {1, . . . , k},
deg({CL(Qa(k)) \ Pa(k) | a ∈ Γl}) ≤ n.(2.43)

Assume that these families have been constructed through stage k. For
a ∈ Γk+1, apply Proposition 2.25 to {CLPa(k)}a∈Γk+1

and {Qa(k)}a∈Γk+1
.

Choose {Pa(k + 1)}a∈Γk+1
and {Qa(k + 1)}a∈Γk+1

so that

CLPa(k) ⊂ Pa(k + 1) ⊂ Qa(k + 1), CLQa(k + 1) ⊂ Qa(k),

and

deg({CLQa(k + 1) \ Pa(k + 1)}a∈Γk+1
) ≤ n.(2.44)
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For b ∈ Z≥0 \ Γk+1, define Pb(k + 1) = Pb(k) and Qb(k + 1) = Qb(k).
Since

CLQi(k + 1) \ Pi(k + 1) ⊂ CLQi(k) \ Pi(k)

for every i ∈ Z≥0, the following holds for every l:

deg({CL(Qa(k + 1)) \ Pa(k + 1) | a ∈ Γl}) ≤ n.(2.45)

Next, for each i ∈ Z≥0, now define Vi =
⋃

k∈Z≥0
Pi(k). Clearly,

Fi ⊂ Vi ⊂ CLVi ⊂ Ui. Moreover, for every k ∈ Z≥0, we have Pi(k) ⊂ Vi

and CLVi ⊂ Qi(k), and hence Bdry Vi ⊂ CL(Qi(k))\Pi(k). Therefore,
for every Γk, we obtain

deg({Bdry Va | a ∈ Γk}) ≤ n.(2.46)

This completes the proof. □

2.4. Separable metrizable spaces and covering dimension.

Theorem 2.28. Let X be a separable metrizable space, and let n ∈
Z≥0. Then the following conditions are equivalent.

(1) dimX ≤ n.
(2) The space X has a base B satisfying deg({BdryB | B ∈ B }) ≤

n.
(3) indX ≤ n.

In particular, we have indX ≤ dimX.

Proof. Proof of [(1) =⇒ (2)]: Choose countable families {Fs}s∈Z≥0
of

closed subsets of X and {Us}s∈Z≥0
of open subsets of X such that both

{IntFs}s∈Z≥0
and {Us}s∈Z≥0

are bases for X, and such that Fs ⊂ Us

for every s ∈ Z≥0. Such families exist because X is separable and
metrizable.

Apply Theorem 2.27 to the two countable families {Fs}s∈Z≥0
and

{Us}s∈Z≥0
. We obtain a family {Vs}s∈Z≥0

of open sets such that Fs ⊂ Vs

and CLVs ⊂ Us for every s ∈ Z≥0, and

deg({Bdry Vs}s∈Z≥0
) ≤ n.(2.47)

Since Fs ⊂ Vs and CLVs ⊂ Us for every s ∈ Z≥0, while both {IntFs}s∈Z≥0

and {Us}s∈Z≥0
are bases for X, the family {Vs}s∈Z≥0

is also a base for
X. Thus (2) holds.

We next prove [(2) =⇒ (3)] by induction. When n = 0, the impli-
cation follows from the definition of ind; that is, [(2) =⇒ (3)] holds.
Assume that [(2) =⇒ (3)] has been proved through n−1, and consider
the case of n. By (2), choose a base B for X satisfying

deg({BdryB | B ∈ B }) ≤ n(2.48)
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Fix A ∈ B. Then {B ∩ BdryA | B ∈ B } is a base for BdryA. By
Lemma 1.8,

BdryBdryA(B ∩ BdryA) ⊂ Bdry(B) ∩ BdryA.(2.49)

Consequently, if we choose n distinct elements B1, . . . , Bn ∈ B \ {A}
then (2.48) gives

n⋂
i=1

BdryBdryA(Bi ∩ BdryA) ⊂ BdryA ∩
n⋂

i=1

BdryBi = ∅.(2.50)

Thus S = BdryA has a base C = {B ∩ S | B ∈ B } satisfying
deg({BdryS B | B ∈ C }) ≤ n − 1. The induction hypothesis for
the case of n− 1 gives indBdryA ≤ n− 1. Since A ∈ B was arbitrary
and B is a base for X, the definition of ind gives indX ≤ n. This proves
(3) for n.

Finally, the implication [(3) =⇒ (1)] was already proved in Theo-
rem 2.22. □
Theorem 2.29. Let X be a separable metrizable space. Then

indX = IndX = dimX = DDimX.(2.51)

Proof. This follows from Corollary 2.19, Theorem 2.22, and Theo-
rem 2.28. □
2.5. Covering dimension characterized by extension to spheres
under countable paracompactness. A topological spaceX is called
countably paracompact if X× [0, 1] is normal. There is also a char-
acterization in terms of covers, but in this subsection we use only the
normality of X × [0, 1]. Every metrizable space is countably paracom-
pact.

Theorem 2.30 (Borsuk’s homotopy extension theorem). Let n ∈ Z≥0,
X be a countably paracompact normal space, and A be a closed subset of
X. For a continuous map H : A× [0, 1] → Sn, put H(x, 0) = f(x) and
H(x, 1) = g(x). If there exists a map F : X → Sn such that F |A = f ,
then there exists a map G : X → Sn such that G|A = g. Moreover, the
map G can be chosen to be homotopic to F . Thus, extendability to the
whole space is invariant under homotopies taking values in the sphere.

Proof. Since X is countably paracompact, the product X × [0, 1] is
normal. Using the map F from the hypothesis, extend the domain of
the map H given in the statement: H : A × [0, 1] → Sn and regard it
as a map H : X × {0} ∪ A × [0, 1] → Sn whose restriction to X × {0}
agrees with F . RegardH also as a map into Rn+1. The Tietze–Urysohn
extension theorem gives an extension P : X × [0, 1] → Rn+1 of H. Put
W = P−1(Rn+1 \ {0}) and define Q : W → Sn by

Q(x, t) =
P (x, t)

∥P (x, t)∥
.(2.52)
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Then Q is continuous on W . Clearly, we observe that X × {0} ∪ A×
[0, 1] ⊂ W and Q|X×{0}∪A×[0,1] = P . This argument proves, without
using the terminology, that Sn is an ANR for normal spaces. The space
X will now be used to define an appropriate domain for this extension.

Let U be the set of all p ∈ X for which there exists a neighborhood
N of p such that N × [0, 1] ⊂ W . The tube lemma and A× [0, 1] ⊂ W
imply that A ⊂ U . By the normality of X, there exists a continuous
map u : X → [0, 1] such that u(A) = 1 and u(X \ U) = {0}. Define
L : X × [0, 1] → Sn by

L(x, t) = Q(x, t · u(x)).(2.53)

This map is continuous, the map G(x) = L(x, 1) extends g, and G is
homotopic to F . □
Theorem 2.31. Let X be a countably paracompact normal space. Then
dimX ≤ n is equivalent to the following condition: for every closed
subset A of X and every continuous map f : A → Sn, there exists a
continuous map F : X → Sn satisfying F |A = f .

Proof. Since they are homeomorphic, we identify Sn with Bdry In+1.
First assume that dimX ≤ n. Regard f as a map f : A → Bdry In+1

and write f = (f1, . . . , fn+1). Define Ki and Li by

Ki = {x ∈ A | fi(x) = −1 };(2.54)

Li = {x ∈ A | fi(x) = 1 }.(2.55)

Then Ki and Li are closed subsets of X satisfying Ki ∩ Li = ∅ and

A =
n+1⋃
i=1

(Ki ∪ Li).(2.56)

Apply Proposition 2.25 to {Ki}n+1
i=1 and {X \Li}n+1

i=1 . There exist open
sets Pi and Qi such that, for each i ∈ {1, . . . , n + 1}, we have Ki ⊂
Pi, CLPi ⊂ Qi, CLQi ⊂ X \ Li, and

⋂n+1
i=1 (CLQi \ Pi) = ∅. The

Tietze–Urysohn extension theorem gives, for each i, a continuous map
ui : X → [−1, 1] such that ui(CLPi) = −1 and ui(X \ Qi) = 1. Since
u−1
i (0) ⊂ Qi\CL(Pi) ⊂ CL(Qi)\Pi, we have

⋂n+1
i=1 u−1

i ({0}) = ∅. Notice
that Ki ⊂ u−1

i ({−1}) and Li ⊂ u−1
i ({1}) for every i ∈ {1, . . . , n+ 1}.

Define u : X → [−1, 1]n+1 by u = (u1, . . . , un+1). By A =
⋃n+1

i=1 (Ki ∪
Li) and the properties of the ui, if x ∈ A, then u(x) belongs to
Bdry In+1. Put v = u|A : A → Bdry In+1 and define h : A × [0, 1] →
Rn+1 by

h(x, t) = (1− t)v(x) + tf(x).(2.57)

It follows from A =
⋃n+1

i=1 (Ki ∪ Li) and the definitions of Ki, Li, and
ui that h(x, t) always has a coordinate whose absolute value is 1. For
example, if x ∈ Ki, then ui(x) = fi(x) = −1, and hence the i-th
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coordinate of h(x, t) is −1. Thus ∥h(x, t)∥∞ ̸= 0, where ∥∗∥∞ denotes
the ℓ∞ -norm. We can therefore define a continuous map H : A ×
[0, 1] → Bdry In+1 by

H(x, t) =
h(x, t)

∥h(x, t)∥∞
.(2.58)

Notice that H(x, 0) = v(x) and H(x, 1) = f(x). Thus H is a homotopy
from v to f . Since v has the continuous extension u/∥u∥∞ to all of X,
Borsuk’s homotopy extension theorem (Theorem 2.30) implies that f
has an extension F : X → Bdry In+1.

