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ABSTRACT. This manuscript was translated into English using
Codex. The purpose of this manuscript is to present fundamental
results in dimension theory for separable metrizable spaces. We
focus on three classical dimensions: the small inductive dimen-
sion, the large inductive dimension, and the covering dimension.
Among other things, we prove that these three dimensions coin-
cide, establish the existence of embeddings into Euclidean spaces,
and determine the dimension of Euclidean space.

To give an accessible proof of the coincidence theorem, we intro-
duce a notion called the decomposition dimension, based on decom-
positions into zero-dimensional spaces. For separable metrizable
spaces, this dimension also agrees with the three classical dimen-
sions above.
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1. INTRODUCTION

1.1. Background. In this manuscript we develop the topological di-
mension theory of separable metrizable spaces, starting from zero-
dimensional spaces. It is difficult to give a single answer to the question
of what dimension is. Roughly speaking, dimension is an integer mea-
suring the degrees of freedom of a space, but many different notions of
dimension are now used for a wide variety of spaces. In the setting of
topological spaces, dimension theory may be viewed as a refinement of
the classification of spaces by connectedness. It measures how difficult
a space is to separate, for example by the boundaries of neighborhoods
(the small and large inductive dimensions) or by the orders of refine-
ments of covers (the covering dimension). These dimensions may differ
in general, but one of the fundamental theorems of dimension theory
states that they all coincide for separable metrizable spaces.

A distinctive feature of this manuscript is the introduction of the
decomposition dimension, which is based on decompositions into zero-
dimensional spaces and is intended to make the coincidence theorem
easier to understand. For separable metrizable spaces, the decomposi-
tion dimension also agrees with the three dimensions above.

We aim to cover the broad content of the classical text [6] and to
make results from older sources accessible. More specifically, we discuss
the coincidence of the three dimensions (Theorem EZ29), the determina-
tion of the dimension of Euclidean space (Theorem B8), the embedding
of finite-dimensional spaces into Euclidean spaces (Theorem B3H), and
the invariance of domain theorem (Theorem B2). We also include an
embedding theorem for manifolds (Theorem 1), which is useful for
modern people.
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For more advanced topics in dimension theory, see [4]. The book []
treats settings more general than separable metrizable spaces. A recent
and readily available reference is [2].

We now describe the organization of the manuscript. The remainder
of Section [ reviews the facts from general topology used in dimension
theory and introduces our notation for special spaces such as spheres.

In Section B we develop dimension theory for separable metrizable
spaces. We first introduce the decomposition dimension, the small
and large inductive dimensions, and the covering dimension, and then
establish the basic properties of the decomposition dimension. The
countable sum theorem is particularly important. In fact, our defini-
tion of the decomposition dimension was inspired by the proof of the
countable sum theorem for the small inductive dimension. It measures
the minimum number of zero-dimensional subspaces whose union is
the whole space. It has long been known that this quantity agrees with
the small inductive dimension for separable metrizable spaces. The
zero-dimensional subspaces in its definition need not be open, closed,
Borel, or even Baire sets. It is therefore noteworthy that dimension
can be recovered from the number of pieces in such a potentially wild
decomposition.

Our main strategy for comparing dimension functions is to construct
a base whose members have boundaries of dimension one less than that
of the ambient space. With the exception of the upper estimate for the
covering dimension, all comparisons between dimension functions are
obtained in this way. One advantage of introducing the decomposition
dimension is that it yields a direct proof of Theorem ZZZ1I, which bounds
the covering dimension above by an inductive dimension.

Section B proves Brouwer’s fixed-point theorem. This theorem is
needed to determine the dimension of Euclidean space, since, roughly
speaking, Brouwer’s fixed-point theorem is equivalent to

n —1 < dimR".

The sections beginning with Section B contain applications of di-
mension theory and may be read in any order because they are inde-
pendently of each other. In Section B, we prove the invariance of do-
main theorem: the image of an open subset of n-dimensional Euclidean
space under a continuous injection into n-dimensional Euclidean space
is open.

In Section B, we prove that an n-dimensional subspace of n-dimensional
Euclidean space has nonempty interior. This result is better regarded
as an application of the countable dense homogeneity of Euclidean
space than as a direct application of dimension theory.

In Section B, we prove that every n-dimensional space embeds into
(2n + 1)-dimensional Euclidean space and discuss universal spaces for
n-dimensional spaces.
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Finally, in Section [, we use only the finiteness of the decomposition
dimension of a manifold to construct a differentiable embedding of the
manifold into a Euclidean space.

1.2. Basic facts from general topology. Whenever we assume a
separation axiom such as normality, we also assume the T} axiom.

Lemma 1.1 (Tube lemma). Let X be a topological space, K be a
compact space, x € X, and let U be an open subset of X x K. If
{z} x K C U, then there exists a neighborhood N of = such that
NxKcCU.

Proof. Since K is compact and U is open, there exist open neighbor-
hoods Oy, ...,0, of x and open subsets V,...,V, of K such that

(1.1) {x}XKCOOiXViCU.

i=1
Taking N = (), O; completes the proof. O

Lemma 1.2 (The pasting lemma). Let X and Y be topological spaces.
Assume that Ay, ..., A, are closed subset of X with X = J", A,
and for each i € {1,...,m}, fi: A; = Y is a continuous map with
fila) = fi(a) for alla € A;NA; and for alli,j € {1,...,m}. Define
f: X =Y by f(x) = filzr) if x € A;. Then f is well-defined and

continuous on X.

Proof. By the assumption that f;(a) = f;(a) for all a € A; N A; and
i,7 € {1,...,m}, the map f is well-defined. For every closed subset C
of Y, we have f~1(C) = ", f; ' (C). Since each f; is continuous and
m is finite, we conclude that f~!(C) is closed. Thus f is continuous
on X. This lemma can be regarded as a consequence of the fact that
every topological space has a final topology induced from finite closed
subsets and inclusion maps. O

Theorem 1.3 (Urysohn metrization theorem). Let X be a second-
countable normal space. Then X admits a topological embedding into
[0, 1]%. In particular, the space X is metrizable.

Proof. We omit the proof. U

Theorem 1.4 (Tietze-Urysohn extension theorem). Let X be a nor-
mal space, A be a closed subset of X, and let f: A — [0,1] be con-
tinuous. Then there ezists a continuous map F: X — [0,1] such that

Fla=f.

Definition 1.1 (Open shrinking). Let ¢ be an open cover of a topo-
logical space X. A family

{WwlUeu}
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is called an open shrinking of / if it is an open cover of X and
(1.2) CL(Vy) cU
for every U € U.

Lemma 1.5 (Shrinking lemma for covers). Let {Uy,...,Uy,} be a fi-
nite open cover of a normal space X. Then there exists an open cover
{Vi,...,Vin} such that CLV; C U; for every i € {1,...,m}. Equiva-
lently, every finite open cover of a normal space has an open shrinking.

Proof. We argue by induction. For each [ € {1,...,m}, we construct
Vi, ...,V satisfying the following conditions.

(1) CLV; C U; for every i € {1,...,1};

(2) {V1,.... Vi, Uy, ..., Uy} covers X.
Assume that the construction has been completed through [ = k. De-
fine

k m
(1.3) Az(ﬂX\%)ﬂ(ﬂX\UZ).

i=1 i=k+1
Then A is closed, and condition implies that A C Ugy,. By nor-
mality, there exists an open set Vj,; such that

A.C:L%+Q C CHJL%+1(: Uk+y
This gives conditions and for | = k+ 1. The case | =

m
completes the proof. O
We next introduce a notion of similarity for families of sets.

Definition 1.2. Let [ be an index set. Two families A = {A; };c; and
B = {B;}icr of subsets of a set X are called similar if, for every S C I,

we have
A =0 <« [(B.=0

seS sesS
Equivalently, one intersection is nonempty exactly when the other is.

In topology one is often interested in constructing similar families
subject to inclusions such as B; C A;, with the sets A; and B; required
to be open or closed. We restrict ourselves to the finite case needed
below.

Lemma 1.6. Let X be a normal space, and let {Fy,..., Fy,} be a
family of closed sets and {Uy,..., Uy} a family of open sets such that
F; C U; for every i € Z>o. We do not assume that either family covers
X. Then there exists a family of open sets {W1, ..., Wy} such that we
have F; C W; and C CLW,; C U; for every i € {1,...,m}, and the
families {Fy,..., F,} and {CLWy,...,CLW,,} are similar.

Proof. We argue by induction. For each [ € {1,...,m}, construct sets
Wi, ..., W, satisfying:
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(1) {CLWh,...,CLW,}U{Fi41,..., F,}issimilar to {F},..., F,};
(2) F; ¢ W; and CLW,; C U; for every j € {1,...,1}.

Assume that the construction has been completed through | = k. Let
IC be the family of all intersections of finitely many members of

{CLWA,...,.CLW} U{Fip1, ..., F}

that are disjoint from Fi;. Put H = X \ |JK. Since K is finite, the
set H is open, and Fj,; C H. By normality, choose an open set Wy
such that

Fk+1 C Wk+1 c CL Wk+1 CcC Hn Uk:—&—l‘
The definition of X shows that
{CLWy,...,CLW}U{Fys1,...,Fn}
and
{CLWi,...,CLWyi1} U{Frpa ..., Fru}
are similar. The inductive hypothesis therefore gives the desired simi-

larity with {F},..., F,,}. Taking [ = m completes the proof. O

Lemma 1.7. Let X be a separable metrizable space, and let B be an
open base of X. Then B contains a countable subfamily A that is itself
an open base base of X.

Proof. Every subspace of a separable metrizable space is separable and
metrizable, and hence Lindelof. Choose a countable base C for X. For
each U € C, there is a countable family Ay C B such that

U v=u

VeAy
Define
A=JAv.
vec
Then A is the required countable base. O

Definition 1.3. Let X be a topological space and S C X. We denote
the boundary of S in X by Bdryy S. Thus x € Bdryy S if and only
if every neighborhood H of x meets both S and X \ S. In general, we
see that

BdryX S = CLX S \ IDtX S,
where CLy and Intx denote closure and interior in X, respectively.

When the ambient space is clear, we simply write Bdry S, CL S, and
Int S.

Lemma 1.8. Let X be a topological space and A C S C X. Then we
have

Bdryg A € SN Bdryy A.
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Proof. Put O = Inty A and C' = CLx A. Then ON S and C' NS are
respectively open and closed in S, and

onsScAccns.

Consequently,
Bdryg A C (CNS)\(ONS).

Moreover, (CNS)\ (ONS)=(C\O)NS=(CLxA\Intxy A)NS =
S N Bdryy A. This proves the assertion. 0

Lemma 1.9. Let X be a topological space and N C A C X. If N 1is
open in A, then we obtain

Bdry, N =AN(CLx N\ N).

Proof. We have Bdry, N = CLs N \ Int4 N. Since N is open in A,
Inty, N = N. Also, CL4y N = AN CLx N. Therefore we observe that
Bdry 4(N) = CL4(N)\Int4(N) = (ANCLx N)\N = AN(CLx N\ N)
as required. Il

1.3. Notation for special spaces.

Definition 1.4. Let n € Z>;. Define D* = {z € R" | ||z|| < 1} and
St = {xz € R" | ||z|]| = 1} where [|-|| is the norm induced by the
standard inner product. Thus D™ is the closed n-dimensional ball and
S™=! is its boundary, the (n — 1)-dimensional sphere.

Definition 1.5. Let n € Z>; and i € {1,...,n}. Define I" = [-1,1]"
and I = {2 €T |2y =1} and I = {z € " | 2, = —1}. We
write Bdry I" for the boundary of I". Then Bdry I = (JI_, 7" U T*'
Moreover, 1" is homeomorphic to D", and Bdry I" is homeomorphic to
snL

Definition 1.6. Let n € Z>, and k € {0,...,n}. We denote by R(n, k)
the set of points of R™ having exactly k rational coordinates. We denote
by M(n, k) the set of points having at most k rational coordinates, and
by L(n, k) the set of points having at least k rational coordinates.

Definition 1.7. Let (X,d) be a metric space, z € X, and r > 0.
We write U(z,r;d) for the open ball of radius r centered at x; thus
U(z,r;d) ={a € X | d(z,a) <r}. Similarly, we define the closed ball
by B(z,7m;d) ={a € X | d(z,a) <1}

2. DIMENSIONS

The purpose of this section is to develop the dimension theory that
forms the main subject of this manuscript.
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2.1. Dimensions and the decomposition dimension. We begin
by introducing the dimensions considered in this manuscript. Among
them, the decomposition dimension is introduced specifically to stream-
line our proof that the three classical dimensions coincide; it is not a
standard notion. Nevertheless, for separable metrizable spaces its value
agrees with all three of those dimensions.

Definition 2.1. A subset S of a topological space X is called clopen
if it is both open and closed. A nonempty topological space X is called
zero-dimensional if it has a base consisting of clopen sets. Here
“zero-dimensional” is used in this sense and does not refer to a partic-
ular dimension function. We shall later see that, for each dimension
function introduced in this manuscript, having dimension at most zero
is equivalent to being zero-dimensional in this sense.

Definition 2.2. Let X be a separable metrizable space. We define
IDimX = —1 if and only if X = (). For a nonempty space, write
DimX <0 if X is zero-dimensional. More generally, define IDim X to
be the least integer m for which there exist subspaces Xy, ..., X,, of
X such that

DimX; <0 and X =[ X,
i=0
Thus IDimX < n means that X is the union of n + 1 zero-dimensional
subspaces. This is a topological invariant, called the decomposition
dimension of X.

Definition 2.3 (Small inductive dimension). The small inductive
dimension indX of a space X is defined inductively as follows. We
set indX = —1 if and only if X = (). Once the relation indX <n — 1
has been defined, we write indX < n if, for every x € X and every
neighborhood U of z, there exists a neighborhood N of x such that

NcCcU and ind(BdryN)<n-—1.
We write indX = n if indX <n but indX £ n — 1.

