MEMO: DESCRIBING PERFECT MAPS WITH
PULLBACKS

YOSHITO ISHIKI

In this note, following [1], we describe a characterization of perfect
maps by means of pullbacks. For the parts I did not understand very
well, I also referred to [3].

The English in this manuscript was written with the assistance of
AT tools, including Codex.

1. PULLBACKS

I assume that the readers already know commutative diagrams.
Let X, Y, Z be topological spaces, and consider maps f: X — Z and
g: X = 7.

X
|7
vy 2+ 7
In this situation, a topological space P together with two maps ¢': P —

X and f': P — Y is called a pullback of the above diagram if the
following diagram is commutative,

P x
b
y 2 7
and, whenever another 7', b: T' — X, and a: T' — Y making the dia-

gram commute are given, there exists a unique v making the following
diagram commute.

X
|7
vy 2 7
To indicate that P is a pullback, we write a right-angle symbol as
follows.
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p_2,x

lf’J lf

y 247

The map f’ is sometimes called a base change. The pullback P is
sometimes denoted by X xz ¢, Y or X xz Y.

From the above definition, we see that a pullback, if it exists, is
unique up to isomorphism. We now check several basic facts about
pullbacks of topological spaces.

Theorem 1. In the category of topological spaces, pullbacks always
exist. In other words, in the situation above, the pullback P always
exists. Moreover, as a concrete description of the pullback, we may take

P={(z,y) e X xY | f(z) = g(y) }, with f" and ¢’ the projections.

Proof. Since we have given a concrete description, it is enough to check
commutativity and the universal property. If you move your hands and
compute briskly, it becomes clear. U

Although pullbacks of topological spaces can be written concretely
as above, what seems important is to know what they can be identified
with in special situations.

Proposition 2. The following statements hold.

(A1) In the following diagram, f~'(z) is a pullback. That is, for a
map f: X — Z, when one considers a point y: {*} — Z, the
base change of f is the generalized fiber f=(y).

fily) — X
L)
(x} 2 =Y

(A2) For a continuous map f: X — Y and a topological space S, the
following diagram is a pullback.

XxS —X

|
le1s lf
Y xS 25y
For a continuous map f: X — Y and a subset B of Y, the

following diagram is a pullback. Here .: B — 'Y 1is the inclusion
map.
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(A3)
f71(B) — X
I
B———Y
(A4) For a continuous map f: X — 'Y, the following trivial pullback

diagram holds.
_x

lf lf
y Yy
(A5) Suppose that the following diagram is a pullback.

pP_hyx

|
Lo
y 2= 7
Then for any topological space S, the following diagram is also
a pullback.

Px§ s x«g

_
lvxls lfxls

Y x§ L 748

Proof. Proof of (Al): In the above situation, we have
(1.1) Xoxz{xp ={(e,%) e X x {s} [ f(x) =y }.

Thus X Xz {*} and f~!(y) are homeomorphic to each other.

Proof of (A2): This follows by briskly computing the universal prop-
erty.

Proof of (A3): We have

(1.2) P=XxyB={(x,0)€ X xB| f(z)=ub)}.

Define a: f~}(B) — P by a(z) = (z, f(z)), and define 3: P — f~1(B)
by B(x,b) = x. These maps are inverse to each other, hence P and
f~Y(B) are homeomorphic.

Proof of (A4): This follows by computing the universal property.

Proof of (A5): This follows by briskly computing the universal prop-
erty.

In general, pullbacks commute with limits. In particular, pullbacks
commute with products, so the product of two pullback diagrams is
again a pullback.

Let us end the proof around here. Il

Connecting pullbacks with each other again gives a pullback.



4 YOSHITO ISHIKI

Theorem 3. Consider the situation of the following commutative dia-
gram.

hl

P2y xM,4
_

| SO

y 257 s B

That 1is, in the diagram on the right, assume that X is the pullback
of A and Z over B. Then P is the pullback of the diagram on the left
if and only if P is the pullback of the large outer diagram, namely if
and only if

h

\
7

p 9 4

15 a pullback diagram.

Proof. First suppose that P is the pullback of the small diagram. To
prove the universal property of the large diagram, assume that contin-
uous maps p: T'— A and ¢: T'— Y from a topological space T' make
the diagram commute.

T

p—9 ,x "

s A

_ _
J/f/ J/f:v/ J/’U
h . B

y —9% 7

Then p: T"— A and go q: T' — Z make the diagram consisting of
v:A— Band h: Z — B commute.
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Since X is a pullback, there exists a unique map r: T — X making
the diagram commute.

p—9L X3x M 4

Pl

Y v sz " . B

~

Applying the universal property of Ptor: T — X and ¢: T'— Y, we
obtain a unique map [: T" — P.

s
Q

<
<

b

<—
il
L
<—
~
I
<

<
<
!
.
Ea

Since all of the above diagrams commute, the following diagram also
commutes.

Uniqueness also follows from the uniqueness of  and { (why?). Thus P
is A xg Y. We omit the converse. If one retraces the above operation
in reverse, it should work. Il

By turning the diagram vertically, we also obtain the following.