Conversely, assume that the extension problem always has a solution.
Let {U1, . . . , Un+1} be an arbitrary family of (n+1)-many open subsets
of X, and let {F1, . . . , Fn+1} be a family of closed subsets satisfying
Fi ⊂ Ui. Put Hi = X \ Ui and A =

⋃n+1
i=1 (Fi ∪ Hi). For each index,

choose ui : A → [−1, 1] such that ui(Fi) = {−1} and ui(Hi) = {1}.
Then u = (u1, . . . , un+1) is a map into Bdry In+1. By the hypothesis,
there exists a continuous map g = (g1, . . . , gn+1) : X → Bdry In+1 such
that g|A = u. Put Vi = g−1

i ([−1, 0)). Then CL Vi ⊂ g−1
i ([−1, 0])

and Fi ⊂ Vi ⊂ CLVi ⊂ Ui for every i ∈ {1, . . . , n + 1}. Moreover,
Bdry Vi ⊂ g−1

i ({0}). Since g takes values in Bdry In+1, it follows that⋂n+1
i=1 Bdry Vi = ∅. Therefore, Proposition 2.25 gives dimX ≤ n. □

Remark 2.1. In fact, Theorem 2.30 remains valid without the assump-
tion that X is countably paracompact ([10]). Consequently, Theo-
rem 2.31 also holds without this assumption. In this manuscript, how-
ever, these results are used only when X is metrizable, so including
countable paracompactness does not affect the development of the the-
ory in this manuscript.

3. The fixed point theorem

In this section, we clarify the relationship between the dimension of
Euclidean space and the fixed point theorem.

3.1. Statements equivalent to the fixed point theorem. With
the proof of Brouwer’s fixed point theorem in mind, we first introduce
several statements equivalent to it.

We begin with the following preliminary lemma.

Lemma 3.1. Let A be a closed subset of [−1, 1] that separates {−1}
and {1}. Write [−1, 1] \ A = U

∐
V , where 1 ∈ V . Then, for every

element x of V ,
|x− d(x,A)| ≤ 1.

Proof. First assume that 0 ≤ x− d(x,A). Since 0 ≤ d(x,A), we obtain
|x−d(x,A)| ≤ x−d(x,A) ≤ x ≤ 1. Next assume that 0 ≤ d(x,A)−x.
For c = minA, the fact that A separates {−1} and {1} implies −1 < c.
The definitions of U and V , together with 1 ∈ V , also imply c < x.
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Hence d(x,A) ≤ |x−c| = x−c. Therefore, |x−d(x,A)| = d(x,A)−x ≤
x− c− x = −c < 1. □

The following theorem collects several well-known statements equiv-
alent to Brouwer’s fixed point theorem.

Theorem 3.2. For n ∈ Z≥1, the following statements are equivalent.

(1) (No-retraction theorem) There is no retraction r : Dn → Sn−1.
(2) (Brouwer’s fixed point theorem) Every continuous map f : Dn →

Dn has a fixed point.
(3) If a family of closed sets Ci ⊂ In, indexed by i ∈ {1, . . . , n}, is

such that each member separates In,i+ and In,i− , then
⋂n

i=1 Ci ̸= ∅.
(4) (The Poincaré–Miranda theorem) Assume that a family of con-

tinuous maps fi : In → R, indexed by i ∈ {1, . . . , n}, satis-
fies fi(In,i+ ) ⊂ [0,∞) and fi(In,i− ) ⊂ (−∞, 0]. Then there exists
p ∈ In such that fi(p) = 0. In other words, the maps have a
common zero.

Proof. Proof of [(1) =⇒ (2)]: Suppose that there exists a continuous
map f : Dn → Dn with no fixed point. Thus, f(x) ̸= x for every x ∈ Dn.
Define e(x) = x − f(x). Then e : Dn → Rn is continuous. Define also
L : Dn ×R → Rn by L(x, t) = f(x) + te(x). This map is continuous as
well.

Consider the quadratic equation ∥L(x, t)∥2 = 1 in t, that is,

(3.1) ∥e(x)∥2t2 + 2⟨f(x), e(x)⟩t+ ∥f(x)∥2 − 1.

Notice that its coefficients are functions of x. Here we regard it as an
equation in t. The solutions of (3.1) depend on x. The two solutions
are

1

∥e(x)∥2
(
− ⟨f(x), e(x)⟩

±
√

⟨f(x), e(x)⟩2 − ∥e(x)∥2(∥f(x)∥2 − 1)
)
.

(3.2)

Since ∥f(x)∥ ≤ 1, we have −∥e(x)∥2(∥f(x)∥2 − 1) ≥ 0. Consequently,√
⟨f(x), e(x)⟩2 − ∥e(x)∥2(∥f(x)∥2 − 1) ≥ |⟨f(x), e(x)⟩|.(3.3)

Thus (3.1) has real solutions, one nonnegative and one nonpositive.
Denote the nonnegative solution by T (x). The value T (x) is given
explicitly by

T (x) =

1

∥e(x)∥2
(
−⟨f(x), e(x)⟩+

√
⟨f(x), e(x)⟩2 − ∥e(x)∥2(∥f(x)∥2 − 1)

)
.

(3.4)

This formula shows that T : Dn → R is continuous. If x ∈ Sn−1,
then L(x, 1) = x, and hence T (x) = 1. Define g : Dn → Sn−1 by
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g(x) = L(x, T (x)). This map is continuous, and when x ∈ Sn−1, we
have g(x) = L(x, T (x)) = L(x, 1) = x. Thus g is a retraction, so
Sn−1 is a retract of Dn. The existence of the continuous retraction
g : Dn → Sn−1 contradicts (1). Therefore (2) holds.

Proof of [(2) =⇒ (3)]: For every i ∈ {1, . . . , n}, choose open subsets
Pi and Ni of In such that In \ Ci = Ni

∐
Pi, In,i+ ⊂ Pi, and In,i− ⊂ Ni.

There may be more than one such pair, since the complement of Ci

may have more than two connected components; choose any one of
them. Define mi : In → R by

mi(x) =

{
d(x,Ci) x ∈ Ci ∪ Pi;

−d(x,Ci) x ∈ Ci ∪Ni.
(3.5)

Both Ci ∪ Pi and Ci ∪ Ni are closed. On their intersection Ci, the
two functions d(x,Ci) and −d(x,Ci) have the same value 0. They are
continuous on Ci ∪ Pi and Ci ∪ Ni, respectively. The pasting lemma
therefore shows that mi is well-defined and continuous.

Define fi : In → R by

fi(x) = xi −mi(x).(3.6)

We show that |fi(x)| ≤ 1. We give the proof only for x ∈ Pi, as the
other case is analogous. Here fi(x) = xi−d(x,Ci). If 0 ≤ xi−d(x,Ci),
then 0 ≤ d(x,Ci), and hence

|fi(x)| = xi − d(x,Ci) ≤ xi ≤ 1

as desired. Next consider the case 0 ≤ d(x,Ci)− xi. Let

L = { z ∈ In | zk = xk, for all k with k ̸= i }(3.7)

be the line through x perpendicular to In,i+ and In,i− . Let a be the unique

point of L∩ In,i+ , and let b be the unique point of L∩ In,i− . Thus the i-th
coordinate of a is 1, and its other coordinates agree with those of x; the
i-th coordinate of b is −1, and its other coordinates agree with those
of x. The set L ∩ Ci separates a and b as a subset of L. Identifying L
with [−1, 1], we may apply Lemma 3.1 to obtain |xi−d(x, L∩Ci)| ≤ 1.
Now calculate |fi(x)|:

|fi(x)| = d(x,Ci)− xi ≤ d(x, L ∩ Ci)− xi

= |d(x, L ∩ Ci)− xi| ≤ 1.
(3.8)

This proves the desired inequality. Thus |fi(x)| ≤ 1 in all cases.
Define f : In → In by f = (f1, . . . , fn). The preceding inequality

shows that the range of f is contained in In. By (2), there exists a
fixed point p. This point p satisfies, by the definition of f , we see that
d(p, Ci) = 0. Thus p ∈

⋂n
i=1 Ci, so

⋂n
i=1 Ci ̸= ∅. Hence (3) follows.

Proof of [(3) =⇒ (4)]: For every i ∈ {1, . . . , n} and k ∈ Z≥0, put

Li,k = {x ∈ In | |xi| ≤ 1− 2−k }.(3.9)
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Define wi,k : In → R by

wi,k(x) = xi · d(x, Li,k).(3.10)

Define gi,k : In → R by gi,k(x) = fi(x)+wi,k(x). Then gi,k(In,i+ ) ⊂ (0,∞)

and gi,k(In,i− ) ⊂ (−∞, 0). Therefore, the set Ci,k = g−1
i,k ({0}) is a closed

set separating In,i+ and In,i− . By (3), we have
⋂n

i=1 Ci,k ̸= ∅. Choose pk
from this intersection. By compactness of In, there exists a convergent
subsequence {pϕ(k)}k∈Z≥0

. Denote its limit by p. Since gi,k converges
uniformly to fi, we have gi,ϕ(k)(pϕ(k)) → fi(p) as k → ∞. Consequently,
fi(p) = 0 for every i ∈ {1, . . . , n}. Thus (4) holds.
Proof of [(4) =⇒ (1)]: Identify In with Dn, and identify Sn−1 with

Bdry In. Suppose, toward a contradiction, that there exists a retraction
r : In → Bdry In. The map r has components ri satisfies ri(In,i+ ) ⊂
[0,∞) and ri(In,i− ) ⊂ (−∞, 0]. By (4), there exists p ∈ In such that
r(p) = 0. This contradicts the fact that the range of r is Bdry In.
Therefore no such retraction exists, and (1) holds. □

3.2. Proof of the fixed point theorem. Theorem 3.2 establishes
only the equivalence of several statements and does not by itself show
that the fixed point theorem is true. The following known result shows
that all the statements in Theorem 3.2 are indeed true.