Definition 2.4 (Large inductive dimension). The large inductive
dimension IndX is defined inductively. We set IndX = —1 if and
only if X = (). Once the relation IndX < n — 1 has been defined, we
write Ind X < n if, whenever K is closed, U is open, and K C U, there
exists an open set V' such that

KcVcCLVCcU and IndBdryV <n-—1.
We write IndX = n if IndX <n but IndX £n — 1.

Finally, we introduce the covering dimension. For a family U of
subsets of a set X and a point = € X, let deg(U; x) be the number of
members of Y containing x, and define deg(U) = sup,, x deg(U; x).
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Definition 2.5. Let X be a topological space and n € Z>,. We write
dimX < n if every finite open cover U of X has an open refinement V
satisfying deg(V) < n+ 1. We write n < dimX when dimX < n fails,
and write dimX = n when dimX <n and n — 1 < dimX.

We first record some basic properties of the decomposition dimen-
sion. The following two facts follow immediately from the definition of
Dim.

Lemma 2.1. Let X be a separable metrizable space and S C X. Then
DimS < IDimX.

Proof. It X = J;_, A; with each A; zero-dimensional, put B; = SN A;.
Zero-dimensionality is hereditary. U

Lemma 2.2. Let X be a separable metrizable space and let A, B C X.
If imA < n and WimB < 0, then Wim(AU B) <n+ 1.

Proof. This follows immediately from the definition. 0

Proposition 2.3. Let X be a separable metrizable space. Then IDimX <
0 if and only if X has a countable base consisting of clopen sets.

Proof. This follows from Lemma 2. U

Lemma 2.4. For every separable metrizable space X, the conditions
DimX <0 and indX < 0 are equivalent.

Lemma 2.5. Let X be a separable metrizable space. Then IDimX < 0
if and only if, for every pair of disjoint closed sets G,H C X, there
exists a clopen set O such that G C O and HN O = (). In particular,
DimX <0 if and only if IndX < 0.

Proof. The stated separation property clearly implies IDimX < 0, so
it remains to prove the converse. Assume IDimX < 0. For each p € G,
choose a countable neighborhood base N, consisting of clopen sets.
Since H is closed, we may assume that V N H = () for every V € N,
replacing the family by {S N (X \ H)}sey, if necessary.

Since Iim(X \ G) < 0, the space X \ G has a base B consisting
of sets that are clopen in X \ G. Because X \ G is open in X, every
member of B is also clopen in X. Consider

(2.1) Bu N,
peEG
This is a base for X. By Lemma [Z7, it contains a countable base
{Ui}icz.,. Notice that U; N G # () implies U; N H = .
Set Vi = Uy, and for ¢ > 0 define V; = U; \ U;;B U;. The sets V; are
pairwise disjoint and open, and X = J V;. Define

ieZZO

(2.2) o= |J v
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The pairwise disjointness of the family gives

x\o= |J v

ViNG=0

Thus O is clopen and contains G. Moreover, V;NG # () implies V;NH =
(), so HC X \ O. Hence O has the required properties. O

Proposition 2.6. Let X be a nonempty separable metrizable space.
Assume that there is a countable family of closed sets {Ai}iEZEO such
that imA; <0 and X = J A;. Then IDimX = 0.

iEZZO

Proof. We verify the condition in Lemma PZ5. Let G and H be disjoint
closed subsets of X. We inductively construct sets P;, Q);, R;, and L;
for i € Zzo.

The sets GN Ay and H N Ay are disjoint closed subsets of Ay. Since
IDimA, < 0, Lemma P23 gives clopen subsets Py, Qg of Ag satisfying

GNAy C P,
HN Ay C Qo;
Py Qo=
PyU Qo = Ao.

N N N /N
DD O~ W
N N N

Since A is closed, both Fy and () are closed in X. Moreover, we
see that GU Py and H U () are disjoint closed subsets of X. Using the
normality of X, choose open sets Ry, L¢ satistying

(2.7) G UFR C Ro;
H U QO C Lo,
CL(Ry) N CL(L) = 0.

In general, construct P;, Q);, R;, and L; inductively so that

(2.10) P; and @); are clopen subsets of A;;
(2.11) CL(R;_1)NA; C P

(2.12) CL(L;—1)NA; C Q;

(2.13) PNQ; =0

(2.14) P,uQ; = A;

(2.15) R; and L; are open subsets of X;
(2.16) CL(R;_1) UP; C R;;

(2.17) CL(L;—1) U Qi C Li;

(2.18) CL(R;) N CL(L;) = 0.
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Such a construction is possible because each A; is zero-dimensional
and X is normal. For every i € Z>, we then have

(2.19) Ai C R U Ly
(2.20) CL(R;i—1) C Ry
(2.21) CL(Li—1) C L.

Set R =|J, R; and L = |J, L;. These are open subsets of X, and X =
U, A C RUL,so X = RUL. If z € RNL, then z € R;NL; for some i,
j. Taking k = max{i, j} gives x € Ry N Ly = (), a contradiction. Thus
RNL = (. By construction, G C Rand H C L. Since RUL = X, both
R and L are also closed. Lemma 23 now implies that IDimX = 0. U

Definition 2.6. Let X be a topological space. A subset S of X is
called an F, set if it is the union of countably many closed subsets of

X.

Corollary 2.7. If a separable metrizable space is the union of countably
many zero-dimensional F, subsets, then it is zero-dimensional.

Theorem 2.8. Let n € Z>o and let X be a separable metrizable space.
Assume that X has countably many F, subsets {Ai}iGZZO such that
DimA; <n and X = A;. Then IDimX < n.

ieZZO

Proof. We argue by induction on n. The case n = 0 is Proposition Z8.
Assume the theorem for all values less than n+1. It suffices to consider
a countable family of closed sets {A,;}icz., such that IDimA; <n +1
and X =, Ai )

Set By = Ap and B; = A; \ U;ﬁ Aj for i > 0. Each B; is an F,
set, IDimB; < n + 1, the sets B; are pairwise disjoint, and X = |, B;.
Write B; = M; U N;, where IDimM; < n and IDimN; = 0.

Put M = UieZ>o M; and N = UieZ>0 N;. Since the B; are pairwise
disjoint, we have M; = M N B;, so each M, is an F,, subset of M. The
inductive hypothesis gives IDimM < n. Similarly, we obtain IDim/N =
0. Since X = M U N, Lemma 22 yields IDimX <n + 1. g

We next prove that IDimR"” < n and IDimS" < n.
Lemma 2.9. For every n € Zsq, the space Q" is zero-dimensional.

Proof. Every singleton is closed and zero-dimensional, so the assertion
follows from Proposition IZG. O

Lemma 2.10. For everyn € Zx, the space (R\Q)" is zero-dimensional.
Proof. Fix x = (x1,...,2,) € (R\ Q)" and ¢ > 0. For each i €
{1,...,n}, choose n;, k; > 0 satisfying:

(1) m; < e and k; < €

(2) (xl_nla"'axn_nn) e@n;
(3) (l’1+/€1,...,l’n+/€n) EQ”.
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Such numbers exist because Q is dense in R. Set U =[]}, (z; —ni, x;+
k;) and C' =[]\ [x;i — mi, 2 + K;]. Then UN(R\ Q)" =C N (R\ Q)"
Hence U N (R\ Q)" is a clopen neighborhood of z in (R\ @Q)". Since
€ was arbitrary, every point has a base of clopen neighborhoods. Thus
Dim(R\ Q)" = 0. O

Lemma 2.11. Let n € Zs; and k € {0,...,n}. Then we have
DimR(n, k) = 0.

Proof. Let I(n, k) be the family of all k-element subsets of {1,...,n —
1}. For o = {iy,...,i1} € I(n,k) and v = (v1,...,v,) € QF, let
S(o,v) be the set of points of R" whose ¢;-th coordinate is v; for every
jeA{l,...,k}. Let T(o,v) be the subset of S(o,v) consisting of those
points whose remaining coordinates are irrational. Then we have

(2.22) = J U7

c€l(n,k) veQk

Since each S(o,v) is closed in R" and S(o,v) N R(n, k) = T(0,v), we
see that each T'(o,v) is closed in R(n, k). By the fact that T'(o,v) is
homeomorphic to (R \ Q)" %, Lemma 210 shows that IDimS (o, v) =
0. Since I(n,k) and QF are at most countable, Proposition 28 gives
DimR(n, k) = 0. O

Lemma 2.12. Let n € Z>; and k € {0,...,n}. Then we have
DimM(n, k) < k and imL(n, k) <n — k.

Proof. We have

(2.23) M(n, k) = U R(n,i) = R(n,0) UR(n,1) U---UR(n, k);

(2.24) L(n,k) Uan R(n, k) UR(n, k+1)U---UR(n,n).

The conclusion follows from Lemma P11 O
Lemma 2.13. For every n € Zsq, IDimR™ < n and IDimS" < n.

Proof. Since R" = | J;_, R(n, k), Lemma ETTT gives IDIimR"™ < n (this
also follows from Lemma PZT2). Next consider S™, the one-point com-
pactification of R”. We have S* = (R(n,n) U {oo}) U Ur—y R(n, k).
Proposition P8 gives IDim(R(n,n)U{oco}) = 0, and hence we conclude
that IDimS™ < n. O

Alternative proof using ind. Let m € Z>;. Both R™*! and S™*!
have a base consisting of open sets whose boundaries are homeomorphic
to S™. Hence IDimR™! < IDIimS™ + 1 and IDimS™ ! < IDimS™ +
1. The circle S! has a base consisting of open sets whose boundaries
contain two points, so IDimS! < 1. Alternatively, this follows because
R is the union of the two zero-dimensional sets Q and R\ Q, and S! is
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the one-point compactification of R. Induction now gives IDimR"” < n
and IDIimS™ < n. O

Proposition 2.14. Fvery second-countable topological n-dimensional
manifold M satisfies IDimM < n.

Proof. The assertion follows from local Euclideanness, second count-
ability, IDimR"™ < n, and Theorem 2. Alternatively, use a base
consisting of open sets whose boundaries are homeomorphic to S*~!
together with Corollary 2-17. O

2. Coincidence of the inductive dimensions and the decom-
position dimension.

Lemma 2.15. Let X be a separable metrizable space, and A C X
satisfy IDimA = 0. Assume that K is a closed subset of X, and U is
an open subset of X such that K C U. Then there exists an open set
W in X such that K CW C U and AN Bdryy W = 0.

Proof. By normality, choose an open set V' such that K C V and
CLxV C U, and put L = CLx V. Since IDimA = 0, there exists a
neighborhood N € A of LN A such that LN A C N Cc UNA and
Bdry, N = 0.

We show that each of the sets NUK and A\ CLx (N UL) is disjoint
from the closure of the other. First, clearly

(2.25) CLx(N)N(A\ CLx(NUL))=0.
Moreover,
CLx(K)N(A\CLx(NUL))=Kn(A\CLx(NUL))
- Kﬂ(A\CLX(N))
CKN(A\(LNA)
CKNA\(KNA))
=KnN(A\(KnNA)

= (KN A)\ (KN A)
= 0.
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Combining these calculations gives CL x (NUK)N(A\CLx (NUL)) = 0.
Using N = N N A, we also obtain
NNCLx(A\CLx(NUL))C NNCLx(A\CLx(N))
= NNANCLx(A\CLx(N))
=NNANCL4(A\ (ANCLx(N)))
=NNANCLA(A\ CLA(N))
= NNCL4(A\ CL4(N))
=NN((A\CLsN)UBdry, N)
=NN(A\CLsN)
= 0.
Since K C V and X \ V is closed, we have
KNCLx(A\CLx(NUL))C KNCLy
= KNCLy
C KNCLx(X\ L)
C KNCLx(X\V)
CKN(X\V)
cVnNn(X\V)
= 0.
Thus K N CLx(A\ CLx(N U L)) = 0. It follows that N U K and
A\ CLx (N UL) are mutually separated. Since X is T5, there exists an

open set W in X such that NUK C W and CLx WN(A\CLx(NUL)) =
(). The latter condition implies

(2.26) ANCLy W C ANCLx(N UL).

Since CLx(NUL) =CLx NUCLx L = (CLx N)ULand LNAC N,
we obtain

(2.27) ANCLxW C ANCLy N.

Replacing W by V NW if necessary, we may assume that W C V. The
preceding observations and Lemma 9 now give

ANBdry,y W=AN(CLx(W)N(X\W)) C ANCLx(N)N (X \N)
= AN (CLx(N)\ N)=Bdry, N = 0.
Therefore AN Bdryy W = {). O

A\ CLx(L))
AN\ L)

o~~~ —~

Theorem 2.16. Let X be a separable metrizable space. Then we

have WimX < n if and only if X has a base {Vi}icz., such that
IDim Bdryy V; <n —1 for every i € Z>.

Proof. First assume IDimX < n. Choose subsets Ap,..., A, of X
such that IDimA, < 0 and |J;_, Ax = X. By Lemma P13, for every
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k € {0,...,n} and every p € Aj there exists a local base N, of
open neighborhoods of p in X such that Ay N Bdryy V = 0 for every
V' € N,x. Hence Bdryy V is the union of the sets A; N Bdry V' with
[ # k, and therefore IDim Bdry y V' < n — 1. Consider

(2.28) O U Mo

k=0 pEAk
This is a base for X. Lemma [ therefore yields a countable base
{Vitiez,, satisfying IDim Bdry  V; <n — 1.
Conversely, assume that X has a base {V;}ez., such that
IDim Bdryy V; <n — 1.
By Theorem P8, the set S = {J;c;_ Bdryy Vi satisfies IDimS <n — 1.
Put A = X\S. Then {ANV;}icz., is a base for A, and Lemma R gives

Bdry,V; € ANBdryy V; = . Thus IDimA < 0. Since X = SU A,
Lemma 22 implies IDim X < n. [l

Theorem P18 immediately yields the following.

Corollary 2.17. For every separable metrizable space X, we have
indX = IDim X.