Theorem 4. Consider the situation of the following commutative dia-
gram.
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P9, x

b
y 4= 7
I
A" B
Then P is the pullback of the small square if and only if it is the
pullback of the large outer diagram.

PLA

|
lv’of’ lvof

y ", B
2. PERFECT MAPS

First, we explain that the base change of an embedding is again
an embedding. In what follows, the word “an embedding” means “a
topological embedding”.

Proposition 5. Consider the following pullback diagram.
P2, x
|
=l
Yy 2 7
If f is an embedding, then f' is also an embedding. Furthermore, if f
is a closed embedding, then [’ is also a closed embedding.

Proof. Since X is embedded, we may regard it as a subset of Z. By
(A3) of Proposition 2, the pullback P is g~!(X). That is, we have

gUx) L x

(
ol
y —2 7

Here f’ is the inclusion map into Y. In particular, it is an embedding.
Also, when f is a closed embedding, the space X is a closed subset of
Z, thus g~ (X)) is a closed subset of Y. Hence f’ is a closed embedding.
This completes the proof. O

Proposition 6. Let X,Y be topological spaces, and let f: X — Y be
a continuous map. Then the following hold.

(T1) X is Hausdorff if and only if the diagonal map Ax: X — X xX
15 a closed embedding.
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(T2) IfY is Hausdorff, then the map I'y: X — X xY;2 — (z, f(x))
to the graph is a closed embedding.

Proof. Proof of (T1): This follows immediately from the equivalence
between the diagonal being closed and X being T5.
Proof of (T2): This follows from the following commutative diagram.

Ly pr
X — X xY — X

- _
lf lf X1y lf
A

y 22y xy 2y

Here note that, by (A4) of Proposition 2, the outer square is a pullback,
and by (A2) of the same proposition, the diagram on the right is a
pullback. Then by Theorem 3, the square on the left is a pullback.
At this point, using Proposition 5 and the fact that Ax is a closed
embedding, we see that its base change I'f is also a closed embedding.
Done. U

Definition 7. A continuous map f: X — Y is called a perfect map
if f is a closed map and, for everyy € Y, the set f~'(y) is compact.

Proposition 8. The following hold.

(K1) If X is compact and Y is Hausdorff, then every continuous map
f: X =Y is a perfect map.

(K2) A space K is compact if and only if the map K — {x} to a
point is a perfect map.

(K3) A space K is compact if and only if, for every topological space
S, the projection pr: S x K — S is a closed map.

Proof. (K1) and (K2) follow from compact Hausdorff-ness.

Using the tube lemma(see Lemma 16 in Appendix), one obtains the
assertion in (K3) that the projection is closed. Next, to complete the
proof of (K3), for a non-compact space X, we construct a space Y such
that the projection 7: X x Y — Y is not a closed map.

Since X is non-compact, there exists an open cover C of X which
has no finite subcover. For this C, define the cardinal x by

(2.1) x = min{card(U) |U C C and U is a cover of X }.

Here card(A) denotes the cardinality of the set A. By the choice of C,
the cardinal & is infinite. By the minimality of x, we can take a cover U
such that k = card(f). Indexing this cover by k, write U = {Uq, } o<k
Now put Y = [0, k] = k+1, and define a family of open subsets {V,, } o<
of Y by V,, = (o, ») = («, k]. We also define a subset O of X x Y by

0= UsxV

a<k
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By definition, for each o < k, we have k € V,. Since {U,}a<x 18 a
cover, for every x € X we have (z,k) € O. Moreover, O is clearly an
open subset of X XY, so

(2.2) F=(XxY)\O

is a closed subset of X x Y. We also see that for every x € X, we
have (z,k) ¢ F. Thus the image under the projection 7: X XY — Y
satisfies k € 7w(F'). Now let us show that 7(F) =Y \{x}. Let § € k be
arbitrary. Since card({U, }a<p) = card(]0, 5)) < &, by the minimality
of x, the family {U,}a<p is not a cover of X. Thus we can take z €
X\ UyepUa- Then

(2.3) (2,8) € | Ua x Ve

a<f

On the other hand, if 5 < «, then 8 € V,, = («, k], so

(2.4) (€,8) ¢ |J UaxVa

Therefore (z, 8) ¢ O, and hence (z, f) € F. This means that 5 € 7(F).
Consequently, we obtain 7(F) =Y \ {x}.

Since k is an infinite cardinal, it is a limit ordinal. Thus, in Y = [0, s],
the point k is an accumulation point; in particular, {x} is not open.
Therefore 7(F) =Y \ {k} is not closed. Consequently, the projection
m: X XY — Y is not a closed map. This finishes the proof of (K3). O

Remark. The statement (K3) is known as Kuratowski-Mréwka’s the-
orem.

We now describe properties of perfect maps by using pullbacks.