Theorem 3.3. For every n ∈ Z≥1, there is no retraction r : Dn →
Sn−1.

Proof. We first give a proof using homology. When n = 1, the nonex-
istence of a retraction follows from the intermediate value theorem.
Henceforth assume that 1 < n. Let Hi(∗) denote the homology func-
tor. Suppose that a retraction as above exists. Let ι be the inclusion
of Sn−1 into Dn. Since r ◦ ι = 1Sn−1 , we obtain, in degree n− 1,

Hn−1(r) ◦Hn−1(ι) = Hn−1(1Sn−1) = 1Hn−1(Sn−1)

Thus Hn−1(ι) : Hn−1(Sn−1) → Hn−1(Dn) is injective. However, we have
Hn−1(Dn) ∼= {0} andHn−1(Sn−1) ∼= Z, so no such injective mapHn−1(ι)
can exist. Therefore the retraction r does not exist. □

One can also prove analytically that Sn−1 is not a retract of Dn. We
do so below using a statement about smooth retractions.

Proposition 3.4. If there exists a retraction f : Dn → Sn−1, then there
exists a smooth retraction g : Dn → Sn−1. Here, smoothness of g on Dn

means that g is defined and smooth on an open set containing Dn.

Proof. Define u(x) = f(x)−x. Notice that ∥u(x)∥ ≤ 2. Since f |Sn−1 =
1Sn−1 , we have u|Sn−1 = 0. Hence there exists δ ∈ (3/4, 1) such that

δ ≤ ∥x∥ ≤ 1 =⇒ ∥u(x)∥ < 4−1(3.11)
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By the Weierstrass approximation theorem, there also exists a map
P : Rn → Rn whose components are polynomials and such that

∥x∥ ≤ 1 =⇒ ∥P (x)− u(x)∥ < 4−1.(3.12)

Choose a polynomial Q : R → R satisfying

r ∈ [0, δ] =⇒ 3/4 ≤ Q(r2) ≤ 1;(3.13)

r ∈ [δ, 1] =⇒ ∥Q(r2)∥ ≤ 1;(3.14)

Q(1) = 0.(3.15)

Define v(x) = x + Q(∥x∥2)P (x). Then v : Dn → Rn is continuous and
smooth on Dn. If ∥x∥ ∈ [0, δ], we have

∥v(x)∥ = ∥x+Q(∥x∥2)P (x)∥
= ∥x+ f(x)− f(x) +Q(∥x∥2)P (x)∥

=

∥∥∥∥∥f(x)− (f(x)− x) +Q(∥x∥2)(f(x)− x)

−Q(∥x∥2)(f(x)− x) +Q(∥x∥2)P (x)

∥∥∥∥∥
=

∥∥∥∥∥f(x) +Q(∥x∥2)(P (x)− f(x) + x)

+ (Q(∥x∥2)− 1)(f(x)− x)

∥∥∥∥∥
≥ ∥f(x)∥ − |Q(∥x∥2)|∥P (x)− (f(x)− x)∥

− |1−Q(∥x∥2)|∥f(x)− x∥.

Now ∥P (x) − (f(x) − x)∥ < 1/4, ∥f(x)∥ = 1, and |Q(∥x∥2)| ≤ 1.
Moreover, if ∥x∥ ∈ [0, δ], then 3/4 ≤ Q(∥x∥2) ≤ 1, so 0 ≤ 1−Q(∥x∥2) ≤
1/4. Combining these observations with the preceding calculation gives

∥v(x)∥ ≥
∥f(x)∥ − |Q(∥x∥2)|∥P (x)− (f(x)− x)∥ − |1−Q(∥x∥2)|∥f(x)− x∥

≥ 1− 1

4
− 2

4
=

1

4
.

Thus ∥v(x)∥ ≥ 1/4 if ∥x∥ ∈ [0, δ].
On the other hand, if ∥x∥ ∈ [δ, 1], then

∥v(x)∥ = ∥x+Q(∥x∥2)P (x)∥
= ∥x+Q(∥x∥2)P (x) +Q(∥x∥2)(f(x)− x)−Q(∥x∥2)(f(x)− x)∥
≥ ∥x+Q(∥x∥2)(P (x)− (f(x)− x)) +Q(∥x∥2)(f(x)− x)∥
≥ ∥x∥ − |Q(∥x∥2)|(∥P (x)− (f(x)− x)∥+ ∥f(x)− x∥).

Here |Q(∥x∥2)| ≤ 1 and ∥P (x)− (f(x)− x)∥ ≤ 1/4. Since ∥x∥ ∈ [δ, 1],
we also have ∥f(x)− x∥ ≤ 1/4. Therefore,

∥v(x)∥ ≥ ∥x∥ − |Q(∥x∥2)|(∥P (x)− (f(x)− x)∥+ ∥f(x)− x∥)

≥ δ −
(
1

4
+

1

4

)
≥ 3

4
− 2

4
=

1

4
.
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Thus ∥v(x)∥ ≥ 1/4 if ∥x∥ ∈ [δ, 1].
It follows that ∥v(x)∥ ̸= 0 for every x ∈ Dn. We may therefore define

g : Dn → Sn−1 by

g(x) =
v(x)

∥v(x)∥
.(3.16)

This map is smooth on Dn. If x ∈ Sn−1, then Q(∥x∥2) = Q(1) = 0,
so v(x) = x and hence g(x) = x. Thus g : Dn → Sn−1 is the desired
retraction. □
Theorem 3.5 ([9]). There is no smooth map f : Dn → Sn−1 such that
f |Sn−1 = 1Sn−1.

Proof. Suppose that such a map exists, and derive a contradiction. Put
g(x) = f(x)− x. Define F : Dn × [0, 1] → Dn by

F (x, t) = x+ tg(x) = x+ t(f(x)− x) = (1− t)x+ tf(x).(3.17)

This is a homotopy from 1Dn to f that fixes Sn−1. To emphasize the
homotopy parameter, we also write Ft(x) for F (x, t). The point F (x, t)
divides the line segment joining x and f(x).
Since Dn is compact and g is smooth, g(x) = f(x) − x is Lipschitz.

Let L > 0 be a Lipschitz constant for g. If F (x, t) = F (y, t), then
x− y = t(g(y)− g(x)), and hence

∥x− y∥ ≤ t∥g(y)− g(x)∥ ≤ tL∥x− y∥.(3.18)

Thus, when 0 ≤ t < L−1, we see that Ft(x) is injective.
The Jacobian matrix of F (x, t) with respect to x satisfies

Jx(Ft(x)) = En + tJx(g(x)).(3.19)

Since “det” is continuous, if t0 is sufficiently small, then we see that
det Jx(F (x, t)) > 0 for t ∈ [0, t0]. Choose it still smaller so that t0 <
L−1. We show that, for t ∈ [0, t0], the map F (x, t) is bijective as a
function of x.

Let U be the interior of Dn, that is, U = {x ∈ Rn | ∥x∥ < 1}.
By the inverse function theorem, Ft(U) is open in Rn. Choose any
a ̸∈ Ft(U) in Dn. It suffices to show that a has a preimage under
Ft. Choose b ∈ Ft(U) in Dn. The point b will be used below. Since
Ft(U) ⊂ Dn, the segment [a, b] is contained in Dn. As [a, b] is connected,
[a, b]∩Bdry(Ft(U)) ̸= ∅. Choose c from this intersection. Since Ft(Dn)
is compact and hence closed,

Bdry(Ft(U)) ⊂ CL(Ft(U)) ⊂ Ft(Dn).(3.20)

Thus there exists x ∈ Dn such that c = Ft(x). Since c ̸∈ Ft(U), we have
x ∈ Sn−1. Because Ft fixes Sn−1, it follows that c = Ft(x) = x. Thus
c ∈ Sn−1. Since Ft(U) is open in Rn, we have Bdry(Ft(U))∩Ft(U) = ∅.
In particular, c ̸= b. Since c ∈ [a, b] and c ∈ Sn−1, we obtain a = c, and
hence a = Ft(x). Consequently, the map Ft is surjective.
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We next define I(t) by

I(t) =

∫
Dn

det(Jx(F (x, t))) dx1dx2 · · · dxn.(3.21)

The quantity I(t) will be used below. Since Ft(Dn) = Dn, the change-
of-variables formula gives I(t) = Ln(Dn) > 0 for t ∈ [0, t0]. Here
Ln(Dn) denotes the n-dimensional Lebesgue measure of Dn. The func-
tion I(t) is a polynomial in t. Since it is constant on [0, t0], it must also
be constant on [0, 1]. Thus, for every t ∈ [0, 1],

(3.22) I(t) = Ln(Dn) > 0.

On the other hand, F1(x) = f(x) ∈ Sn−1, so ⟨f, f⟩ = 1. Differentiating
with respect to xi gives 〈

∂f

∂xi

, f

〉
= 0.(3.23)

Thus f(x) is an eigenvector of the transpose of Jx(f)(x) with eigenvalue
0. A matrix with eigenvalue 0 has determinant 0, so det(Jx(f)(x)) = 0.
This implies I(1) = 0, contradicting (3.22). □

3.3. Determination of the dimension of Euclidean spaces. We
now determine the dimension of Euclidean spaces.

Theorem 3.6. Let n ∈ Z≥1 and k ∈ {0, . . . , n}. Then we have
dimDn = dimRn = n. Moreover, we also have dimM(n, k) = k and
dimL(n, k) = n− k.

Proof. We have already established the fixed point theorem. Theorem
3.2 and Proposition 2.26 therefore imply n−1 < dimIn. Together with
2.13, this gives dimRn = dimDn = n. It also follows that dimM(n, k) =
k and dimL(n, k) = n− k. □

Corollary 3.7. Let n,m ∈ Z≥1. If Rm and Rn are homeomorphic,
then m = n.