Theorem 2.18. Let n € Z>o, and let X be a separable metrizable
space. Then the following conditions are equivalent.

(1) DimX < n.

(2) For every closed set K and every open set U in X with K C U,
there exists an open set 'V such that K C V, CLxV C U and
IDimBdryy V <n —1.

(3) There exists a base {V;}icz., for X such that IDim Bdry y V; <
n—1.

Proof. Proof of [[T)] = [2]]: Assume condition [T}, that is, IDimX <
n. Choose subsets Ag, ..., A, of X such that IDimA; < 0 and U?:o A; =
X. Let K be closed and U open with K C U. By Lemma EI3,
there exists an open set V in X such that K C V, CLxV C U, and
AgNBdryy V = (. The definition of IDim then gives IMim Bdry y V' <
n — 1, proving [(2).

Proof of [[2] = [3]]: Choose a countable base B = {B,}cz., for
X, and define :

(2.29) C={(B:,By) | Bi, By € B,CL(B;) C By, }.

The set C is at most countable. For every (B;, By) € C, apply to
CLx B; and By, to obtain an open set V;; such that CLx B, C V4,
CLVj C B, and IDim Bdry y Vi, < n— 1. The family {V;;} is a base
for X, which proves 3]

Proof of [[3] == [[1]]: Assume that X has a base {V; };cz., satisfying
Dim Bdryy V; < n—1. Theorem 28 implies that S = | J..,  Bdryy V;

iEZzo
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satisfies IDimS <n —1. Put A= X\ S. Then {ANV}icz., is a base
for A, and Lemma I8 gives Bdry,V; C AN Bdryy V; = (). Hence
IDimA < 0. Since X = SU A, Lemma 22 yields IDim X < n. O

Theorem P18 yields the following.

Corollary 2.19. For every separable metrizable space X, we have
indX = IndX = IDimX.

We conclude our discussion of inductive dimensions by proving an
inequality between the inductive and covering dimensions. We begin
with a lemma that lifts open subsets of a subspace to the ambient
space.

Lemma 2.20 ([[7]). Let (X,d) be a metric space, A be a subspace of
X, and let U be open in A. Define

BU)={ze X |dz,U)<dxz,A\U)}.

Then B(U) is open in X and B(U)N A =U. Moreover, if U and V
are disjoint open subsets of A, then B(U) N B(V) = 0.

Proof. 1t is immediate that ®B(U) is open. We show that B(U)NA = U.
If 2 € BU)NA, then 0 < d(z,A\U),sox ¢ A\ U. Since xz € A,
it follows that z € U. Conversely, if z € U, then d(z,U) = 0 and,
because U is open in A, d(z, A\ U) > 0. Hence z € B(U) N A.

Now let U and V' be disjoint open subsets of A. Since V-C A\ U
and U C A\ 'V, for every x € X we have d(x, A\ U) < d(x,V) and
d(z, A\ V) < d(z,U). Therefore B(U) N B(V) = 0. O

Theorem 2.21. Let X be a separable metrizable space with IDimX <
n, and letU be an open cover of X. Then there exist a locally finite open
cover'V of X refiningU and n+1 families of open sets (not necessarily
covers) Wo, W1, ..., W, such that each W; is pairwise disjoint and

V=WoUW U---UW,.

Proof. Fix a metric d inducing the topology of X. Since X is para-
compact, there exists a locally finite open cover C refining . Since X
is separable and metrizable, it is Lindelof, so we may assume that C is
countable. Write C = {Uj }rez-,-

Since IDimX < n, there exist (n + 1)-many zero-dimensional sub-
spaces {A;}7 such that X = J_, A;. For each ¢ € Z>(, consider the
cover {A; MUy }rez-, of A;. Since A; is zero-dimensional and separable,

this cover admits an at most countable clopen refinement {Ol(i)}lezzo
covering A;. Define

(2.30) Gy =0, ¢V =0\ JoP (j > 2).
I<j

The family {Ggi) }iezs, consists of sets open in A; (they are also closed
in A;, although we do not use this), covers A;, and refines {A; N
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Uk}kezzo- It is pairwise disjoint by construction. We next define

{Lgi)}aezzo inductively. For a = 0, set

(2.31) I ={j€Zs |G cU}
Once I((]i), ceey If,ill have been defined, set
m—1
(2.32) 19 = {j € oy | Gy U\ | 19
a=1

For a € Z>¢, define
(2.33) P = U GO,

Sela

Each P is open in A;, and {Pa(i)}aezzo is a pairwise disjoint cover of
A;. Define Q) = EB(P,E,?) N U,,; see Lemma P20. Lemma implies
that {Q%)}mezzo is pairwise disjoint and covers A;, although some QS,?
may be empty. Since QS,? C Uy, this family refines {U;}icz.,. For

x € X, let N be a neighborhood witnessing the local finiteness of C.
Then

(2.34) NNQY £ = NNU,, #0.

It follows that {Q%) }mezs, 18 locally finite, although it need not cover

X. For each i € {0,1,...,n}, define W, = {Qﬁfl)}mezm. Then W, is
pairwise disjoint, locally finite, and refines C = {Up }rez-, -

Put V =W, UW, U---UW,. Since this is a finite union of locally
finite families refining C, it is locally finite and refines C. Moreover,
A, c UW; and X = J_, A;, so V covers X. Finally, the family C
refines U, and therefore so does V. This completes the proof. O

Theorem 2.22. For every separable metrizable space X, we have the
mequality dimX < indX.

Proof. This follows from Theorem P21 O

Later in this manuscript we shall prove that equality holds.

2.3. Covering dimension in normal spaces. In this subsection, we
first discuss covering dimension for normal spaces in general and then
specialize to separable metrizable spaces.

Lemma 2.23. Let X be a normal space. Then the following conditions
are equivalent.
(1) dimX < n
(2) For every finite open cover {Uy,..., Uy} of X, there exists an
open cover V = {Vi,..., Vi, } such that V; C U; and deg(V) <
n—+ 1.
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(3) For every finite open cover {Uy, ..., Uy} of X, there exists an
open coverV = {Vq,...,V,,} such thatV C U and (e, Vi =10
for every subset J C {1, ...,m} of cardinality n + 2.

(4) For every open cover {Uy, ..., Uyio} of X of cardinality n + 2,
there ezists an open cover V = {Vi,..., Vaio} such that V; C U;
and ﬂn+2 Vi=0.

Proof. The equivalence [[2] <= [3]] is immediate. The implications
(2] = [T]] and [[3] = [4]] are also immediate.

We prove [[1] = [2]]. Given an open cover {Uy, ..., U}, choose an
open refinement G = {Gy, ..., Gy} such that deg(G) < n + 1. Define
I:{1,....k} — {1,...,m} by letting I(a) be the least b such that
G, C U,. For each i € {1,...,m}, put V; = Ul(a):i G, and V =
{Vi,...,Viy}. Then V is an open cover of X, and deg(G) < n + 1
implies deg(V) < n+ 1.

We next prove [[4] = [3]]. Let {Uy,...,U,} be an arbitrary finite
open cover of X. If m < n+2, we may add empty sets and assume that
n+ 2 < m. Let A be the collection of all partitions of {1,...,m} into
(n + 2)-many nonempty subsets. Thus, each member of A is a family
{I,...,I,.2} such that every I is a nonempty subset of {1,... ,m},
I, NI, = O whenever a # b, and J}Z2 I, = {1,...,m}. Since A is
finite, write A = {4;,..., A }

Inductively we construct open covers {Gy1,...,Gn} of X forl €
{0,1,...,r}. First, define
(2.35) Go,i = Ui.

Assume that {G,1,...,G,} has been constructed, and write A; =
{I,... In2}. For k€ {1,....n+ 2}, put Oy = U,¢; Gij. Then

{O4,...,0,12} is an open cover of X. By [4], it has an open refinement
{Pi,..., P,2} such that ﬂ"+2 P, =0. Fori € {1,...,m}, define
(2.36) Gl—l-l,i = Pk(i) N Gm.

Here k(i) € {1,...,n + 2} is determined by i € I;. Notice that
G C Gy

Next, we put V; = G,; and V = {V4,...,V,,}. We show that
deg(V) <n+1. Let K ={ay,...,an12} be any subset of {1,...,m} of
cardinality n + 2. Set I; = {al} Lo = {ani}y and let I,
consist of all remaining elements of {1 ,m}. Take [ such that
Ay =A{L,..., 1,2}, and use the notation from the construction above.
For every a; € K, we have

(237) ‘/ai = Gra, C Gl+1 a; C Gy i N P
Since (=2 P; = 0, it follows that (), Va = 0. Thus [3] holds. O

Lemma 2.24. Let X be a normal space. Then the following conditions
are equivalent.
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(1) dimX <n

(2) For every finite open cover {U,...,Un} of X, there exists
an open cover V = {Vi,...,V,,} such that CLV, C U; and
deg(V) <n+1.

(3) For every open cover {Uy, ..., U2} of X of cardinality n + 2,
there exists a closed coverV = {Fy, ..., F,.12} such that F; C U;
and (17 Fy = 0.

Proof. [I] <= [2]] follows from Lemma [H. The implication
(2] = [3]] is immediate, and [[3] = [1]] follows from Lemma [8.
U

Covering dimension can also be characterized by the degree of the
boundaries of a family.

Proposition 2.25. Let X be a normal space. Then the following con-
ditions are equivalent. Notice that none of the families appearing below
15 assumed to be a cover.

(1) dimX <n

(2) For every finite family {Uy,...,Un} of open subsets of X and
every family {Fi, ..., F,} of closed subsets with F; C U;, there
exists a family YV = {V1,..., Vi, } of open sets such that F; C V;,
CLV; C U;, and deg({Bdry V4, ..., Bdry V,,,}) < n.

(3) For every finite family {Uy,...,Un} of open subsets of X and
every family {F, ..., F,} of closed subsets with F; C U;, there
exist families W = {Wy,... . Wyn} and V = {Vi,...,V,,} of
open sets such that F; C V; c CLV; c W;, CLW; C U;, and

deg({CLWi\ Vi,...,CLW,, \ Vi }) < n.

(4) For every family {Uy,...,Ups1} of n + 1 open subsets of X
and every family {F, ..., F,11} of closed subsets with F; C U,
there exists a family V = {Vi,...,Voi1} of open sets such that
F, CV;, CLV;, C U, and ()] Bdry V; = 0.

J

Proof. Proof of [[1)] = [2]]: Let H be the family of all sets that can
be expressed as the intersection of an m-element subfamily of

(U, ..., U U{X\ ..., X\ Fp}.

By the assumption, H is an open cover of X. Hence gives an open
refinement {Wy,..., W,} of H whose degree is at most n + 1. Choose
a closed cover {K7,..., K,} such that K, C W,. For r € {1,...,q},
let N, be the set of all i € {1,...,m} such that F;, "W, # 0. By
Lemma 3, for each ¢ € N, choose V;, so that K, C V;, C CLV;, C
W,. We may choose them so that CLV;, C Vj, whenever 7,5 € N,
and ¢ < j. Fori € {1,...,m}, define

(2.38) Vi=J{Vir lie N



20 YOSHITO ISHIKI

Then F; C V;: indeed, if x € F;, choose r with € K,; then x € V. C
V;. Moreover, the definitions of N, and H show that W, C U; whenever
1 € N,. Since the union defining V; is finite, CL V; C Uj.

Suppose, toward a contradiction, that there exists a subset I C
{1,...,m} of cardinality n + 1, say I = {uq,...,u,11}, such that

n+1
(2.39) () Bdry Vi, # 0.

i=1
Choose = € (i} Bdry V,,,. Foreach i € {1,...,n+1}, choose (i) such
that « € Bdry Vi, ). If @ # j, then r(i) # r(j). Indeed, supposing
i < jand 7(i) = r(j) would give CLV,, s C Vi, @), contradicting
v € Bdry V.

Since x € Bdry Vi, ,;), in particular « ¢ V,,, ,;). Choose r(n+2) such
that o € K, (,42), which is possible because {K,}7_, covers X. Then
r(n+2) is distinct from all the (7). Since Bdry V,,, C W, ;, this yields
x € 2 W), contradicting deg({W1, ..., W,}) < n+ 1. Therefore
we conclude deg({Bdry V4,...,Bdry V;,}) < n.

Proof of [[2] = [3]]: By [2], there exists a family {Vi,...,V,,} of
open sets satistying F; C V;, CLV; C U;, and

(2.40) deg({Bdry V4, ..., Bdry V,,,}) < n.

Since Bdry V; C U;, Lemma [[@ gives a family { P, ..., Py} of open sets
such that {CL Py, ...,CL P,,} is similar to {Bdry V4, ..., Bdry V,,} and
BdryV; Cc P, C U;. Put W; =V, UPF,. Then CLV; C W,, BdryV; C
CLW;\V;, and CLW;\V; C CL P,. Hence {CLW/\V4,...,CLW,,\V,,}
is similar to {Bdry V4,...,Bdry V,,}, and therefore

(2.41) deg({CLW\ Vq,...,CLW,, \ V;,,}) <n.

The implication [[3] = [4]] is immediate.

Proof of [[4] = [I)]: Let {O1,...,0,42} be an arbitrary open
cover of X. By Lemma 3, there exists a closed cover {A;,..., A, 12}
such that A; C O;. Apply to {O1,...,0p41} and {4y, ..., Api1}
to obtain a family {H,,..., H,+1} of open sets such that A; C H;,
CLH; C Oy, and ﬂ?:ll Bdry H; = (. For i € {1,...,n + 2}, define
a closed set L; by L; = CLH; \ U,; Hy when ¢ = 1,...,n 4+ 1, and
Lpyo = Apia \ Ui Hy. Then {Ly,..., L,.o} is a closed cover of X.
Indeed, if x belongs to no H;, then x € L, 5; otherwise, if j is the least
index such that x € H;, then € L;. Moreover, L; C O;. Finally,

n+2 n+1 n+1
() Li= Lo [) (CLHZ- \ UHk> C Lysa N (] Bdry H; = 0.

i=1 i=1 k<i i=1
Thus Lemma gives dimX < n. U

Definition 2.7. Let X be a topological space, and let A, B, and C
be its subsets. Assume that AN B = (). We say that C' separates
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A and B if there exist open sets U and V such that A C U, B CV,
UNV =0,and X \ C =U]JJV. Notice that C' is necessarily closed.

Proposition 2.26. (Eilenberg—Otto [3]) Let X be a normal space.
Then the following conditions are equivalent.

(1) dimX <n
(2) For every (n+1)-many pairs (A1, By), ..., (Ant1, Bay1) of dis-
joint closed sets, there exist closed sets C1,...,C,1 such that

each C; separates A; and B; and ﬂ?:ll C; = 0.

Proof. Proof of [[I)] = [2)]: We first apply Proposition EZ23 to the
family {Aq,..., A1} of closed sets and the family {X \ By,..., X \
B,i1} of open sets. We obtain open sets {V1,...,V,1} such that
A; CV;, CLV; € X\ By, and () Bdry V; = . Taking C; = Bdry V;
proves [(2).

Proof of [[2] = [1]]: Let {F1,..., Fn1} be a family of closed sets
and {Uy,...,U,.1} a family of open sets such that F; C U;. Apply
to the n+ 1 pairs (F1, X \ U1),..., (Fut1, X \ Uny1). This gives closed
sets C; separating F; and X \ U; such that ﬂ?jll C; = (). Choose open
sets V; and V such that V, UC; UV = X, F, C V;, and X \ U; C V.
Then Bdry V; C C; and CL'V; C U;, and hence

n+1 n+1

ﬂBdryV,- C ﬂC’i = 0.

i=1 i=1
Proposition 2223 now gives dimX < n. O
Theorem 2.27. Letn € Z>q, let X be a normal space with dimX < n,
and let {F;}iez., and {U,;}icz., be families of closed and open sets,

respectively, such that F; C U;. Then there exists a family {V;}iezzo of
open sets such that F; C V;, CLV; C U;, and deg({Bdry Vi}iez.,) < n.

Proof. Consider all subsets of Z>( of cardinality n 4+ 1. There are at
most countably many such subsets, so enumerate them as

(2.42) [y, Ty, .. T,

We inductively construct sequences of families of open sets { P;(k) }icz.,
and {Q;(k)}icz.,, indexed by k € Zx, such that for every i € Zx,,
F; C P(k) and CLQ;(k) C U;, and such that for every [ € {1,...,k},
(2.43) deg({CL(Qa(k)) \ Pu(k) | a € It}) < m.

Assume that these families have been constructed through stage k. For
a € ['yy1, apply Proposition ZZ3 to {CL P, (k) }eer, ., and {Qa(k) }aer,,, -
Choose {P,(k + 1)}aer,,, and {Qq(k + 1)}4er,,, so that

CLP,(k) C Py(k+1) CQuk+1),  CLQ.(k+1)C Qu(k),
and
(2.44) deg({CL Qqu(k + 1) \ Pu(k + 1) }aery,,) < n.
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For b € Z>o \ T'k41, define Py(k + 1) = By(k) and Qu(k + 1) = Qu(k).
Since

CLQi(k+ 1)\ Fi(k+1) C CLQi(k) \ Pi(k)
for every i € Z>g, the following holds for every I:
(2.45) deg({CL(Qu(k+ 1))\ Pi(k+1)|a€eT;}) <n.

Next, for each i € Zso, now define V; = Uy, Fi(k). Clearly,
F; C V; € CLV; C U;. Moreover, for every k € Zsg, we have P;(k) C V;
and CLV; C Q;(k), and hence Bdry V; C CL(Q;(k)) \ Pi(k). Therefore,

for every I'y, we obtain
(2.46) deg({Bdry V, | a € Tk }) < n.
This completes the proof. U

2.4. Separable metrizable spaces and covering dimension.

Theorem 2.28. Let X be a separable metrizable space, and let n €
Z>o. Then the following conditions are equivalent.

(1) dimX <n.

(2) The space X has a base B satisfying deg({ Bdry B | B € B}) <
n.

(3) indX <n.

In particular, we have ind X < dimX.

Proof. Proof of [[1] = [2]]: Choose countable families {F}}sez., of
closed subsets of X and {U;}.ez., of open subsets of X such that both
{Int Fy}sez., and {Us}sez., are bases for X, and such that F, C U,
for every s € Zso. Such families exist because X is separable and
metrizable.

Apply Theorem P27 to the two countable families {Fi}sez., and
{Us}sez-,- We obtain a family {V;}sez., of open sets such that F,CV,
and CLV, C U, for every s € Ly, and

(2.47) deg({Bdry Vi}sez.,) < n.

Since Fy C Vyand CLV; C U, for every s € Zx(, while both {Int F}cz.,
and {Us}scz., are bases for X, the family {Vi}scz., is also a base for
X. Thus [2] holds. )

We next prove [[2] = [3]] by induction. When n = 0, the impli-
cation follows from the definition of ind; that is, [[2] = [3]] holds.
Assume that [[2)] = [3)]] has been proved through n — 1, and consider
the case of n. By [2), choose a base B for X satisfying

(2.48) deg({BdryB | BeB})<n
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Fix A € B. Then {BNBdry A | B € B} is a base for Bdry A. By
Lemma [,

(2.49) Bdrypg,y 4(B N Bdry A) C Bdry(B) N Bdry A.

Consequently, if we choose n distinct elements By,..., B, € B\ {A}
then (E4R) gives

(2.50) ﬂ Bdrypg,y 4(Bi N Bdry A) C Bdry AN ﬂ Bdry B; = 0.

=1 =1
Thus S = Bdry A has a base C = {BN S | B € B} satisfying
deg({BdrygB | B € C}) < n — 1. The induction hypothesis for
the case of n — 1 gives ind Bdry A < n — 1. Since A € B was arbitrary
and B is a base for X, the definition of ind gives ind X < n. This proves

for n.

Finally, the implication [[3)] = [1]] was already proved in Theo-
rem P72 U
Theorem 2.29. Let X be a separable metrizable space. Then
(2.51) indX = IndX = dimX = IDimX.

Proof. This follows from Corollary 219, Theorem 222, and Theo-
rem 2728 U

2.5. Covering dimension characterized by extension to spheres
under countable paracompactness. A topological space X is called
countably paracompact if X x [0, 1] is normal. There is also a char-
acterization in terms of covers, but in this subsection we use only the
normality of X x [0, 1]. Every metrizable space is countably paracom-
pact.

Theorem 2.30 (Borsuk’s homotopy extension theorem). Let n € Zs,
X be a countably paracompact normal space, and A be a closed subset of
X. For a continuous map H: A x [0,1] — S", put H(z,0) = f(z) and
H(x,1) = g(x). If there exists a map F: X — S"™ such that F|4 = f,
then there ezists a map G: X — S™ such that G|4 = g. Moreover, the
map G can be chosen to be homotopic to F'. Thus, extendability to the
whole space is invariant under homotopies taking values in the sphere.

Proof. Since X is countably paracompact, the product X x [0, 1] is
normal. Using the map F' from the hypothesis, extend the domain of
the map H given in the statement: H: A x [0,1] — S" and regard it
asamap H: X x {0} UA x[0,1] = S™ whose restriction to X x {0}
agrees with F'. Regard H also as a map into R"*!. The Tietze-Urysohn
extension theorem gives an extension P: X x [0,1] — R™"! of H. Put
W = P~ }Y(R""\ {0}) and define Q: W — S™ by

(2.52) Qla,t) = %.
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Then @ is continuous on W. Clearly, we observe that X x {0} U A x
[0,1] € W and Q|xx{oyuaxfp,a] = P. This argument proves, without
using the terminology, that S™ is an ANR for normal spaces. The space
X will now be used to define an appropriate domain for this extension.

Let U be the set of all p € X for which there exists a neighborhood
N of p such that N x [0,1] C W. The tube lemma and A x [0,1] C W
imply that A C U. By the normality of X, there exists a continuous
map u: X — [0,1] such that u(A) = 1 and w(X \ U) = {0}. Define
L: X x[0,1] = S" by

(2.53) L(z,t) = Q(z,t - u(x)).
This map is continuous, the map G(z) = L(x, 1) extends ¢, and G is
homotopic to F. O

Theorem 2.31. Let X be a countably paracompact normal space. Then
dimX < n is equivalent to the following condition: for every closed
subset A of X and every continuous map f: A — S", there exists a
continuous map F: X — S™ satisfying F|a = f.

Proof. Since they are homeomorphic, we identify S* with Bdry I"*!,
First assume that dimX < n. Regard f as a map f: A — BdryI**!
and write f = (f1,..., fur1). Define K; and L; by

(2.54) Ki={zeAlfiz) =—1}

(2.55) Li={z €Al fi(zx)=1}.

Then K; and L; are closed subsets of X satisfying K; N L; = () and
n+1
(2.56) A= ULy).
i=1
Apply Proposition 223 to {K;}' and {X \ L;}F'. There exist open
sets P; and @; such that, for each i € {1,...,n + 1}, we have K; C
P, CLP, C Q;, CLQ; C X \ L;, and N5 (CLQ; \ P,) = 0. The
Tietze-Urysohn extension theorem gives, for each i, a continuous map
u;: X — [—1,1] such that u;(CL P;) = —1 and u;(X \ @;) = 1. Since
u;1(0) € Q\CL(P;) C CL(Qy)\P,, we have (7' u; 1 ({0}) = 0. Notice
that K; C u;'({—1}) and L; C u; *({1}) for every i € {1,...,n+ 1}.
Define u: X — [~1,1]"" by u = (uy, ..., uns1). By A= U5 (KU
L;) and the properties of the w;, if z € A, then u(z) belongs to
BdryI"*'. Put v = u|s: A — BdryI"™ and define h: A x [0,1] —
Rn+L by

(2.57) h(z,t) = (1 —t)v(z) +tf(x).
It follows from A = Uﬁ_ﬂ(Ki U L;) and the definitions of K;, L;, and

=1
u; that h(x,t) always has a coordinate whose absolute value is 1. For

example, if z € K;, then w;(z) = fi(r) = —1, and hence the i-th
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coordinate of h(z,t) is —1. Thus ||h(z, )| 0, where ||*||, denotes
the (> -norm. We can therefore define a continuous map H: A x
0,1] = Bdry I by

h(z,t)

1Az, 1) [oo
Notice that H(x,0) = v(x) and H(x,1) = f(x). Thus H is a homotopy
from v to f. Since v has the continuous extension u/||ul|~ to all of X,
Borsuk’s homotopy extension theorem (Theorem P=30) implies that f
has an extension F': X — Bdry I"*!.

Conversely, assume that the extension problem always has a solution.
Let {Uy,...,U,11} be an arbitrary family of (n+1)-many open subsets
of X, and let {F},...,F,11} be a family of closed subsets satisfying
F,CcU;. Put H,= X \U; and A = U?jll(FZ U H;). For each index,
choose u;: A — [—1,1] such that w;(F;) = {—1} and u;(H;) = {1}.
Then u = (uy,...,Uyy1) is @ map into Bdry I"™'. By the hypothesis,
there exists a continuous map g = (g1, ..., gnr1): X — Bdry "™ such
that gl4 = u. Put V; = g;'([~1,0)). Then CLV; C g; *([-1,0])
and F; C V; € CLV; C U; for every i € {1,...,n + 1}. Moreover,
Bdry V; C g;1({0}). Since g takes values in Bdry I"*!, it follows that
ﬂ"&l Bdry V; = (). Therefore, Proposition 223 gives dimX < n. U

=1

(2.58) H(x,1)

Remark 2.1. In fact, Theorem =30 remains valid without the assump-
tion that X is countably paracompact ([I0]). Consequently, Theo-
rem 2231 also holds without this assumption. In this manuscript, how-
ever, these results are used only when X is metrizable, so including
countable paracompactness does not affect the development of the the-
ory in this manuscript.

3. THE FIXED POINT THEOREM

In this section, we clarify the relationship between the dimension of
Euclidean space and the fixed point theorem.

3.1. Statements equivalent to the fixed point theorem. With
the proof of Brouwer’s fixed point theorem in mind, we first introduce
several statements equivalent to it.

We begin with the following preliminary lemma.

Lemma 3.1. Let A be a closed subset of [—1,1] that separates {—1}
and {1}. Write [-1,1]\ A = U]V, where 1 € V. Then, for every
element x of V,

|z —d(x, A)| < 1.

Proof. First assume that 0 < z —d(z, A). Since 0 < d(z, A), we obtain
|z —d(z,A)| <x—d(z,A) <z < 1. Next assume that 0 < d(z, A) —z.
For ¢ = min A, the fact that A separates {—1} and {1} implies —1 < c.
The definitions of U and V', together with 1 € V' also imply ¢ < =z.
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Hence d(z, A) < |x—c| = v —c. Therefore, [x—d(z, A)| = d(z, A)—z <
r—c—xwv=-—-c<l 0

The following theorem collects several well-known statements equiv-
alent to Brouwer’s fixed point theorem.

Theorem 3.2. For n € Z>1, the following statements are equivalent.

(1) (No-retraction theorem) There is no retraction r: D" — S~ 1.

(2) (Brouwer’s fized point theorem) Every continuous map f: D" —
D™ has a fized point.

(3) If a family of closed sets C; C I", indexed by i € {1,...,n}, is
such that each member separates " and 1™, then (1, C; # (.

(4) (The Poincaré-Miranda theorem) Assume that a family of con-
tinuous maps f;: I" — R, indexed by i € {1,...,n}, satis-
fies f;(I7") € [0,00) and fi(I"™") C (—00,0]. Then there exists
p € I" such that f;(p) = 0. In other words, the maps have a
common zero.