Corollary 3.8. Let n, k ∈ Z≥0. Assume that subsets A1, . . . , Ak of Rn

satisfy DDimAi ≤ 0 and Rn =
⋃k

i=1 Ai. Then n+ 1 ≤ k.

In view of their historical development and the methods used in their
proofs, Theorem 3.2, Theorem 4.2, and Corollary 3.7 may be regarded
as equivalent in a meaningful sense. Of course, any two true state-
ments are logically equivalent, but these results seem to be equivalent
in a deeper way. Inspired by Terence Tao’s proof of the invariance of
domain theorem [11], the paper [6] appears to examine this sense of
equivalence from the viewpoint of reverse mathematics. The author is
not sufficiently familiar with reverse mathematics to discuss the matter
further.
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4. The invariance of domain theorem

In this section, we prove Brouwer’s invariance of domain theorem as
an application of dimension theory. It states that the image of an open
subset U of an n-dimensional space under a continuous injective map
into n-dimensional Euclidean space is open.

4.1. Proof of the invariance of domain theorem. The following
theorem shows that whether a point of a compact subsetK of Euclidean
space is a boundary point can be characterized solely in terms of the
intrinsic topology of K. This is the key to the invariance of domain
theorem.

Theorem 4.1. Let n ∈ Z≥1, and K be a compact subset of Rn. Then
p ∈ BdryRn K if and only if, for every neighborhood N of p in K,
there exists an open neighborhood U of p in K such that U ⊂ N and
every continuous map f : K \ U → Sn−1 has a continuous extension
g : K → Sn−1.

Proof. First assume that p ∈ BdryK and derive the stated condition.
Let N be an arbitrary neighborhood of p. Choose an open ball B
centered at p with sufficiently small radius that K ∩B ⊂ N . We show
that U = K ∩ B has the required property. Put L = BdryB. Then
L is homeomorphic to Sn−1. Consider an arbitrary continuous map
f : K \ U → Sn−1. The set K \ U is closed in K and hence is also
closed in Rn. Since dimL ≤ n − 1, we have dim(K ∩ L) ≤ n − 1.
Notice that L ∩ K ⊂ K \ U . By Theorem 2.31, the continuous map
f |L∩K : L ∩K → Sn−1 has a continuous extension u : L → Sn−1. The
intersection of L and K \ U is L ∩ K, and u and f agree there. The
pasting lemma therefore gives a continuous map h : (K\U)∪L → Sn−1.
Since p is a boundary point of K, we can choose a point q of B that

does not belong to K. For every x ∈ K, let b(x) be the intersection of
L with the line extended from q through x ∈ K. Then b : K → L is
continuous. Define g : K → Sn−1 by

g(x) =

{
h(b(x)) x ∈ U ∪ (L ∩K);

f(x) x ∈ K \ U.

The two functions h(b(x)) and f(x) appearing in this definition agree
on L ∩K. They therefore paste together to give a continuous map g,
which is clearly an extension of f .

Conversely, assume that p ∈ K satisfies the condition in the theorem.
Suppose, toward a contradiction, that p ∈ K is an interior point of K.
Choose an open ball B centered at p with sufficiently small radius that
CLB ⊂ K. By the hypothesis, there exists an open neighborhood U
of p such that U ⊂ B and every continuous map f : K \ U → Sn−1

extends over K. Define a map f : K \ U → Sn−1 as follows. Extend
the line from p through x ∈ K \ U , and let f(x) be its intersection
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with BdryB. This is continuous, and since BdryB is homeomorphic
to Sn−1, we obtain a continuous map f : K \ U → Sn−1. The map f is
the radial map just described. Notice that f is the identity on BdryB.
The condition in the theorem gives a continuous map g : K → Sn−1.
We now restrict g to the closed ball. Recall that CLB ⊂ K. Consider
g|CLB. The restriction g|CLB : CLB → BdryB is then a retraction
from CLB onto BdryB. This contradicts the no-retraction theorem
(Theorem 3.2). Therefore p ∈ K must be a boundary point. □
We now prove the invariance of domain theorem.

Theorem 4.2 (Invariance of domain). Let n ∈ Z≥1, let U be an open
subset of Rn, and let f : U → Rn be continuous and injective. Then
f(U) is open in Rn.

Proof. It suffices to prove that f(p) is an interior point of f(U) for
every p ∈ U . Choose a sufficiently small neighborhood N of p such
that CLN is compact and CLN ⊂ U . The restriction f |CLN is a
continuous injection from a compact space into a Hausdorff space, and
hence is a topological embedding. By Theorem 4.1, whether p is a
boundary point is characterized by an intrinsic topological condition
on CLN . Since p is an interior point of CLN , the point f(p) is an
interior point of f(CLN). In particular, f(p) is an interior point of
f(U). □
Corollary 4.3. Let M and N be topological manifolds with boundary
of the same dimension, and let f : M → N be a homeomorphism. Then
f maps ∂M onto ∂N .

Proof. If f maps some p ∈ ∂M into N \ ∂N , then, by considering
f−1, we obtain locally a map carrying an interior point of Euclidean
space to p. But p is a boundary point of a half-space, contradicting the
invariance of domain theorem. □

5. n-dimensional subsets of n-dimensional Euclidean space

As an application of dimension theory, we prove in this section that
an n-dimensional subspace of n-dimensional Euclidean space has an
interior point.

We first prove that Euclidean spaces have the property known as
countable dense homogeneity. For the one-dimensional case, we need
to study the order structure of the rational numbers.

5.1. The order-theoretic characterization of the rationals and
countable dense homogeneity of the line. We begin with the def-
inition of a linear order.

Definition 5.1 (Linear order). A binary relation ≤ on a set X is called
a linear order if it satisfies the following conditions.
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(1) For every a ∈ X, we have a ≤ a.
(2) For every a, b ∈ X, if a ≤ b and b ≤ a, then a = b.
(3) For every a, b, c ∈ X, if a ≤ b and b ≤ c, then a ≤ c.
(4) For every a, b ∈ X, either a ≤ b or b ≤ a.

We also define a < b to mean that a ≤ b and a ̸= b.

Definition 5.2 (Dense order). A linearly ordered set (X,≤) is said
to be densely ordered if, whenever x < y for x, y ∈ X, there exists
s ∈ X such that x < s < y.

We sometimes write ≤X for the order on X, but omit the subscript
and simply write ≤ when the context is clear.

Lemma 5.1. Let (X,≤X) and (Y,≤Y ) be countable densely ordered
sets having neither a greatest nor a least element. Let S ⊂ X and T ⊂
Y be finite subsets, and assume that an order isomorphism h : S → T
identifies S with T . Then, for every x ∈ X \ S, there exists y ∈ Y \ T
such that h extends to an order isomorphism H : S ∪ {x} → T ∪ {y}.

Proof. Without loss of generality, enumerate S = {si}ni=1 and T =
{tj}nj=1 so that

s1 < s2 < · · · < sn;(5.1)

h(si) = ti.(5.2)

There are three cases.
Case 1. [If si < x < si+1 for some i]: Since Y is densely ordered,

choose y such that ti < y < ti+1. Defining H(x) = y and H(si) = ti
gives the required map H.
Case 2. [If sn < x]: Since Y is densely ordered and has no greatest

element, choose y ∈ Y such that tn < y. Again define H(x) = y and
H(si) = ti.

Case 3. [If x < s1]: This is analogous to the preceding case, using
the absence of a least element. □
For a map f : A → B, define domf = A and codf = f(A).

Theorem 5.2. Any two countable densely ordered sets having neither
a greatest nor a least element are order-isomorphic. In particular, each
is order-isomorphic to the rational numbers.

Proof. We use the standard back-and-forth argument.
Let (A,≤A) and (B,≤B) be countable densely ordered sets with no

greatest or least element. Write A = {ai}i∈Z≥0
, B = {bi}i∈Z≥0

. Us-
ing these enumerations, inductively construct a sequence of extensions
{fn}n∈Z≥0

satisfying the following conditions.

(1) fn is an order-preserving bijection.
(2) domfn is finite and contains {a0, . . . , an}.
(3) codfn is finite and contains {b0, . . . , bn }.
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Step 0 (definition of f0): Define f0 to be the map f0 : {a0} → {b0}
given by f0(a0) = b0.

Step 1 (construction of fn+1 from fn): First define an auxiliary order
isomorphism gn. If an+1 ∈ dom(fn), put gn = fn. If an+1 ̸∈ dom(fn),
apply Lemma 5.1 to fn, an+1, cod(fn), dom(fn) and let gn be an order-
isomorphic extension of fn to dom(fn) ∪ {an+1}.
Next extend g−1

n to define another auxiliary order isomorphism hn.
If bn+1 ∈ dom(g−1

n ) = cod(gn), put hn = g−1
n . If bn+1 ̸∈ dom(g−1

n ) =
cod(gn), apply Lemma 5.1 to g−1

n and bn+1, and let hn be an extension
of g−1

n to dom(g−1
n ) ∪ {bn+1}. Finally, define fn+1 = h−1

n . All inductive
conditions are then satisfied.

Step 3: Using the sequence of order isomorphisms {fn}n∈Z≥0
, de-

fine F : A → B by F (an) = fn(an). Since {fn}n∈N is a sequence of
extensions, this definition is well-defined.

Step 4: We show that F is an order isomorphism. First let x, y ∈ A
and assume that x < y. We show that F (x) < F (y), which gives
injectivity and preservation of order. For sufficiently large n, we have
x, y ∈ dom(fn). By the definition of F and the fact that {fn}n∈Z≥0

is
a sequence of extensions, F (x) = fn(x) and F (y) = fn(y). Since fn is
an order isomorphism, we immediately obtain F (x) < F (y).

It remains to prove surjectivity. For every y ∈ B, we have y ∈
cod(fn) for all sufficiently large n. Since fn is an order isomorphism,
there exists x ∈ dom(fn) such that fn(x) = y. Thus F (x) = y, so F is
surjective. □
Remark 5.1. The construction alternates between A and B when defin-
ing gn and hn. This is the reason for the name “back-and-forth argu-
ment.”