Proof. Proof of [[T] = [2]]: Suppose that there exists a continuous
map f: D" — D" with no fixed point. Thus, f(z) # x for every z € D",
Define e(x) = x — f(x). Then e: D" — R" is continuous. Define also
L:D" xR — R" by L(x,t) = f(z) 4+ te(z). This map is continuous as
well.

Consider the quadratic equation ||L(z,t)||? = 1 in ¢, that is,

(3.1) le(@)II** + 2{f (), e(2))t + [Lf()|* — 1.

Notice that its coefficients are functions of x. Here we regard it as an
equation in t. The solutions of () depend on z. The two solutions

are
1

(32) T~ V@) eta)

+/(f(2), e(2))? = [le(@)[P(I f ()] ~ 1))'
Since || f(x)|| < 1, we have —||e(z)|*(||f(x)||*> — 1) > 0. Consequently,

(33)  V{f(2),e(2))? = lle@)P(If @) = 1) = [{f (@), e(2))].
Thus (BX) has real solutions, one nonnegative and one nonpositive.
Denote the nonnegative solution by T'(x). The value T'(z) is given
explicitly by
(3.4)

T(z) =

1

T (@)@ + V@, @) = Te@ P E =)
This formula shows that 7': D — R is continuous. If z € S" 1,
then L(z,1) = z, and hence T'(z) = 1. Define g: D* — S"! by
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g(z) = L(x,T(z)). This map is continuous, and when =z € S", we
have g(z) = L(z,T(x)) = L(z,1) = x. Thus g is a retraction, so
S"~! is a retract of D". The existence of the continuous retraction
g: D" — S"! contradicts [T). Therefore [2] holds.

Proof of [[2] = [3]]): For every i € {1,...,n}, choose open subsets
P, and N; of I" such that I\ C; = N;[[ P, I}'" C P, and I™" C N;.
There may be more than one such pair, since the complement of C;
may have more than two connected components; choose any one of
them. Define m;: I" — R by

m(.ﬁlﬁ) B d({L‘,Cz) x e C;UP;
‘ N —d(x,CJ T € Cz UN;.

Both C; U P, and C; U N; are closed. On their intersection Cj, the
two functions d(x,C;) and —d(x, C;) have the same value 0. They are
continuous on C; U P; and C; U N;, respectively. The pasting lemma
therefore shows that m, is well-defined and continuous.

Define f;: I" — R by
(3.6) fi(z) = x; — my(z).

We show that |f;(x)] < 1. We give the proof only for x € P;, as the
other case is analogous. Here f;(x) = z; —d(z,C;). If 0 < z; —d(x, C;),
then 0 < d(z,C;), and hence

fi(x)| = 2 — d(z,C;) < a; <1
as desired. Next consider the case 0 < d(x,C;) — x;. Let
(3.7) L={zel"|z, =ux, for all k with k #i}

(3.5)

be the line through x perpendicular to Hi’i and I"". Let a be the unique
point of LNIY*, and let b be the unique point of LNI™". Thus the i-th
coordinate of a is 1, and its other coordinates agree with those of x; the
1-th coordinate of b is —1, and its other coordinates agree with those
of x. The set L N C; separates a and b as a subset of L. Identifying L
with [—1, 1], we may apply Lemma BT to obtain |z; —d(xz, LNC;)| < 1.
Now calculate | f;(z)]:

|fi(@)] = d(z,C;) — 2 < d(z, LN C;) — 2

This proves the desired inequality. Thus |f;(z)] < 1 in all cases.
Define f: 1" — I™ by f = (f1,...,fn). The preceding inequality
shows that the range of f is contained in I". By [2], there exists a
fixed point p. This point p satisfies, by the definition of f, we see that
d(p,C;) = 0. Thus p € (N, C;, so i, C; # 0. Hence [3] follows.
Proof of [[3] = [4]]: For every i € {1,...,n} and k € Z>¢, put

(3.9) Lip={zel"||z] <1-27F}.



28 YOSHITO ISHIKI
Define w;j: I" — R by
(3.10) w;k(r) = x; - d(x, Lig).

Define g; : I" — R by g;x(2) = fi(2)+w;x(x). Then g; (I C (0, 00)
and gM(]I’_L’i) C (—00,0). Therefore, the set C; = g;,j({()}) is a closed
set separating I"" and T™*. By [3), we have (/_, Cix # 0. Choose py,
from this intersection. By compactness of I", there exists a convergent
subsequence {pgr) }rez.,- Denote its limit by p. Since g;j converges
uniformly to f;, we have g; 4ty (Por)) — fi(p) as k — oo. Consequently,
fi(p) = 0 for every i € {1,...,n}. Thus [4] holds.

Proof of [[4] = [1)]: Identify I" with D", and identify S"~! with
Bdry I". Suppose, toward a contradiction, that there exists a retraction
r: I" — BdryI". The map r has components r; satisfies r;(I}") C
0,00) and r;(I™) C (—o0,0]. By [4], there exists p € I" such that
r(p) = 0. This contradicts the fact that the range of r is BdryI".
Therefore no such retraction exists, and holds. U

3.2. Proof of the fixed point theorem. Theorem B establishes
only the equivalence of several statements and does not by itself show
that the fixed point theorem is true. The following known result shows
that all the statements in Theorem B=2 are indeed true.

Theorem 3.3. For every n € Zx, there is no retraction r: D" —
Snt.

Proof. We first give a proof using homology. When n = 1, the nonex-
istence of a retraction follows from the intermediate value theorem.
Henceforth assume that 1 < n. Let H;(x) denote the homology func-
tor. Suppose that a retraction as above exists. Let ¢ be the inclusion
of S*~! into D™. Since r ot = lgn-1, we obtain, in degree n — 1,

Hn_l(r) o n—l(L) = Hn_l(lgn—l) = 1Hn71(Sn71)

Thus H,_1(¢): H,_1(S"') — H,_1(D") is injective. However, we have
H,_1(D") =2 {0} and H,,_1(S"" ') = Z, so no such injective map H,_1(¢)
can exist. Therefore the retraction r does not exist. U

One can also prove analytically that S*~! is not a retract of D*. We
do so below using a statement about smooth retractions.

Proposition 3.4. If there exists a retraction f: D" — S*~1, then there
exists a smooth retraction g: D™ — S"~t. Here, smoothness of g on D"
means that g is defined and smooth on an open set containing D™.

Proof. Define u(x) = f(x) —x. Notice that ||u(z)|| < 2. Since flgn-1 =
Ign-1, we have u|sn—1 = 0. Hence there exists 0 € (3/4,1) such that

(3.11) §<|z|| €1 = |ju(x)| <471
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By the Weierstrass approximation theorem, there also exists a map
P: R™ — R™ whose components are polynomials and such that

(3.12) loll < 1= [|P(z) - u(@)]| < 47
Choose a polynomial @): R — R satisfying

(3.13) r€ 10,8 = 3/4 < Q(r*) < 1;
(3.14) re 1) = QU] < 1
(3.15) Q(1) = 0.

Define v(x) = x + Q(||z||*) P(x). Then v: D" — R" is continuous and
smooth on D". If ||z|| € [0, 4], we have

lo(@)]| = llz + Q(ll2]*) P(x)]
=llz + f(z) = f(2) + Q(llz|*)P(2)]
f@) = (f(@) = 2) + Q= ") (f (z) — )
= QlzlP)(f () — z) + Q= [*) P(=)
f@) +Qlzl*)(P(z) - f(2) + o)
+ Q") = D(f(z) — 2)
> |lf @) = [QUIzIMNIP(z) — (f(=) — )l
— 1= QI f (=) — =ll.

Now [|[P(z) — (f(z) —2)|| < 1/4, [f(z)|]| = 1, and [Q([|z]]*)] < 1.
Moreover, if ||z]| € [0, 6], then 3/4 < Q(||z]|*) < 1,500 < 1-Q(||z|*) <
1/4. Combining these observations with the preceding calculation gives
[o(z)]] =
1 @) =1z P() = (f(z) = @)l = [1 = Q(lz|*)[[lf (z) — |
1 2 1

>1—-—Z=_,
=1 4 4

Thus |[v(x)]| > 1/4 if ||z|| € [0, d].

On the other hand, if ||z|| € [0, 1], then

lo(@)[l = llz + Q||=[1*) P (=)l

= |z + Qlzl*)P(2) + QUIzI*)(f(2) — =) — QUl=[I*)(f (=) — )]

> [l + Q(llz|*)(P(z) — (f(x) — 2)) + QUl|*)(f () — 2)]

> [zl = 1QUI=IMINP() — (f(z) — )l + [1f () — =)
Here |Q(|lz[|*)| <1 and [[P(z) — (f(z) — 2)|| < 1/4. Since [|z|| € [3, 1],
we also have || f(z) — x| < 1/4. Therefore,

(@)l = ll=ll = 1QUI=l*)(I1P(x) = (f(z) — =) + [lf(z) — =)

> 5 1+1 >3 2 1
= 4 4)~4 4 4
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Thus [jv(x)|| > 1/4 if ||| € [0, 1].

It follows that ||v(x)|| # 0 for every z € D"™. We may therefore define
g: D" — S"! by

1 IO
10 = gl
This map is smooth on D™. If z € S*! then Q(||z|*) = Q(1) = 0,
so v(z) = x and hence g(z) = x. Thus g: D* — S"! is the desired
retraction. U

Theorem 3.5 ([9]). There is no smooth map f: D" — S" such that
f‘Sn—l - 1Sn—l.

Proof. Suppose that such a map exists, and derive a contradiction. Put
g(x) = f(x) — x. Define F': D™ x [0, 1] — D" by

(3.17)  F(z,t)=x+tg(x) =x+t(f(z) —z) = (1 —t)x+tf(z).

This is a homotopy from 1p» to f that fixes S*"!. To emphasize the
homotopy parameter, we also write Fi(z) for F((x,t). The point F(z,t)
divides the line segment joining x and f(z).

Since D" is compact and g is smooth, g(x) = f(z) — = is Lipschitz.
Let L > 0 be a Lipschitz constant for g. If F(z,t) = F(y,t), then
7~y = t(g(y) — 9(x)), and hence

(3.18) e =yl < tllg(y) — g(@)|| < tLllz —y].

Thus, when 0 <t < L™}, we see that Fy(x) is injective.
The Jacobian matrix of F'(x,t) with respect to x satisfies

(3.19) Je(Fi(2)) = En + tJ:(9(2)).

Since “det” is continuous, if ¢y is sufficiently small, then we see that
det J,(F(z,t)) > 0 for t € [0,¢y]. Choose it still smaller so that ¢, <
L~'. We show that, for t € [0,%o], the map F(z,t) is bijective as a
function of x.

Let U be the interior of D", that is, U = {z € R" | ||z|] < 1}.
By the inverse function theorem, F;(U) is open in R". Choose any
a ¢ F,(U) in D*. It suffices to show that a has a preimage under
F,. Choose b € F;(U) in D™. The point b will be used below. Since
F,(U) c D", the segment [a, b] is contained in D". As [a, b] is connected,
la,b] NBdry(F;(U)) # 0. Choose ¢ from this intersection. Since F;(D")
is compact and hence closed,

(3.20) Bdry(F1(U)) € CL(F(U)) C F(D").

Thus there exists « € D" such that ¢ = Fy(z). Since ¢ € F;(U), we have
r € S"1. Because F; fixes S"71, it follows that ¢ = Fy(x) = x. Thus
c € S"7 1. Since F;(U) is open in R", we have Bdry(Fy(U))NE,(U) = 0.
In particular, ¢ # b. Since ¢ € [a,b] and ¢ € S"~!, we obtain a = ¢, and
hence a = Fy(z). Consequently, the map F; is surjective.
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We next define I(t) by
(3.21) I(t) :/ det(J,(F(x,t))) deidzy - - - dzy,.

The quantity I(t) will be used below. Since F;(D") = D", the change-
of-variables formula gives I(t) = £"(D") > 0 for t € [0,to]. Here
L"(D"™) denotes the n-dimensional Lebesgue measure of D". The func-
tion I(t) is a polynomial in ¢. Since it is constant on [0, to], it must also
be constant on [0, 1]. Thus, for every t € [0, 1],

(3.22) I(t) = £"(D") > 0.

On the other hand, Fi(z) = f(x) € S"!, so (f, f) = 1. Differentiating
with respect to x; gives

(3.23) <§—£,f> _o.

Thus f(z) is an eigenvector of the transpose of J,.(f)(x) with eigenvalue
0. A matrix with eigenvalue 0 has determinant 0, so det(J,(f)(x)) = 0.
This implies (1) = 0, contradicting (B=22). 0

3.3. Determination of the dimension of Euclidean spaces. We
now determine the dimension of Euclidean spaces.

Theorem 3.6. Let n € Zs; and k € {0,...,n}. Then we have
dimD" = dimR"™ = n. Moreover, we also have dimM(n, k) = k and
dimL(n, k) =n — k.

Proof. We have already established the fixed point theorem. Theorem
B2 and Proposition therefore imply n —1 < diml"”. Together with
P13, this gives dimR"™ = dimD"™ = n. It also follows that dimM(n, k) =
k and dimL(n, k) =n — k. O

Corollary 3.7. Let n,m € Z>y. If R™ and R" are homeomorphic,
then m = n.

Corollary 3.8. Let n,k € Z>o. Assume that subsets Ay, ..., A of R"
satisfy IDimA; <0 and R" = Ule A;. Thenn+1<k.

In view of their historical development and the methods used in their
proofs, Theorem B, Theorem BE=2, and Corollary BZ1 may be regarded
as equivalent in a meaningful sense. Of course, any two true state-
ments are logically equivalent, but these results seem to be equivalent
in a deeper way. Inspired by Terence Tao’s proof of the invariance of
domain theorem [I1], the paper [6] appears to examine this sense of
equivalence from the viewpoint of reverse mathematics. The author is
not sufficiently familiar with reverse mathematics to discuss the matter
further.
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4. THE INVARIANCE OF DOMAIN THEOREM

In this section, we prove Brouwer’s invariance of domain theorem as
an application of dimension theory. It states that the image of an open
subset U of an n-dimensional space under a continuous injective map
into n-dimensional Euclidean space is open.

4.1. Proof of the invariance of domain theorem. The following
theorem shows that whether a point of a compact subset K of Euclidean
space is a boundary point can be characterized solely in terms of the
intrinsic topology of K. This is the key to the invariance of domain
theorem.

Theorem 4.1. Let n € Z>;, and K be a compact subset of R". Then
p € Bdrygn K if and only if, for every neighborhood N of p in K,
there exists an open neighborhood U of p in K such that U C N and

every continuous map f: K\ U — S"! has a continuous extension
g: K — S+ 1

Proof. First assume that p € Bdry K and derive the stated condition.
Let N be an arbitrary neighborhood of p. Choose an open ball B
centered at p with sufficiently small radius that K N B C N. We show
that U = K N B has the required property. Put L = Bdry B. Then
L is homeomorphic to S*~!. Consider an arbitrary continuous map
f: K\U — S"'. The set K \ U is closed in K and hence is also
closed in R". Since dimL < n — 1, we have dim(K N L) < n — 1.
Notice that L N K C K \ U. By Theorem P23, the continuous map
flenx: LN K — S™ ! has a continuous extension u: L — S""'. The
intersection of L and K \ U is LN K, and u and f agree there. The
pasting lemma therefore gives a continuous map h: (K\U)UL — S*1.

Since p is a boundary point of K, we can choose a point ¢ of B that
does not belong to K. For every = € K, let b(x) be the intersection of
L with the line extended from ¢ through x € K. Then b: K — L is
continuous. Define g: K — S*~! by

(2) = h(b(z)) zeUU(LNK);
) fla) re K\U.

The two functions h(b(x)) and f(x) appearing in this definition agree
on L N K. They therefore paste together to give a continuous map g,
which is clearly an extension of f.

Conversely, assume that p € K satisfies the condition in the theorem.
Suppose, toward a contradiction, that p € K is an interior point of K.
Choose an open ball B centered at p with sufficiently small radius that
CL B C K. By the hypothesis, there exists an open neighborhood U
of p such that U C B and every continuous map f: K \ U — S"!
extends over K. Define a map f: K\ U — S"! as follows. Extend
the line from p through z € K \ U, and let f(z) be its intersection
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with Bdry B. This is continuous, and since Bdry B is homeomorphic
to S"7!, we obtain a continuous map f: K \ U — S""!. The map f is
the radial map just described. Notice that f is the identity on Bdry B.
The condition in the theorem gives a continuous map g: K — S 1.
We now restrict g to the closed ball. Recall that CLL B C K. Consider
glcL . The restriction g|lcpp: CL B — Bdry B is then a retraction
from CL B onto Bdry B. This contradicts the no-retraction theorem
(Theorem B2). Therefore p € K must be a boundary point. O

We now prove the invariance of domain theorem.

Theorem 4.2 (Invariance of domain). Let n € Zsy, let U be an open
subset of R™, and let f: U — R™ be continuous and injective. Then
f(U) is open in R™.

Proof. 1t suffices to prove that f(p) is an interior point of f(U) for
every p € U. Choose a sufficiently small neighborhood N of p such
that CL N is compact and CL N C U. The restriction f|cLy is a
continuous injection from a compact space into a Hausdorff space, and
hence is a topological embedding. By Theorem BT, whether p is a
boundary point is characterized by an intrinsic topological condition
on CL N. Since p is an interior point of CL N, the point f(p) is an
interior point of f(CL N). In particular, f(p) is an interior point of
1(0). 0

Corollary 4.3. Let M and N be topological manifolds with boundary
of the same dimension, and let f: M — N be a homeomorphism. Then
f maps OM onto ON.

Proof. If f maps some p € M into N \ 0N, then, by considering
f~1, we obtain locally a map carrying an interior point of Euclidean
space to p. But p is a boundary point of a half-space, contradicting the
invariance of domain theorem. O

5. N-DIMENSIONAL SUBSETS OF n-DIMENSIONAL KEUCLIDEAN SPACE

As an application of dimension theory, we prove in this section that
an n-dimensional subspace of n-dimensional Euclidean space has an
interior point.

We first prove that Euclidean spaces have the property known as
countable dense homogeneity. For the one-dimensional case, we need
to study the order structure of the rational numbers.

5.1. The order-theoretic characterization of the rationals and
countable dense homogeneity of the line. We begin with the def-
inition of a linear order.

Definition 5.1 (Linear order). A binary relation < on a set X is called
a linear order if it satisfies the following conditions.
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(1) For every a € X, we have a < a.

(2) For every a,b € X, if a <band b < a, then a = b.
(3) For every a,b,c € X, if a <band b < ¢, then a < c.
(4) For every a,b € X, either a <bor b < a.

We also define a < b to mean that a < b and a # b.

Definition 5.2 (Dense order). A linearly ordered set (X, <) is said
to be densely ordered if, whenever x < y for z,y € X, there exists
s € X such that z < s < y.

We sometimes write <y for the order on X, but omit the subscript
and simply write < when the context is clear.

Lemma 5.1. Let (X, <x) and (Y,<y) be countable densely ordered
sets having neither a greatest nor a least element. Let S C X and T C
Y be finite subsets, and assume that an order isomorphism h: S — T
identifies S with T'. Then, for every x € X \ S, there existsy € Y \ T
such that h extends to an order isomorphism H: SU{z} — T U{y}.

Proof. Without loss of generality, enumerate S = {s;}!", and T =
{t;}7-, so that

(5.1) 51 < 83 < ov < 8

There are three cases.

Case 1. [If s; < © < s;41 for some i|: Since Y is densely ordered,
choose y such that ¢; < y < t;41. Defining H(x) = y and H(s;) = t;
gives the required map H.

Case 2. [If s, < x]: Since Y is densely ordered and has no greatest
element, choose y € Y such that ¢, < y. Again define H(z) = y and

Case 3. [If x < s1]: This is analogous to the preceding case, using
the absence of a least element. U

For a map f: A — B, define domf = A and codf = f(A).

Theorem 5.2. Any two countable densely ordered sets having neither
a greatest nor a least element are order-isomorphic. In particular, each
18 order-isomorphic to the rational numbers.

Proof. We use the standard back-and-forth argument.

Let (A, <4) and (B, <p) be countable densely ordered sets with no
greatest or least element. Write A = {a;}icz.,, B = {bi}iczo,- Us-
ing these enumerations, inductively construct a sequence of extensions
{fn}nez-, satistying the following conditions.

(1) f. is an order-preserving bijection.
(2) domf;, is finite and contains {ay, ..., a,}.
(3) codf, is finite and contains {by, ..., b, }.
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Step 0 (definition of fy): Define fy to be the map fo: {ao} — {bo}
given by fo(ao) = bo.

Step 1 (construction of f, 1 from f,): First define an auxiliary order
isomorphism ¢,. If a,; € dom(f,), put g, = fn. If apr1 & dom(f,),
apply Lemma B to f,, a,+1, cod(f,),dom(f,) and let g, be an order-
isomorphic extension of f,, to dom(f,) U {an1}-

Next extend g, ' to define another auxiliary order isomorphism /.
If b,11 € dom(g,; ') = cod(g,), put h, = g;*. If b,y & dom(g, ') =
cod(g,), apply Lemma B to g, ' and b,11, and let h, be an extension
of g, ! to dom(g, ') U {b,+1}. Finally, define f,,; = h,'. All inductive
conditions are then satisfied.

Step 3: Using the sequence of order isomorphisms {f,}nez.,, de-
fine F: A — B by F(a,) = fu(an). Since {f,}nen is a sequence of
extensions, this definition is well-defined.

Step 4: We show that F' is an order isomorphism. First let z,y € A
and assume that = < y. We show that F(x) < F(y), which gives
injectivity and preservation of order. For sufficiently large n, we have
x,y € dom(f,). By the definition of F' and the fact that {f,}nez., is
a sequence of extensions, F(z) = f,(x) and F(y) = fu(y). Since f, is
an order isomorphism, we immediately obtain F'(z) < F(y).

It remains to prove surjectivity. For every y € B, we have y &€
cod(f,) for all sufficiently large n. Since f, is an order isomorphism,
there exists « € dom(f,,) such that f,(z) =y. Thus F(z) =y, so F is
surjective. U

Remark 5.1. The construction alternates between A and B when defin-
ing g, and h,. This is the reason for the name “back-and-forth argu-
ment.”

Example 5.1. The subset (0,1) N Q of R is order-isomorphic to Q.
Example 5.2. The set {a +bv/2 | a,b € Q} is order-isomorphic to Q.

Example 5.3. The set of numbers having a terminating binary ex-
pansion, namely {2% | n,m e Z}, is order-isomorphic to Q.

Lemma 5.3. Let A be a countable dense subset of R, and let S C A
have no greatest element. Assume that whenever u,v € A, v € 9,
and u < v, we have w € S. Then there exists y € R such that S =
AN (—00,y). Moreover, A\ S =AN]y,o0).

Proof. Take y = sup S. O

Theorem 5.4. Let A and B be countable dense subsets of R. Then an
order isomorphism f: A — B extends to a homeomorphism f: R — R

satisfying f(A) = B.

Proof. Let A and B be countable dense subsets of R. They satisfy
the hypotheses of Theorem B2 hence they are order-isomorphic. Let
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f: A — B be such an order isomorphism. Enumerate A and B so that
the map f: A — B defined by f(a;) = b; is an order isomorphism.

We extend this map to all of R. For z € R, define G, = (—o0, x)
and H, = [z,00), and put S, = f(ANG,), and T, = f(AN H,). Since
f preserves order, S, has the following downward-closed property: if
u,v satisfy v < v and v € S,, then u € S,. Moreover, the set S,
has no greatest element. Lemma B=3 therefore gives y € R such that
Sy = BN(—o0,y). Similarly, 7, = BN [y, 00). Define f(z) = y. Notice
that if = a;, then y = b;.

We prove that f: R — R is continuous. First we show that f pre-
serves order. Assume x < y. By density of A, there exists a, € A
such that x < a, <y. Then b, € Sj,) and b, € Sy(,). In particular,
b, € T(z), so f(x) < b, < f(y). Thus f preserves order and is, in
particular, injective.

To prove continuity, fix € > 0 and x € R. By density of B, there
exist by and by, such that

(5.3) fx) —e<by < f(x) <by < f(x)+e

Since f preserves order, ay < x < ap. Thus (ay,ay) is an open
neighborhood of x. For every z € (ay,ans), order preservation and
(B33) give |f(2) — f(x)| < e. Therefore f is continuous.

Extend f~': B — A in the same manner to obtain a continuous
map g: R — R. For every n € Zsg, we have ¢(f(a,)) = a, and
f(g(b,)) = b,. By continuity of f and g, it follows that, for every
x € R, f(g(z)) = x and g(f(x)) = z. Thus f and g are inverses.
Hence f is a homeomorphism. By definition, f(A) = B, which proves
the theorem. O

5.2. Countable dense homogeneity of Euclidean spaces: the
general case. We now establish countable dense homogeneity for Eu-
clidean spaces. Namely, given countable dense subsets A and B of R,
we prove that there exists a homeomorphism f: R” — R" such that
f(A) = B. We begin with an identity theorem for polynomials.

Theorem 5.5 (Identity theorem for polynomials). Let p be a real poly-
nomaial in n variables. If its zero set Z has an interior point, then p is
identically 0. FEquivalently, if p is not the constant polynomial 0, then
the set of all x € R™ such that p(x) # 0 is dense in R".

Proof. For n = 1, the result follows because a polynomial of degree
k has at most k zeros. Now consider general n. Let a be an interior
point of Z. For sufficiently small r» € R, the open ball B = {x € R" |
|l — a|| < r} is contained in Z. Fix u € B and define ¢: R — R by
q(t) = p((1 —t)a+tu). Then g is a polynomial in ¢. Since p vanishes on
B, we have ¢(t) = 0 for t € (—1,1). The one-variable case implies that
q vanishes identically. Since u € B was arbitrary, p vanishes identically
on the whole space. Il
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Lemma 5.6. Letn € Zsy. Forv = (vy,...,v,) €e R ie{l,...,n},
and a € R", let Sp(v,i,a) be the linear subspace of R™ generated by
{vi}kzi and a. Then

Toi={v=(v1,...,0,) € R”" | rank Sp(v,i,a) =n}
1s a dense open subset of R™*™.

Proof. For v = (v1,...,v,) € R™™" let f(v) be the determinant of
the matrix obtained from (vy,...,v,) by replacing its i-th column by
a. Then f is a polynomial on R™*" and is not identically 0. Thus
the set of v for which f(v) # 0 is dense, by Theorem BA, and is also
open. Since rank Sp(v,i,a) = n is equivalent to f(v) # 0, the proof is
complete. O

Let GL(n) denote the set of all invertible n x n matrices. Notice that
a tuple v = (vy,...,v,) € GL(n) is a basis of R™. For such a tuple and
a € R", let pr,;(a) denote the i-th coordinate of a with respect to the
basis v, ...,v,. Thus a = >_" , pr,(a)v;.

Theorem 5.7. Letn € Z~q, and let S be a countable subset of R™ such
that 0 € S. Then there exists a basis v = (vy,...,v,) € R"™™ such that
pr;(xz) # 0 for every x € S.

Proof. Applying Theorem 53 to R™*" and det shows that GL(n) is a
dense open subset of R™*". Define T" by

(5.4) T =GL(n) N[ () Tui

a€sS i=1
Each T, ; is dense and open, so the Baire category theorem shows that
T is dense in R"*™. Choose v = (vy,...,v,) € T. This is the required
basis. Indeed, otherwise there would exist ¢ and a € S such that
pr,;(a) = 0. This means that a belongs to the linear span of {vy x4,
which implies rank Sp(v,4,a) < n. This contradicts v € T, ;. O

Below we abbreviate pr, ;(7) as x; or (z);.