Example 5.1. The subset (0, 1) ∩Q of R is order-isomorphic to Q.

Example 5.2. The set {a+ b
√
2 | a, b ∈ Q} is order-isomorphic to Q.

Example 5.3. The set of numbers having a terminating binary ex-
pansion, namely

{
m
2n

∣∣ n,m ∈ Z
}
, is order-isomorphic to Q.

Lemma 5.3. Let A be a countable dense subset of R, and let S ⊂ A
have no greatest element. Assume that whenever u, v ∈ A, v ∈ S,
and u < v, we have u ∈ S. Then there exists y ∈ R such that S =
A ∩ (−∞, y). Moreover, A \ S = A ∩ [y,∞).

Proof. Take y = supS. □
Theorem 5.4. Let A and B be countable dense subsets of R. Then an
order isomorphism f : A → B extends to a homeomorphism f : R → R
satisfying f(A) = B.

Proof. Let A and B be countable dense subsets of R. They satisfy
the hypotheses of Theorem 5.2; hence they are order-isomorphic. Let
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f : A → B be such an order isomorphism. Enumerate A and B so that
the map f : A → B defined by f(ai) = bi is an order isomorphism.

We extend this map to all of R. For x ∈ R, define Gx = (−∞, x)
and Hx = [x,∞), and put Sx = f(A∩Gx), and Tx = f(A∩Hx). Since
f preserves order, Sx has the following downward-closed property: if
u, v satisfy u < v and v ∈ Sx, then u ∈ Sx. Moreover, the set Sx

has no greatest element. Lemma 5.3 therefore gives y ∈ R such that
Sx = B∩(−∞, y). Similarly, Tx = B∩ [y,∞). Define f(x) = y. Notice
that if x = ai, then y = bi.
We prove that f : R → R is continuous. First we show that f pre-

serves order. Assume x < y. By density of A, there exists an ∈ A
such that x < an < y. Then bn ̸∈ Sf(x) and bn ∈ Sf(y). In particular,
bn ∈ Tf(x), so f(x) ≤ bn < f(y). Thus f preserves order and is, in
particular, injective.

To prove continuity, fix ϵ > 0 and x ∈ R. By density of B, there
exist bN and bM such that

f(x)− ϵ < bN < f(x) < bM < f(x) + ϵ.(5.3)

Since f preserves order, aN < x < aM . Thus (aN , aM) is an open
neighborhood of x. For every z ∈ (aN , aM), order preservation and
(5.3) give |f(z)− f(x)| < ϵ. Therefore f is continuous.
Extend f−1 : B → A in the same manner to obtain a continuous

map g : R → R. For every n ∈ Z≥0, we have g(f(an)) = an and
f(g(bn)) = bn. By continuity of f and g, it follows that, for every
x ∈ R, f(g(x)) = x and g(f(x)) = x. Thus f and g are inverses.
Hence f is a homeomorphism. By definition, f(A) = B, which proves
the theorem. □
5.2. Countable dense homogeneity of Euclidean spaces: the
general case. We now establish countable dense homogeneity for Eu-
clidean spaces. Namely, given countable dense subsets A and B of Rn,
we prove that there exists a homeomorphism f : Rn → Rn such that
f(A) = B. We begin with an identity theorem for polynomials.

Theorem 5.5 (Identity theorem for polynomials). Let p be a real poly-
nomial in n variables. If its zero set Z has an interior point, then p is
identically 0. Equivalently, if p is not the constant polynomial 0, then
the set of all x ∈ Rn such that p(x) ̸= 0 is dense in Rn.

Proof. For n = 1, the result follows because a polynomial of degree
k has at most k zeros. Now consider general n. Let a be an interior
point of Z. For sufficiently small r ∈ R, the open ball B = {x ∈ Rn |
∥x − a∥ < r } is contained in Z. Fix u ∈ B and define q : R → R by
q(t) = p((1− t)a+ tu). Then q is a polynomial in t. Since p vanishes on
B, we have q(t) = 0 for t ∈ (−1, 1). The one-variable case implies that
q vanishes identically. Since u ∈ B was arbitrary, p vanishes identically
on the whole space. □
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Lemma 5.6. Let n ∈ Z≥1. For v = (v1, . . . , vn) ∈ Rn×n, i ∈ { 1, . . . , n },
and a ∈ Rn, let Sp(v, i, a) be the linear subspace of Rn generated by
{vk}k ̸=i and a. Then

Ta,i = { v = (v1, . . . , vn) ∈ Rn×n | rank Sp(v, i, a) = n }
is a dense open subset of Rn×n.

Proof. For v = (v1, . . . , vn) ∈ Rn×n, let f(v) be the determinant of
the matrix obtained from (v1, . . . , vn) by replacing its i-th column by
a. Then f is a polynomial on Rn×n and is not identically 0. Thus
the set of v for which f(v) ̸= 0 is dense, by Theorem 5.5, and is also
open. Since rank Sp(v, i, a) = n is equivalent to f(v) ̸= 0, the proof is
complete. □
Let GL(n) denote the set of all invertible n×n matrices. Notice that

a tuple v = (v1, . . . , vn) ∈ GL(n) is a basis of Rn. For such a tuple and
a ∈ Rn, let prv,i(a) denote the i-th coordinate of a with respect to the
basis v1, . . . , vn. Thus a =

∑n
i=1 prv,i(a)vi.

Theorem 5.7. Let n ∈ Z>0, and let S be a countable subset of Rn such
that 0 ̸∈ S. Then there exists a basis v = (v1, . . . , vn) ∈ Rn×n such that
pri(x) ̸= 0 for every x ∈ S.

Proof. Applying Theorem 5.5 to Rn×n and det shows that GL(n) is a
dense open subset of Rn×n. Define T by

T = GL(n) ∩
⋂
a∈S

n⋂
i=1

Ta,i(5.4)

Each Ta,i is dense and open, so the Baire category theorem shows that
T is dense in Rn×n. Choose v = (v1, . . . , vn) ∈ T . This is the required
basis. Indeed, otherwise there would exist i and a ∈ S such that
prv,i(a) = 0. This means that a belongs to the linear span of {vk}k ̸=i,
which implies rank Sp(v, i, a) < n. This contradicts v ∈ Ta,i. □
Below we abbreviate prv,i(x) as xi or (x)i.

Definition 5.3. A pair (x1, x2) ∈ Rn × Rn is said to be in coordi-
natewise general position if, for every i ∈ {1, . . . , n},

(x1)i − (x2)i ̸= 0

A set A ⊂ Rn is said to be in coordinatewise general position if ev-
ery distinct pair (x, y) ∈ A × A is in coordinatewise general position.
Following [5], this condition is called general position; we add “coordi-
natewise” to distinguish it from the terminology used later.

Lemma 5.8. Let A be a countable subset of Rn. Then there exists
a basis (v1, v2, . . . , vn) of Rn such that, in the associated coordinate
system, A is in coordinatewise general position.

Proof. Apply Theorem 5.7 to S = {x− y | x, y ∈ A } \ {0}. □
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Definition 5.4. Two pairs (x1, x2), (y1, y2) ∈ Rn × Rn, in coordinate-
wise general position, are said to be similarly placed if, for every
i ∈ {1, . . . , n}, the numbers (x1)i − (x2)i and (y1)i − (y2)i have the
same sign.

Two indexed at most countable sets, of the same cardinality when
finite, A = {ai}i∈Z≥0

, B = {bi}i∈Z≥0
⊂ Rn, are said to be similarly

placed if, for every (i, j) ∈ Z2
≥0, the pairs (ai, aj) and (bi, bj) are simi-

larly placed.

Proposition 5.9. Let A = {ai}i∈Z≥0
and B = {bi}i∈Z≥0

be countable
dense subsets of Rn, each in coordinatewise general position. They can
be enumerated so that A and B are similarly placed.

Proof. Inductively we construct new enumerations {ci}i∈Z≥0
= A and

{di}i∈Z≥0
= B as follows. First set c0 = a0, d0 = b0, and d1 = b1. Let i

be the least natural number for which (c0, ai) and (d0, d1) are similarly
placed, and put c1 = ai. Such an i exists because A is dense.
Assume generally that the terms through odd index 2j+1 have been

constructed, namely c0, c1, . . . , c2j+1 and d0, d1, . . . , d2j+1. Construct
c2j+2 and d2j+2 as follows. Let s ∈ Z≥0 be the least index i such that
ai does not belong to c0, c1, . . . , c2j+1, and define c2j+2 = as. Next, let
t be the least index such that c0, c1, . . . , c2j, c2j+1 and d0, d1, . . . , d2j, bt
are similarly placed, and define d2j+2 = bt.
Now construct c2j+3 and d2j+3. Let p be the least index such that bp

does not belong to d0, d1, . . . , d2j+2, and define d2j+3 = bp. Next, let q be
the least index for which c0, c1, . . . , c2j+2, aq and d0, d1, . . . , d2j+2, d2j+3

are similarly placed, and define c2j+3 = aq. This inductive construction
is possible because both A and B are dense. □
Theorem 5.10. Let A and B be countable dense subsets of Rn. Then
there exists a homeomorphism f : Rn → Rn such that f(A) = B.

Proof. After changing bases and enumerations, we may assume that
A = {ai}i∈Z≥0

and B = {bi}i∈Z≥0
are similarly placed and both are

in coordinatewise general position. Write ai = (ai,1, . . . , ai,n) and bi =
(bi,1, . . . , bi,n). Because the coordinates were chosen so that A and
B are in coordinatewise general position, if i ̸= j, then, for every
k ∈ {1, . . . , n}, we have ai,k ̸= aj,k and bi,k ̸= bj,k.
For k ∈ {1, . . . , n}, put Ak = πk(A) and Bk = πk(B), where πk is

projection onto the k-th coordinate. The sets Ak and Bk are count-
able dense subsets of R. Since their enumerations are similarly placed,
the map defined by fk(ai,k) = bi,k is an order isomorphism. Without
coordinatewise general position, indices could collapse, so this formula
might fail to define a map, let alone an order isomorphism.