Definition 5.3. A pair (z;,22) € R® x R" is said to be in coordi-
natewise general position if, for every i € {1,...,n},

(1) = (22); # 0
A set A C R” is said to be in coordinatewise general position if ev-
ery distinct pair (z,y) € A x A is in coordinatewise general position.
Following [], this condition is called general position; we add “coordi-
natewise” to distinguish it from the terminology used later.

Lemma 5.8. Let A be a countable subset of R™. Then there erists
a basis (v1,vy,...,v,) of R™ such that, in the associated coordinate
system, A is in coordinatewise general position.

Proof. Apply Theorem 670 to S ={x —y|z,y € A}\ {0} O
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Definition 5.4. Two pairs (z1,22), (y1,y2) € R" x R in coordinate-
wise general position, are said to be similarly placed if, for every
i € {1,...,n}, the numbers (z1); — (22); and (y1); — (y2); have the
same sign.

Two indexed at most countable sets, of the same cardinality when
finite, A = {a;}icz.y, B = {bi}icz., C R, are said to be similarly
placed if, for every (i, j) € Z%,, the pairs (a;,a;) and (b;, b;) are simi-
larly placed. -

Proposition 5.9. Let A = {a;}icz., and B = {b;}icz., be countable
dense subsets of R™, each in coordinatewise general position. They can
be enumerated so that A and B are similarly placed.

Proof. Inductively we construct new enumerations {¢; }iez., = A and
{d;}iez-, = B as follows. First set ¢y = ag, dy = by, and d; = b;. Let i
be the least natural number for which (co, a;) and (dp, d;) are similarly
placed, and put ¢; = a;. Such an ¢ exists because A is dense.

Assume generally that the terms through odd index 25+ 1 have been
constructed, namely co,ci,...,c541 and do,dy,...,dsj41. Construct
Coj+2 and dyjyo as follows. Let s € Z>( be the least index ¢ such that
a; does not belong to cg,c1, ..., 2541, and define cyj49 = as. Next, let
t be the least index such that cg,ci, ..., a5, 2541 and do, dy, . .., d2j, by
are similarly placed, and define dyj 1o = b;.

Now construct cyj43 and dajy3. Let p be the least index such that b,
does not belong to do, di, . . ., dj 12, and define dy; 13 = b,. Next, let g be

the least index for which Co,C1y---,C2542,0q and d(), dl, e ,d2j+27 d2j+3
are similarly placed, and define cy;13 = a4. This inductive construction
is possible because both A and B are dense. Il

Theorem 5.10. Let A and B be countable dense subsets of R™. Then
there ezists a homeomorphism f: R" — R™ such that f(A) = B.

Proof. After changing bases and enumerations, we may assume that
A = {ai}iez., and B = {b;}icz., are similarly placed and both are
in coordinatewise general position. Write a; = (@i1,...,a;pn) and b; =
(bi1,-..,bin). Because the coordinates were chosen so that A and
B are in coordinatewise general position, if ¢ # 7, then, for every
ke {l,...,n}, we have a;; # a;x and b, 7 bj .

For k € {1,...,n}, put Ay = m(A) and By, = m(B), where 7y is
projection onto the k-th coordinate. The sets Ay and B, are count-
able dense subsets of R. Since their enumerations are similarly placed,
the map defined by fr(a;x) = bix is an order isomorphism. Without
coordinatewise general position, indices could collapse, so this formula
might fail to define a map, let alone an order isomorphism.

By Theorem B4, f; extends to a homeomorphism f;: R — R such
that fk(Ak) = Bk Define f: R™ — R™ by f(:E) = (fl(xl)a s afn(xn»
For a; = (ai1,...,ai,), we have f(a;) = (fi(ai1),-.., fulain)) =
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(bix,---,bin), and hence f(A) = B. If g(x) = (f; "(z1), ..., £ x,)),
then g is the inverse of f. Therefore f is a homeomorphism. U

Theorem 5.11. Let n € Z>q. If a subset S of R" satisfies dimS = n,
then S has an interior point.

Proof. Suppose, toward a contradiction, that S has no interior point.
Then R™ \ S is dense. We may therefore choose a countable dense
subset A of R™ such that AN S = (). By Theorem 510, there exists
a homeomorphism f: R"” — R" such that f(A) = Q™. Since R™\
Q" = M(n,n — 1), Lemma 212 gives dim(M(n,n — 1)) < n—1. Hence
dimf(S) < n — 1. Since f is a homeomorphism, we conclude that
dim$S < n — 1, contradicting the assumption dimS = n. U

6. THE EMBEDDING THEOREM FOR FINITE-DIMENSIONAL SPACES

As an application of dimension theory, we prove in this section that
every finite-dimensional separable metrizable space can be topologically
embedded in a Euclidean space.

6.1. Affine combinations and general position.

Definition 6.1. Let [ € Z>,. Finitely many points ey, ..., e, in the
Euclidean space R are said to be affinely independent if, whenever
t1,...,tm € Rosatisty Y7 ¢, = 0 and > " t; - ¢; = 0, we have t; =
--- =1, = 0. This is equivalent to the linear independence of e; —
€1y...,Emp — €71.

An affine combination of finitely many points w, ..., w,, in R’ is
a point of the form » 1" ¢;-w;, where ty,...,t, € Rand > " t; = 1. If
wy, . .., w, are affinely independent, then the coefficients of each such
affine combination are unique.

The affine subspace Aff(wy,...,w,,) spanned by wy, ..., w,, is the
set of all their affine combinations. If W is the linear subspace spanned
by we—wy, . .., Wy, —wq, then Aff(wyq, ..., w,) =w;+W. In particular,
if m < [, then Aff(wy,...,w,,) is a closed subset of R! with empty
interior.

Definition 6.2. Let [ € Z>;. A subset S C R! is said to be in general
position if, for every i € {1,...,l+ 1}, any i-many distinct elements
of S are affinely independent.

Proposition 6.1. Let | € Zs, let O C R be a dense open set, and
let C'"'C O be an at-most-countable set in general position. Then there
exists a countable dense set S C O such that C'US' is in general position

and C NS = 0.

Proof. Choose a countable dense subset E of R!, and enumerate E x
Q=0 as Ex Qs = {(qk, k) trez-,- We inductively construct a sequence
e1,. .., e, such that C'U{ey, .. L ex} is in general position and we have
lle; — qil|< r; for every i € {1,... k}.
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Assume that ey, ..., er have been constructed. We construct e .
For every finite subset I of C' U {ey,...,ex} with card(/) < I, define
A(I) = Aff(I), and let A be the union of all such A(I). Each A(I) is
closed and has empty interior. Since A is a countable union of such
sets, the Baire category theorem implies that A also has empty interior.
Thus O \ A is dense. Since C is at most countable, O \ (AU C) is
also dense. We can therefore choose ey € O\ (AU C) such that

llex+1 — qrs1l|< Tk41. For every finite subset I of C'U{ey, ..., e,} with
card(I) <, we have ex1 & A(I). It follows that C'U{ey, ..., ek, exi1}
is in general position. U
Proposition 6.2. Let n,l € Z>1, and ey, ..., e, € R be a sequence in
general position in R'. If 2n + 1 < I, then the coefficients of an affine
combination Y. | s; - e; whose support is a subset I of {1,...,m} of

cardinality at most n+ 1 are unique. Here, to say that I is the support
means that s; # 0 if and only if i € I.

Proof. Assume that an affine combination 221 t; - e; with support J,
where J is a subset of {1,...,m} of cardinality at most n + 1, is equal
to Y ", s - e;. Then

(61) 281614‘ Z(—tl)ez—k Z(sl—tl)ezzo

ieI\J 1€J\I ieJNl

Considering the coefficients in this equation gives

(6.2) dosit > (—t)+ Y (si—t;)=0.

i€I\J ieJ\I ieJnI

The cardinality of I U J is at most 2n + 2. Since 2n 4+ 1 < [, we have
2n+2 <[+ 1. The general-position assumption therefore implies that
{€;}icrus is affinely independent. Hence s; = 0 on I\ J, ¢; = 0 on
J\I, and s; = t; on I N J. Since s; and t; have supports [ and J,
respectively, we must have [ = J. It then follows that [ = J=1NJ
and s; = t; on I. This proves uniqueness of the coefficients. O

6.2. Function spaces and embeddings.

Definition 6.3. Let X be a topological space and (K, d) a compact
metric space. In this manuscript, C(X, K) denotes the set of all contin-
uous maps from X to K. The supremum metric on C(X, K) induced
by d is denoted by d; thus c?(f, g) = sup,cx d(f(x),g(z)). By our
definition of C(X, K), this metric is finite-valued.

The following standard proposition is stated without proof.

Proposition 6.3. Let X be a topological space and (K,d) a compact

~

metric space. Then (C(X, K),d) is complete and, in particular, is a
Baire space.
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Definition 6.4. Let U be a cover of a topological space X. A map
f € C(X, H) is called a U-map (or U-small) if, for every z € H, there
exist a neighborhood N of z and U € U such that f~'(N) C U. In this
manuscript, E(U) denotes the set of all Y-maps in C(X, H).

Proposition 6.4. Let X be a topological space, U a cover of X, and
(K,d) a compact metric space. Then E(U) is open in C(X, K).

Proof. Fix f € E(U). For every z € K, choose an open neighborhood
N, of z such that f~'(N,) C U for some U € U. Since K is compact,
the cover {N,}.cx has a Lebesgue number r € (0, o).

Let g € C(X,K) satisfy d(f,g) < 27, and fix z € K. Put
M = U(z,27%r;d). Choose p(z) € K such that U(z,r;d) C Ny).
If € g~'(M), then d(z, g(z)) < 23r. Moreover, d(g, f) < 2% im-
plies d(g(z), f(z)) < 27*r. Hence f(z) € U(z,7;d) C Ny). By the
definition of N,), there exists U € U such that f~(N,.)) C U. Thus
x € U. Since x € g1 (M) was arbitrary, g~' (M) C U, which completes

the proof. Il

Proposition 6.5. Let X be a metric space with dimX < n, and let U
be a finite cover of X. Assume that | € Z>y satisfies 2n+ 1 < [, that
K is a compact subset of R' whose interior Int K is convex, and that
CL(Int K) = K. Let d be the metric induced by the norm associated
with the standard inner product on R'. Then E(U) is dense in C(X, K).

Proof. Fix f € C(X,K) and n € (0,00). Cover K by finitely many
open sets O, ..., O, of diameter at most 27'%. Then the family {U N
FHO) |Uel,i=1,...,q} is a finite cover of X. Since dimX < n,
it has a finite refinement V = {V;,...,V,} such that deg(V) < n +
1. Choose functions w;: X — [0,1] whose cozero sets are V;, and
normalize them so that ) ", w; = 1. For example, one may begin
with w;(z) = d(x, X \ V;). Notice that the diameter of f(V}) is at most
2—1077'

Apply Proposition Bl with the dense subset R! and C' = ) to obtain
a dense set £ C R! in general position. For i € {1,...,m}, choose
e; € ENInt K so that d(f(V;),e;) < 27°n. This is possible because
CL(Int K) = K. Define g: X — K by g(z) = > wi(x) - ;. For
every x € X, we have
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If w;(z) > 0, then the estimates for the diameter of f(V;) and the
choice of e; show that the distance between f(x) and e; is at most
(27° + 2710)p. The displayed inequality therefore gives c?( f,9) <n.

We next show that g € E(U). Let R be the set of all convex combi-
nations of at most n + 1 members of e, ..., e,,. It is compact, since it
is a finite union of simplices of dimension at most n, and the image of
g is contained in R. If z € K \ R, take N, to be the complement of R.
Then g~ '(NN,) = 0, so the required condition holds.

Now let z € R. Write 2 = >, ;¢ - e;, where I C {1,...,m},
card(/) < n+ 1, and ¢; # 0. The definition of an affine combination
implies I # (). By Proposition 62, we may choose sufficiently small
e € (0,00) so that, whenever y € U(z,¢;d) N R is written as y =
> ;ai-e;, we have a; # 0 for ¢ € I. If the image of g does not meet
U(z,€;d), its inverse image is empty and the condition for a U-map
holds. Otherwise, put N = U(z,¢;d). For z € X with g(z) € N,
choose 7 € I. By the choice of €, we have w;(z) > 0, and hence = € V;.
Thus g~ *(N) C V;. This proves that g € E(U), and consequently E(U)
is dense in C(X, K). O

For a cover U of a topological space X and = € X, define St(z,U) =
UH{U el |z e U}.

A sequence Uy, ...,U,,... of finite covers of a topological space X
is called a fundamental sequence of covers if {St(z,U,,)} ez, is a
neighborhood base at x for every z € X. -

Lemma 6.6. Every separable metrizable space X admits a fundamental
sequence of covers.

Proof. By the Urysohn metrization theorem, X can be topologically
embedded in [0, 1]%. Thus there is a metric d inducing the topology
of X such that (X,d) is totally bounded. Let U, be a finite cover of
X by open balls of radius at most 27". Such a cover exists because
(X,d) is totally bounded. Then {U,}nez., is a fundamental sequence
of covers. - (|

Proposition 6.7. Let X be a metrizable space, (K, d) a compact metric
space, and {Ui}iezzo a fundamental sequence of covers. Then every
member of (e, E(U;) is a topological embedding.

Proof. ¥ix f € (Niez., E(U;). We first prove injectivity. Let z # y.
By the definition of a fundamental sequence, there exists i € Zsq such
that y ¢ St(x,U;). Since f € E(U;), there exist a neighborhood N of
f(x) and U € Y; such that f~(N) C U. Now y ¢ St(z,U;) implies
y ¢ U, and hence f(y) ¢ N. In particular, f(z) # f(y).

We next prove that f is a topological embedding. Fix x € X and a
neighborhood V' of x. There exists i € Z>( such that St(z,U;) C V.
Since f € E(U;), there exist a neighborhood N of f(x) and U € UY;
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such that f~Y(N) C U. Therefore f~*(N) C St(x,U;) C V. This
proves that f~! is continuous at f(z), and completes the proof. O

We write Emb (X, K') for the set of all topological embeddings from
X into K.