By Theorem 5.4, fk extends to a homeomorphism fk : R → R such
that fk(Ak) = Bk. Define f : Rn → Rn by f(x) = (f1(x1), . . . , fn(xn)).
For ai = (ai,1, . . . , ai,n), we have f(ai) = (f1(ai,1), . . . , fn(ai,n)) =
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(bi,1, . . . , bi,n), and hence f(A) = B. If g(x) = (f−1
1 (x1), . . . , f

−1
n (xn)),

then g is the inverse of f . Therefore f is a homeomorphism. □
Theorem 5.11. Let n ∈ Z≥0. If a subset S of Rn satisfies dimS = n,
then S has an interior point.

Proof. Suppose, toward a contradiction, that S has no interior point.
Then Rn \ S is dense. We may therefore choose a countable dense
subset A of Rn such that A ∩ S = ∅. By Theorem 5.10, there exists
a homeomorphism f : Rn → Rn such that f(A) = Qn. Since Rn \
Qn = M(n, n− 1), Lemma 2.12 gives dim(M(n, n− 1)) ≤ n−1. Hence
dimf(S) ≤ n − 1. Since f is a homeomorphism, we conclude that
dimS ≤ n− 1, contradicting the assumption dimS = n. □

6. The embedding theorem for finite-dimensional spaces

As an application of dimension theory, we prove in this section that
every finite-dimensional separable metrizable space can be topologically
embedded in a Euclidean space.

6.1. Affine combinations and general position.

Definition 6.1. Let l ∈ Z≥1. Finitely many points e1, . . . , em in the
Euclidean space Rl are said to be affinely independent if, whenever
t1, . . . , tm ∈ R satisfy

∑m
i=1 ti = 0 and

∑m
i=1 ti · ei = 0, we have t1 =

· · · = tm = 0. This is equivalent to the linear independence of e2 −
e1, . . . , em − e1.

An affine combination of finitely many points w1, . . . , wm in Rl is
a point of the form

∑m
i=1 ti ·wi, where t1, . . . , tm ∈ R and

∑m
i=1 ti = 1. If

w1, . . . , wm are affinely independent, then the coefficients of each such
affine combination are unique.
The affine subspace Aff(w1, . . . , wm) spanned by w1, . . . , wm is the

set of all their affine combinations. If W is the linear subspace spanned
by w2−w1, . . . , wm−w1, then Aff(w1, . . . , wm) = w1+W . In particular,
if m ≤ l, then Aff(w1, . . . , wm) is a closed subset of Rl with empty
interior.

Definition 6.2. Let l ∈ Z≥1. A subset S ⊂ Rl is said to be in general
position if, for every i ∈ {1, . . . , l + 1}, any i-many distinct elements
of S are affinely independent.

Proposition 6.1. Let l ∈ Z≥1, let O ⊂ Rl be a dense open set, and
let C ⊂ O be an at-most-countable set in general position. Then there
exists a countable dense set S ⊂ O such that C∪S is in general position
and C ∩ S = ∅.
Proof. Choose a countable dense subset E of Rl, and enumerate E ×
Q>0 as E×Q>0 = {(qk, rk)}k∈Z≥1

. We inductively construct a sequence
e1, . . . , ek such that C ∪ {e1, . . . , ek} is in general position and we have
∥ei − qi∥< ri for every i ∈ {1, . . . , k}.



40 YOSHITO ISHIKI

Assume that e1, . . . , ek have been constructed. We construct ek+1.
For every finite subset I of C ∪ {e1, . . . , ek} with card(I) ≤ l, define
A(I) = Aff(I), and let A be the union of all such A(I). Each A(I) is
closed and has empty interior. Since A is a countable union of such
sets, the Baire category theorem implies that A also has empty interior.
Thus O \ A is dense. Since C is at most countable, O \ (A ∪ C) is
also dense. We can therefore choose ek+1 ∈ O \ (A ∪ C) such that
∥ek+1 − qk+1∥< rk+1. For every finite subset I of C ∪ {e1, . . . , ek} with
card(I) ≤ l, we have ek+1 ̸∈ A(I). It follows that C ∪ {e1, . . . , ek, ek+1}
is in general position. □

Proposition 6.2. Let n, l ∈ Z≥1, and e1, . . . , em ∈ Rl be a sequence in
general position in Rl. If 2n + 1 ≤ l, then the coefficients of an affine
combination

∑m
i=1 si · ei whose support is a subset I of {1, . . . ,m} of

cardinality at most n+1 are unique. Here, to say that I is the support
means that si ̸= 0 if and only if i ∈ I.

Proof. Assume that an affine combination
∑m

i=1 ti · ei with support J ,
where J is a subset of {1, . . . ,m} of cardinality at most n+1, is equal
to
∑m

i=1 si · ei. Then∑
i∈I\J

si · ei +
∑
i∈J\I

(−ti) · ei +
∑
i∈J∩I

(si − ti) · ei = 0.(6.1)

Considering the coefficients in this equation gives∑
i∈I\J

si +
∑
i∈J\I

(−ti) +
∑
i∈J∩I

(si − ti) = 0.(6.2)

The cardinality of I ∪ J is at most 2n + 2. Since 2n + 1 ≤ l, we have
2n+2 ≤ l+1. The general-position assumption therefore implies that
{ei}i∈I∪J is affinely independent. Hence si = 0 on I \ J , ti = 0 on
J \ I, and si = ti on I ∩ J . Since si and ti have supports I and J ,
respectively, we must have I = J . It then follows that I = J = I ∩ J
and si = ti on I. This proves uniqueness of the coefficients. □

6.2. Function spaces and embeddings.

Definition 6.3. Let X be a topological space and (K, d) a compact
metric space. In this manuscript, C(X,K) denotes the set of all contin-
uous maps from X to K. The supremum metric on C(X,K) induced

by d is denoted by d̂; thus d̂(f, g) = supx∈X d(f(x), g(x)). By our
definition of C(X,K), this metric is finite-valued.

The following standard proposition is stated without proof.

Proposition 6.3. Let X be a topological space and (K, d) a compact

metric space. Then (C(X,K), d̂) is complete and, in particular, is a
Baire space.
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Definition 6.4. Let U be a cover of a topological space X. A map
f ∈ C(X,H) is called a U -map (or U -small) if, for every z ∈ H, there
exist a neighborhood N of z and U ∈ U such that f−1(N) ⊂ U . In this
manuscript, E(U) denotes the set of all U -maps in C(X,H).

Proposition 6.4. Let X be a topological space, U a cover of X, and
(K, d) a compact metric space. Then E(U) is open in C(X,K).

Proof. Fix f ∈ E(U). For every z ∈ K, choose an open neighborhood
Nz of z such that f−1(Nz) ⊂ U for some U ∈ U . Since K is compact,
the cover {Nz}z∈K has a Lebesgue number r ∈ (0,∞).

Let g ∈ C(X,K) satisfy d̂(f, g) < 2−3r, and fix z ∈ K. Put
M = U(z, 2−3r; d). Choose p(z) ∈ K such that U(z, r; d) ⊂ Np(z).

If x ∈ g−1(M), then d(z, g(x)) ≤ 2−3r. Moreover, d̂(g, f) < 2−3r im-
plies d(g(x), f(x)) < 2−3r. Hence f(x) ∈ U(z, r; d) ⊂ Np(z). By the
definition of Np(z), there exists U ∈ U such that f−1(Np(z)) ⊂ U . Thus
x ∈ U . Since x ∈ g−1(M) was arbitrary, g−1(M) ⊂ U , which completes
the proof. □
Proposition 6.5. Let X be a metric space with dimX ≤ n, and let U
be a finite cover of X. Assume that l ∈ Z≥1 satisfies 2n + 1 ≤ l, that
K is a compact subset of Rl whose interior IntK is convex, and that
CL(IntK) = K. Let d be the metric induced by the norm associated
with the standard inner product on Rl. Then E(U) is dense in C(X,K).

Proof. Fix f ∈ C(X,K) and η ∈ (0,∞). Cover K by finitely many
open sets O1, . . . , Oq of diameter at most 2−10η. Then the family {U ∩
f−1(Oi) | U ∈ U , i = 1, . . . , q} is a finite cover of X. Since dimX ≤ n,
it has a finite refinement V = {V1, . . . , Vm} such that deg(V) ≤ n +
1. Choose functions wi : X → [0, 1] whose cozero sets are Vi, and
normalize them so that

∑m
i=1 wi = 1. For example, one may begin

with wi(x) = d(x,X \Vi). Notice that the diameter of f(Vi) is at most
2−10η.

Apply Proposition 6.1 with the dense subset Rl and C = ∅ to obtain
a dense set E ⊂ Rl in general position. For i ∈ {1, . . . ,m}, choose
ei ∈ E ∩ IntK so that d(f(Vi), ei) < 2−5η. This is possible because
CL(IntK) = K. Define g : X → K by g(x) =

∑m
i=1 wi(x) · ei. For

every x ∈ X, we have

d(f(x), g(x)) =

∥∥∥∥∥f(x)−
m∑
i=1

wi(x) · ei

∥∥∥∥∥
=

∥∥∥∥∥
m∑
i=1

wi(x) · f(x)−
m∑
i=1

wi(x) · ei

∥∥∥∥∥
≤

m∑
i=1

wi(x) · ∥f(x)− ei∥
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If wi(x) > 0, then the estimates for the diameter of f(Vi) and the
choice of ei show that the distance between f(x) and ei is at most

(2−5 + 2−10)η. The displayed inequality therefore gives d̂(f, g) < η.
We next show that g ∈ E(U). Let R be the set of all convex combi-

nations of at most n+ 1 members of e1, . . . , em. It is compact, since it
is a finite union of simplices of dimension at most n, and the image of
g is contained in R. If z ∈ K \R, take Nz to be the complement of R.
Then g−1(Nz) = ∅, so the required condition holds.

Now let z ∈ R. Write z =
∑

i∈I ci · ei, where I ⊂ {1, . . . ,m},
card(I) ≤ n + 1, and ci ̸= 0. The definition of an affine combination
implies I ̸= ∅. By Proposition 6.2, we may choose sufficiently small
ϵ ∈ (0,∞) so that, whenever y ∈ U(z, ϵ; d) ∩ R is written as y =∑

i ai · ei, we have ai ̸= 0 for i ∈ I. If the image of g does not meet
U(z, ϵ; d), its inverse image is empty and the condition for a U -map
holds. Otherwise, put N = U(z, ϵ; d). For x ∈ X with g(x) ∈ N ,
choose i ∈ I. By the choice of ϵ, we have wi(x) > 0, and hence x ∈ Vi.
Thus g−1(N) ⊂ Vi. This proves that g ∈ E(U), and consequently E(U)
is dense in C(X,K). □

For a cover U of a topological space X and x ∈ X, define St(x,U) =⋃
{U ∈ U | x ∈ U}.
A sequence U0, . . . ,Un, . . . of finite covers of a topological space X

is called a fundamental sequence of covers if {St(x,Un)}n∈Z≥0
is a

neighborhood base at x for every x ∈ X.

Lemma 6.6. Every separable metrizable space X admits a fundamental
sequence of covers.

Proof. By the Urysohn metrization theorem, X can be topologically
embedded in [0, 1]ℵ0 . Thus there is a metric d inducing the topology
of X such that (X, d) is totally bounded. Let Un be a finite cover of
X by open balls of radius at most 2−n. Such a cover exists because
(X, d) is totally bounded. Then {Un}n∈Z≥0

is a fundamental sequence
of covers. □

Proposition 6.7. Let X be a metrizable space, (K, d) a compact metric
space, and {Ui}i∈Z≥0

a fundamental sequence of covers. Then every
member of

⋂
i∈Z≥0

E(Ui) is a topological embedding.

Proof. Fix f ∈
⋂

i∈Z≥0
E(Ui). We first prove injectivity. Let x ̸= y.

By the definition of a fundamental sequence, there exists i ∈ Z≥0 such
that y /∈ St(x,Ui). Since f ∈ E(Ui), there exist a neighborhood N of
f(x) and U ∈ Ui such that f−1(N) ⊂ U . Now y /∈ St(x,Ui) implies
y /∈ U , and hence f(y) /∈ N . In particular, f(x) ̸= f(y).
We next prove that f is a topological embedding. Fix x ∈ X and a

neighborhood V of x. There exists i ∈ Z≥0 such that St(x,Ui) ⊂ V .
Since f ∈ E(Ui), there exist a neighborhood N of f(x) and U ∈ Ui
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such that f−1(N) ⊂ U . Therefore f−1(N) ⊂ St(x,Ui) ⊂ V . This
proves that f−1 is continuous at f(x), and completes the proof. □

We write Emb(X,K) for the set of all topological embeddings from
X into K.

Theorem 6.8. Let X be a separable metric space with dimX ≤ n. As-
sume that l ∈ Z≥1 satisfies 2n+ 1 ≤ l, and that K is a compact subset
of Rl whose interior IntK is convex and satisfies CL(IntK) = K. Let
d be the metric induced by the norm associated with the standard inner
product on Rl. Then the set Emb(X,K) of all topological embeddings
from X into K is a dense Gδ subset of C(X,K). In particular, ev-
ery finite-dimensional separable metrizable space can be embedded in a
Euclidean space.

Proof. Combine Propositions 6.3, 6.4, and 6.5 with Lemma 6.6. □

6.3. Universal spaces. We next construct a separable metric space
into which every separable metrizable space of dimension at most n
can be embedded.

Let l ∈ Z≥0, let X be a topological space, K a subset of Rl, and
M an affine subspace of Rl. We write Avoid(M) for the set of all
f ∈ C(X,K) such that CL(f(X)) ∩M = ∅.

Proposition 6.9. Let X be a metric space with dimX ≤ n, and let U
be a finite cover of X. Assume that l ∈ Z≥1 satisfies 2n + 1 ≤ l, and
that K is a compact subset of Rl whose interior IntK is convex and
satisfies CL(IntK) = K. Then, for every affine subspace M of Rl of
dimension at most n, the set Avoid(M) is dense and open.

Proof. We first show that Avoid(M) is open. Fix h ∈ Avoid(M). Then
CL(h(X)) ∩M = ∅, and CL(h(X)) is compact because K is compact.
Hence, for sufficiently small η, the distance between CL(h(X)) and

M is at least η. If d̂(f, h) < 2−1η, then CL(f(X)) ∩ M = ∅. Thus
Avoid(M) is open.

We next prove density. Fix f ∈ C(X,K). Choose affinely inde-
pendent points c1, . . . , cq spanning M . Notice that q ≤ n + 1. Apply
Proposition 6.1 to C = {c1, . . . , cq} to obtain a countable dense set
E ⊂ Rl such that C ∪E is in general position and C ∩E = ∅. Repeat
the construction in the proof of Proposition 6.5, with this choice of E,
to obtain g(x) =

∑m
i=1 wi(x) · ei. The proof of Proposition 6.5 also

shows that g approximates f .
We show that g ∈ Avoid(M). Let R be the set of all convex combi-

nations of at most n+ 1 members of e1, . . . , em. It is compact, since it
is a finite union of simplices of dimension at most n, and the image of
g is contained in R. Proposition 6.2 and E ∩C = ∅ imply R ∩M = ∅.
Consequently, CL(g(X)) ∩M = ∅, and hence g ∈ Avoid(M). □
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Fix n ∈ Z≥0. Let N2n+1
n denote the subspace of [0, 1]2n+1 consisting

of all points having at most n rational coordinates; that is, N2n+1
n =

[0, 1]2n+1 ∩M(2n+ 1, n). This space is also called the Nöbeling space.
We prove that it is a universal space for n-dimensional separable metric
spaces.

Theorem 6.10. Let n ∈ Z≥0, and let X be a separable metrizable space
with dimX ≤ n. Then there exists a topological embedding of X into
N2n+1

n .

Proof. For a subset I of {1, . . . , 2n + 1} of cardinality n + 1, say I =
{u1, . . . , un+1}, and q = (q1, . . . , qn+1) ∈ Qn+1, define

M(I; q) = {x ∈ R2n+1 | ∀i ∈ {1, . . . , n+ 1}, xui
= qi}(6.3)

Then M(I; q) is an n-dimensional affine subspace. By the definition of
N2n+1

n , [0, 1]2n+1 \N2n+1
n = [0, 1]2n+1 ∩

⋃
I,q M(I; q). Here I ranges over

a finite set and q over a countable set.
Proposition 6.3, Theorem 6.8, and Proposition 6.7 show that the

following set is dense and Gδ:

Emb(X, [0, 1]2n+1) ∩
⋂
I,q

Avoid(M(I; q)).(6.4)

It follows that there exists a topological embedding of X into N2n+1
n . □

Theorem 3.6 implies that the dimension of N2n+1
n is n. We obtain

the following.

Corollary 6.11. Let X be a separable metrizable space with dimX <
∞. Then X has a metrizable compactification Y such that dimX =
dimY .

Proof. Put n = dimX. Choose a map f from the set in (6.4). Then
the closure Y of the image of f is contained in N2n+1

n . Moreover, Y is
compact because it is a closed subset of the compact space [0, 1]2n+1,
and it satisfies dimX ≤ dimY ≤ n = dimX. This completes the
proof. □

Remark 6.1. The book [2] uses Corollary 6.11 to prove the equality of
the three dimensions on separable metrizable spaces (Theorem 2.29).

7. Embedding manifolds into Euclidean spaces

As another application of dimension theory, we prove in this section
that every differentiable manifold can be embedded in a Euclidean
space by a differentiable map.
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7.1. Limit sets.

Definition 7.1. Let X be a second-countable, locally compact metriz-
able space. A sequence {xi}i∈Z≥0

is said to tend to infinity, written
xi → ∞, if, for every compact subset K, there exists N ∈ Z≥0 such
that xn /∈ K for every n ∈ Z≥0 with N ≤ n. Equivalently, xi converges
to the point at infinity ∞ in the one-point compactification of X.

Definition 7.2. For two second-countable, locally compact metrizable
spaces X and Y and a continuous map f : X → Y , define L(f) by the
set of all y ∈ Y such that there exists {xi}i∈Z≥0

⊂ X such that xi → ∞
and f(xi) → y. This is called the limit set of f .

Proposition 7.1. Every second-countable, locally compact Hausdorff
space X admits a sequence {Ki}i∈Z≥0

of compact subsets satisfying

X =
⋃

i∈Z≥0

Ki;(7.1)

Ki ⊂ IntX(Ki+1)(7.2)

Moreover, for every compact subset K of X, there exists m ∈ Z≥0 such
that K ⊂ Km. This corresponds to choosing a countable neighborhood
base at the point at infinity in the one-point compactification.

Remark 7.1. A space admitting a sequence {Ki}i∈Z≥0
with the proper-

ties in the preceding proposition is called hemicompact. In general,
every σ-compact locally compact Hausdorff space is hemicompact.

The final assertion of Proposition 7.1 immediately gives the follow-
ing.

Proposition 7.2. Let {Ki}i∈Z≥0
be a sequence of compact subsets of X

as in Proposition 7.1. Then xi → ∞ if and only if, for every m ∈ Z≥0,
there exists N ∈ Z≥0 such that xi /∈ Km for every i ∈ Z≥0 with N ≤ i.