Theorem 6.8. Let X be a separable metric space with dimX < n. As-
sume that | € Z>y satisfies 2n+ 1 <[, and that K is a compact subset
of R! whose interior Int K is convex and satisfies CL(Int K) = K. Let
d be the metric induced by the norm associated with the standard inner
product on R'. Then the set Emb(X, K) of all topological embeddings
from X into K is a dense Gy subset of C(X,K). In particular, ev-
ery finite-dimensional separable metrizable space can be embedded in a
FEuclidean space.

Proof. Combine Propositions 623, 64, and 63 with Lemma BG3. O

6.3. Universal spaces. We next construct a separable metric space
into which every separable metrizable space of dimension at most n
can be embedded.

Let | € Zsg, let X be a topological space, K a subset of R', and
M an affine subspace of Rl. We write Avoid(M) for the set of all
f € C(X, K) such that CL(f(X))N M = 0.

Proposition 6.9. Let X be a metric space with dimX < n, and let U
be a finite cover of X. Assume that | € Z>y satisfies 2n + 1 < [, and
that K is a compact subset of R whose interior Int K is convex and
satisfies CL(Int K) = K. Then, for every affine subspace M of R' of
dimension at most n, the set Avoid(M) is dense and open.

Proof. We first show that Avoid(M) is open. Fix h € Avoid(M). Then
CL(h(X)) N M = (), and CL(h(X)) is compact because K is compact.
Hence, for sufficiently small 7, the distance between CL(h(X)) and

~

M is at least n. If d(f,h) < 27'n, then CL(f(X))N M = (. Thus
Avoid(M) is open.

We next prove density. Fix f € C(X,K). Choose affinely inde-
pendent points ¢4, ..., c, spanning M. Notice that ¢ < n + 1. Apply
Proposition 61 to C' = {¢y,...,¢,} to obtain a countable dense set
E C R! such that C'U E is in general position and C' N E = ). Repeat
the construction in the proof of Proposition 63, with this choice of E,
to obtain g(z) = Y ", wi(x) - ¢;. The proof of Proposition B3 also
shows that g approximates f.

We show that g € Avoid(M). Let R be the set of all convex combi-
nations of at most n + 1 members of ey, ..., e,,. It is compact, since it
is a finite union of simplices of dimension at most n, and the image of
g is contained in R. Proposition 62 and ENC = @ imply RN M = (.
Consequently, CL(g(X)) N M = (, and hence g € Avoid(M). O
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Fix n € Zso. Let N?"*! denote the subspace of [0, 1]*"™! consisting
of all points having at most n rational coordinates; that is, N2"t! =
[0, 1> N M(2n + 1,n). This space is also called the Nobeling space.
We prove that it is a universal space for n-dimensional separable metric
spaces.

Theorem 6.10. Letn € Z>q, and let X be a separable metrizable space

with dimX < n. Then there exists a topological embedding of X into
N%n-i—l.

Proof. For a subset I of {1,...,2n + 1} of cardinality n + 1, say I =
{uh s aun+1}7 and q= (Ch, cee 7qn+1) € Qn+la define

(6.3) M(I;q) ={z e R**" | Vie {l,...,n+ 1}, z,, = ¢}

Then M (I;q) is an n-dimensional affine subspace. By the definition of
NZPHL [0, 1P AN = [0, 1" U, , M (I q). Here I ranges over
a finite set and ¢ over a countable set.

Proposition 623, Theorem BX, and Proposition 624 show that the
following set is dense and Gj:

(6.4) Emb (X, [0, 1]*"1) N () Avoid(M (I; q)).

I,q

It follows that there exists a topological embedding of X into N2#+1. ]

Theorem B® implies that the dimension of N2 is n. We obtain
the following.

Corollary 6.11. Let X be a separable metrizable space with dimX <
0o. Then X has a metrizable compactification Y such that dimX =
dimY .

Proof. Put n = dimX. Choose a map f from the set in (64). Then
the closure Y of the image of f is contained in N2"*1. Moreover, Y is
compact because it is a closed subset of the compact space [0, 1]***1
and it satisfies dimX < dimY < n = dimX. This completes the
proof. Il

Remark 6.1. The book [?] uses Corollary B to prove the equality of
the three dimensions on separable metrizable spaces (Theorem 2729).

7. EMBEDDING MANIFOLDS INTO EUCLIDEAN SPACES

As another application of dimension theory, we prove in this section
that every differentiable manifold can be embedded in a Euclidean
space by a differentiable map.



DIMENSION THEORY OF SEPARABLE METRIZABLE SPACES 45

7.1. Limit sets.

Definition 7.1. Let X be a second-countable, locally compact metriz-
able space. A sequence {x;}iez., is said to tend to infinity, written
x; — o0, if, for every compact subset K, there exists N € Zsq such
that x,, ¢ K for every n € Zso with N < n. Equivalently, z; converges
to the point at infinity oo in the one-point compactification of X.

Definition 7.2. For two second-countable, locally compact metrizable
spaces X and Y and a continuous map f: X — Y, define L(f) by the
set of all y € Y such that there exists {x;}icz., C X such that z; — oo
and f(x;) — y. This is called the limit set of f.

Proposition 7.1. Every second-countable, locally compact Hausdorff
space X admits a sequence {Ki}ielzo of compact subsets satisfying

(7.1) X=J K

iEZZO
(72) Kz C Intx(Ki+1)

Moreover, for every compact subset K of X, there exists m € Zx( such
that K C K,,. This corresponds to choosing a countable neighborhood
base at the point at infinity in the one-point compactification.

Remark 7.1. A space admitting a sequence { K }icz., with the proper-
ties in the preceding proposition is called hemicompact. In general,
every o-compact locally compact Hausdorff space is hemicompact.

The final assertion of Proposition 1 immediately gives the follow-
ing.

Proposition 7.2. Let { K;}icz., be a sequence of compact subsets of X
as in Proposition [71. Then z; — oo if and only if, for every m € Zx,
there exists N € Z>q such that x; ¢ K,, for every i € Z>o with N < i.

We first record the following elementary fact.

Proposition 7.3. Let X and Y be second-countable, locally compact
metrizable spaces, and let f: X — Y be continuous. Then L(f) is
closed in'Y .

Proof. Choose a sequence {Kj;}iez., of compact sets as in Proposi-
tion [0, and let e be a metric compatible with the topology of Y.
Assume that y; € L(f) and y; — y € Y. After passing to a subse-
quence, we may assume without loss of generality that e(y;,y) < 27

For each m € Z>, there exists a sequence {:vl(-m)}iezzo in X such that
2™ = 00 and lim;eo f(2\™) = Y.
Choose a strictly increasing map ¢: Zsg — Z>o so that, whenever

i > ¢(m), we have xgm) ¢ K, and e(yy,, f(xgm))) <27 Put z = x((;()z)
Then z; ¢ K; for every i. Since K; C K;yq, if n > N, then z, ¢
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K. Proposition 2 therefore gives z; — oo. Moreover, e(y, f(z;)) <
e(y i) + e(yi f(z) < 271 Thus f(z) — y, so y € L(f). Hence
L(f) is closed. O

Proposition 7.4. Let X and Y be second-countable, locally compact
metrizable spaces, and let f: X — Y be a continuous injection. Then
f is a topological embedding if and only if L(f) N f(X) = 0.

Proof. First assume that f is a topological embedding. Suppose, to-
ward a contradiction, that L(f) N f(X) # (). Choose y € L(f)N f(X).
Then there exist a sequence {z;};ez., in X and a point x € X such
that z; — oo, f(z;) — y, and y = f(z). Since z; — oo, the sequence
does not converge to any point of X. Thus, although f(z;) — v,

(7.3) Tim f7H(f () # f 7 () (= ).

Hence f~1: f(X) — X is not continuous, contradicting the assumption
that f is an embedding. Therefore L(f) N f(X) = 0.

Conversely, assume that L(f) N f(X) = 0. Now we prove that
f7t: f(X) — X is continuous. It is enough to prove that, for every

A C f(X),
(7.4) S CLs(x)(A)) € CLx(f7(A)).

Let y € CLy(x)(A). There exists a sequence {y; }icz., in A converging
to y. Put z; = f~(y;). Since y € f(X) and L(f) N f(X) = 0, we
have y ¢ L(f), and hence z; /4 oo. Thus {z;}icz., has an accumu-
lation point and consequently a convergent subsequence {To(i) biezsy-
Let x € X be its limit. By continuity of f, we have f(z4u) — f(z).
Since f(24()) = Ys(s) and every subsequence of a convergent sequence
converges to the same limit, we obtain f(z) = y, and hence z = f~(y).
Thus, after passing to a subsequence, f~!(ysu)) — f~'(y). Since this
is a sequence in f~1(A), the required inclusion follows. Therefore f~!
is continuous. U

Proposition 7.5. Let X and Y be second-countable, locally compact
metrizable spaces, and let f: X — Y be continuous. Then f(X) is
closed in'Y if and only if L(f) C f(X).

Proof. If f(X) is closed in Y, then L(f) C f(X) follows immediately
from the definition of the limit set.

Conversely, assume that L(f) C f(X). Let {y;}icz., be a sequence
in f(X) such that y; — y, and choose z; € f~'(y;). If {2;}iez., has a
convergent subsequence, continuity of f implies that its limit x satisfies
f(z) =y, soy € f(X). If it has no convergent subsequence, that is, if
x; — 00, then y € L(f) C f(X). In either case, y € f(X), and hence
f(X) is closed in Y. O

We consequently obtain the following.
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Corollary 7.6. Let X and Y be second-countable, locally compact
metrizable spaces. Assume that f: X — Y is injective. If L(f) = 0,
then f is a closed map and a topological embedding.

7.2. Constructing an embedding. For two C" differentiable mani-
folds M and N, let Emb"(M, N) denote the set of all C" embeddings
from M to N. We now prove the existence of embeddings of manifolds
into Euclidean spaces.

Theorem 7.7. Let N be an n-dimensional C" manifold. Then we have
Emb" (N, R( (n+1)? %) £ 0.

Proof. By Proposition 214, IDim/N < n. In fact equality holds, but we
do not need this sharper estimate. Let A be a cover of N by relatively
compact coordinate neighborhoods. Applying Theorem P21 to A, we
obtain a refinement B and n+ 1 families of open sets Uy, U1, . .., U,, not
necessarily themselves covers, such that each U; is a pairwise disjoint
family and

B=UUU U---UU,.

Using normality of N, we may further assume that CL(V)NCL(W) = ()
whenever V, W € U; are distinct. Enumerate U;, = {U'(k)}iGZZO-

By the shrinking lemma for normal spaces, Lemma [3, choose finite

sequences of families {Vi}7_, and {Wi}}_,, where V;, = {V k)}ieZZO
and W, = {W}’“ Viezo, such that CL(VY) c ™, cL(w®) c v,
and both VyU---UV,, and Wy U ---UW, cover N

Choose Agk) € A so that CL(Vi(k)) C Agk). There are coordinate

charts gb(k) on A(k) with the following propertieS'

(P1) 1£ i # j, then o (CL(V™)) N 6" (CL(V)) = 0.
(P2) If a sequence {x; }Sez>0 in N satisfies z, € V(k
and z; — oo, then (bis (xs) — 00.

for every s € Z>g

Their existence follows by composing with translations in Euclidean
space and using the fact that a compact set meets only finitely many
members of a locally finite family.

For each ¢ and £, let bgk) : N — R be a nonnegative C" function equal
to 1 on V;(k) and to 0 outside Ui(k). Define ) : N — R™ by

gy — {07 @) 6 @) e e U
(@) = 0eR” z ¢ U Uz‘(k)

Notice that 6 | qb(k
Since CL(I/VZ» N c Vi(k ,

(7.5) o (cL (W) <o (V).
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Choose a nonnegative smooth function pl(-k): R"™ — R equal to 1 on

<;$§k)(VVi(k)) and to 0 outside ¢§’“)(1/f’“)). Define n¥): N — R by
76 ) () _ p? o6 (z) we v
(7.6) o (x) = (k)

0eR g U Vi

Then 7® is of class C".
Put [ = (n + 1)? and define &: N — R by

(7.7) d(z) = (09(x),...,0M(x),nO),..., 0™ (x)).

We prove that @ is a differentiable embedding.

First, the differential of ® has full rank. This follows from the fact
that the sets Wi(k) cover N and from the definition of §*).

We next prove injectivity. Assume that ®(z) = ®(y). Since the

sets Wi(k) cover N, there exists k € {0,...,n} such that 0 < n®(z)(=
n®(y)). Thus z,y € Uicz, V¥, Choose i(x),i(y) € Z>o such that

7

T € VZEI;)) and y € Vl((’;; The equality ®(z) = ®(y) also gives 6% (z) =

0™)(y). By the definition of bgk) and the fact that bgk) is 1 on Vi(k),
we see that ) (z) = gbgf;) (z) and 0¥ (y) = gbgfy)) (y). By and
0") (x) = 6% (y), we obtain i(x) = i(y) = io. Since qbg(’f) is a coordinate
chart, we conclude that x = y.

It remains to prove that ® is a topological embedding. Let L(®) be
its limit set. By Proposition [, it is enough to prove that L(®) = ().
Let {zs}sez., be a sequence in N such that z; — oco. After passing
to a subsequence, we may assume without loss of generality that, for
some k € {0,...,n}, we have

(7.8) we |J v

iEZZO

By the choice of the coordinate charts gbgk), we have 0% (z,) — oco. In
particular, ®(x,) — oo. This means that L(®) = (), and completes the
proof. O

Remark 7.2. The proof also shows that ® is a closed map. An appli-
cation of Sard’s theorem gives Emb” (N, R?"1) = (). Using techniques
from differential topology, one can moreover prove that, if 2n +1 <[,
then Emb” (N, R!) is dense in the space of differentiable maps.
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