We first record the following elementary fact.

Proposition 7.3. Let X and Y be second-countable, locally compact
metrizable spaces, and let f : X → Y be continuous. Then L(f) is
closed in Y .

Proof. Choose a sequence {Ki}i∈Z≥0
of compact sets as in Proposi-

tion 7.1, and let e be a metric compatible with the topology of Y .
Assume that yi ∈ L(f) and yi → y ∈ Y . After passing to a subse-
quence, we may assume without loss of generality that e(yi, y) < 2−i.

For each m ∈ Z≥0, there exists a sequence {x(m)
i }i∈Z≥0

in X such that

x
(m)
i → ∞ and limi→∞ f(x

(m)
i ) = ym.

Choose a strictly increasing map ϕ : Z≥0 → Z≥0 so that, whenever

i ≥ ϕ(m), we have x
(m)
i /∈ Km and e(ym, f(x

(m)
i )) < 2−m. Put zi = x

(i)
ϕ(i).

Then zi /∈ Ki for every i. Since Ki ⊂ Ki+1, if n ≥ N , then zn /∈
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KN . Proposition 7.2 therefore gives zi → ∞. Moreover, e(y, f(zi)) ≤
e(y, yi) + e(yi, f(zi)) ≤ 2−i+1. Thus f(zi) → y, so y ∈ L(f). Hence
L(f) is closed. □
Proposition 7.4. Let X and Y be second-countable, locally compact
metrizable spaces, and let f : X → Y be a continuous injection. Then
f is a topological embedding if and only if L(f) ∩ f(X) = ∅.

Proof. First assume that f is a topological embedding. Suppose, to-
ward a contradiction, that L(f)∩ f(X) ̸= ∅. Choose y ∈ L(f)∩ f(X).
Then there exist a sequence {xi}i∈Z≥0

in X and a point x ∈ X such
that xi → ∞, f(xi) → y, and y = f(x). Since xi → ∞, the sequence
does not converge to any point of X. Thus, although f(xi) → y,

lim
i→∞

f−1(f(xi)) ̸= f−1(y)(= x).(7.3)

Hence f−1 : f(X) → X is not continuous, contradicting the assumption
that f is an embedding. Therefore L(f) ∩ f(X) = ∅.

Conversely, assume that L(f) ∩ f(X) = ∅. Now we prove that
f−1 : f(X) → X is continuous. It is enough to prove that, for every
A ⊂ f(X),

f−1(CLf(X)(A)) ⊂ CLX(f
−1(A)).(7.4)

Let y ∈ CLf(X)(A). There exists a sequence {yi}i∈Z≥0
in A converging

to y. Put xi = f−1(yi). Since y ∈ f(X) and L(f) ∩ f(X) = ∅, we
have y /∈ L(f), and hence xi ̸→ ∞. Thus {xi}i∈Z≥0

has an accumu-
lation point and consequently a convergent subsequence {xϕ(i)}i∈Z≥0

.
Let x ∈ X be its limit. By continuity of f , we have f(xϕ(i)) → f(x).
Since f(xϕ(i)) = yϕ(i) and every subsequence of a convergent sequence
converges to the same limit, we obtain f(x) = y, and hence x = f−1(y).
Thus, after passing to a subsequence, f−1(yϕ(i)) → f−1(y). Since this
is a sequence in f−1(A), the required inclusion follows. Therefore f−1

is continuous. □
Proposition 7.5. Let X and Y be second-countable, locally compact
metrizable spaces, and let f : X → Y be continuous. Then f(X) is
closed in Y if and only if L(f) ⊂ f(X).

Proof. If f(X) is closed in Y , then L(f) ⊂ f(X) follows immediately
from the definition of the limit set.

Conversely, assume that L(f) ⊂ f(X). Let {yi}i∈Z≥0
be a sequence

in f(X) such that yi → y, and choose xi ∈ f−1(yi). If {xi}i∈Z≥0
has a

convergent subsequence, continuity of f implies that its limit x satisfies
f(x) = y, so y ∈ f(X). If it has no convergent subsequence, that is, if
xi → ∞, then y ∈ L(f) ⊂ f(X). In either case, y ∈ f(X), and hence
f(X) is closed in Y . □

We consequently obtain the following.
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Corollary 7.6. Let X and Y be second-countable, locally compact
metrizable spaces. Assume that f : X → Y is injective. If L(f) = ∅,
then f is a closed map and a topological embedding.

7.2. Constructing an embedding. For two Cr differentiable mani-
folds M and N , let Embr(M,N) denote the set of all Cr embeddings
from M to N . We now prove the existence of embeddings of manifolds
into Euclidean spaces.

Theorem 7.7. Let N be an n-dimensional Cr manifold. Then we have
Embr(N,R(n+1)2) ̸= ∅.

Proof. By Proposition 2.14, DDimN ≤ n. In fact equality holds, but we
do not need this sharper estimate. Let A be a cover of N by relatively
compact coordinate neighborhoods. Applying Theorem 2.21 to A, we
obtain a refinement B and n+1 families of open sets U0,U1, . . . ,Un, not
necessarily themselves covers, such that each Ui is a pairwise disjoint
family and

B = U0 ∪ U1 ∪ · · · ∪ Un.

Using normality of N , we may further assume that CL(V )∩CL(W ) = ∅
whenever V,W ∈ Ui are distinct. Enumerate Uk = {U (k)

i }i∈Z≥0
.

By the shrinking lemma for normal spaces, Lemma 1.5, choose finite

sequences of families {Vk}nk=0 and {Wk}nk=0, where Vk = {V (k)
i }i∈Z≥0

and Wk = {W (k)
i }i∈Z≥0

, such that CL(V
(k)
i ) ⊂ U

(k)
i , CL(W

(k)
i ) ⊂ V

(k)
i ,

and both V0 ∪ · · · ∪ Vn and W0 ∪ · · · ∪Wn cover N .
Choose A

(k)
i ∈ A so that CL(V

(k)
i ) ⊂ A

(k)
i . There are coordinate

charts ϕ
(k)
i on A

(k)
i with the following properties:

(P1) If i ≠ j, then ϕ
(k)
i (CL(V

(k)
i )) ∩ ϕ

(k)
j (CL(V

(k)
j )) = ∅.

(P2) If a sequence {xs}s∈Z≥0
inN satisfies xs ∈ V

(k)
is

for every s ∈ Z≥0

and xs → ∞, then ϕ
(k)
is
(xs) → ∞.

Their existence follows by composing with translations in Euclidean
space and using the fact that a compact set meets only finitely many
members of a locally finite family.

For each i and k, let b
(k)
i : N → R be a nonnegative Cr function equal

to 1 on V
(k)
i and to 0 outside U

(k)
i . Define θ(k) : N → Rn by

θ(k)(x) =

{
b
(k)
i (x) · ϕ(k)

i (x) x ∈ U
(k)
i ;

0 ∈ Rn x ̸∈
⋃

i U
(k)
i .

Notice that θ(k)|V (k)
i = ϕ

(k)
i .

Since CL(W
(k)
i ) ⊂ V

(k)
i ,

ϕ
(k)
i

(
CL
(
W

(k)
i

))
⊂ ϕ

(k)
i

(
V

(k)
i

)
.(7.5)
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Choose a nonnegative smooth function p
(k)
i : Rn → R equal to 1 on

ϕ
(k)
i (W

(k)
i ) and to 0 outside ϕ

(k)
i (V

(k)
i ). Define η(k) : N → R by

η(k)(x) =

{
p
(k)
i ◦ ϕ(k)

i (x) x ∈ V
(k)
i ;

0 ∈ R x ̸∈
⋃

i V
(k)
i .

(7.6)

Then η(k) is of class Cr.
Put l = (n+ 1)2 and define Φ: N → Rl by

Φ(x) = (θ(0)(x), . . . , θ(n)(x), η(0)(x), . . . , η(n)(x)).(7.7)

We prove that Φ is a differentiable embedding.
First, the differential of Φ has full rank. This follows from the fact

that the sets W
(k)
i cover N and from the definition of θ(k).

We next prove injectivity. Assume that Φ(x) = Φ(y). Since the

sets W
(k)
i cover N , there exists k ∈ {0, . . . , n} such that 0 < η(k)(x)(=

η(k)(y)). Thus x, y ∈
⋃

i∈Z≥0
V

(k)
i . Choose i(x), i(y) ∈ Z≥0 such that

x ∈ V
(k)
i(x) and y ∈ V

(k)
i(y). The equality Φ(x) = Φ(y) also gives θ(k)(x) =

θ(k)(y). By the definition of b
(k)
i and the fact that b

(k)
i is 1 on V

(k)
i ,

we see that θ(k)(x) = ϕ
(k)
i(x)(x) and θ(k)(y) = ϕ

(k)
i(y)(y). By (P1) and

θ(k)(x) = θ(k)(y), we obtain i(x) = i(y) = i0. Since ϕ
(k)
i0

is a coordinate
chart, we conclude that x = y.
It remains to prove that Φ is a topological embedding. Let L(Φ) be

its limit set. By Proposition 7.4, it is enough to prove that L(Φ) = ∅.
Let {xs}s∈Z≥0

be a sequence in N such that xs → ∞. After passing
to a subsequence, we may assume without loss of generality that, for
some k ∈ {0, . . . , n}, we have

xs ∈
⋃

i∈Z≥0

V
(k)
i .(7.8)

By the choice of the coordinate charts ϕ
(k)
i , we have θ(k)(xs) → ∞. In

particular, Φ(xs) → ∞. This means that L(Φ) = ∅, and completes the
proof. □

Remark 7.2. The proof also shows that Φ is a closed map. An appli-
cation of Sard’s theorem gives Embr(N,R2n+1) ̸= ∅. Using techniques
from differential topology, one can moreover prove that, if 2n + 1 ≤ l,
then Embr(N,Rl) is dense in the space of differentiable maps.
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