Theorem 9. Let X and Y be topological spaces, and let f: X —Y be
a continuous map. Then the following are equivalent.
(P1) the map f is perfect.
(P2) For every space Z, the map f x 17: X X Z =Y X Z is perfect.
(P3) For every g: Y' — Y, the base change f': X' — X is a perfect
map.

X -9 x

[

y -2,y

(P4) For every space Z, the map f X 1z: X X Z =Y X Z is closed.
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(P5) For every g: Y' — Y, the base change f': X' — X is a closed
map.
X — X
b
v 2y

Proof. We prove the implications as follows.

/\

(P1) == (P3) == (P2) == (P4) == (P1)

Proof of (P1) = (P3): First we show that the fibers are compact.
Consider the following diagram. Take an arbitrary p € Y’, and put ¢ =
g(p) € Y. The out ermost diagram is a pullback by (A1) of Proposition
2, and the diagram on the right is a pullback by the assumption (P1).

F ) —— X —— X

|
R
q

Therefore, by Theorem 3, the square on the left is a pullback. This
pullback should be (f")~!(p), hence (f')~'(p) and f~!(g) are homeo-
morphic to each other. Thus the fibers of f’ are compact.

Next we show that f’ is a closed map. At this point in the story
of perfect maps, we somehow get through it by the power of general
topology.

(2.5) X' = {(2,0) € X x V' | f(x) = g(a) }

and note that f': X — Y’ is the projection. Let A be a closed subset
of X'. Take p & f'(A). Note that p € Y’. Then

(2.6) (f M g(p) x {p}) N A=0.

Indeed, if there were an intersection, it would contradict p & f'(A).
Since f is perfect, f~1(g(p)) is compact, and hence f~1(g(p)) x {p} is
also compact. By the tube lemma (see Lemma 16 in Appendix), there
exist open sets V' C X and W C Y’ such that (V x W)N A = and
fHg(p)) x {p} €V x W. Now, since f is a closed map, if we put
O =Y\ f(X\V), then this is an open subset of Y (this operation called
the small image). Put P = ¢7'(0O) C Y’, and set G = PNW. We now
prove that G is a neighborhood of p and does not meet f'(A). First,
let us show that P is a neighborhood of p. Since f~'(g(p)) € V, we
have f~'(g(p)) N X\ V = 0. Hence g(p) & f(X \ V). Therefore g(p) €
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Y\f(X\V),sope g (Y\f(X\V))= P. Thus G is a neighborhood
of p. Next we show that GN f'(A) = 0. For ¢ € G, we have ¢ € W and
9(q) € Y\ f(X\V). Thus g(q) ¢ f(X\V),s0 [ (g(0))N(X\V) = 0.
That is, f~*(g(q)) € V. Hence f~'(g(q)) x {¢} € V x W. Since
(VxW)NnA=10, we have ¢ ¢ f'(A). Thus G and f(A) have empty
intersection. By the arbitrariness of p, the complement of f'(A) is
open, so f'(A) is closed. In other words, f’ is a closed map.

Proof of (P3) = (P2): Consider the following diagram. By (A2) of
Proposition 2, this is a pullback. Therefore, by (P3), the map f x 1,
is perfect.

Xx7Z-2sXx

_
lfx 1z lf
YxZ-—"5Y
The implication (P2) = (P4) is obvious.
The implication (P3) = (P5) is obvious.
Proof of (P5) = (P4): This is the same as the proof of (P3) =
(P2). Namely, consider the following diagram. By (A2) of Proposition
2, this is a pullback. Therefore, by (P5), the map f x 17 is closed.

Xx7Z-2sXx

|
le1Z lf
YxZ-—"5Y
Proof of (P4) = (P1): Taking Z = {x}, we see that f is a closed

map. Next we prove that f~'(p) is compact. Let S be an arbitrary
topological space.

i) — X
L2 )
{x} —r sy

The above diagram is a pullback, so the following diagram is also a
pullback (by (A5) of Proposition 2).

) xS —— X xS

|
lv lfxls
S —>(p’15) Y xS

By Proposition 5 and by the fact that (p, 1g) is a closed embedding,
the map h is also a closed embedding. Moreover, by (P4), the map
f x 1g is also closed. We now show that v is a closed map. If A is a
closed subset of the upper-left space, then {p} xv(A) = (f x1g)(h(A)).
By what we have accumulated so far, the right-hand side is closed.
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Thus {p} x v(A) is closed in the subspace {p} x S. Hence v(A) is a
closed subset of S, and it follows that v is a closed map. Therefore, by
the arbitrariness of S and by (K3) of Proposition 8, the fiber f~(p) is
compact. Thus f is a perfect map. This completes the proof. Il

Corollary 10. Let f: X — Y be a perfect map. Then for every subset
B of Y, the restricted map f|p-1py: f7H(B) — B is perfect.

Proof. Consider the following diagram. Here v = f|;-1(p).

f1(B) X x

lv - f

B—h" vy

Since this diagram is a pullback, v is a perfect map. O

Lemma 11. Let f: X — Y and g: Y — Z be perfect maps. Then
go f: X — Z is also perfect.

Proof. Take an arbitrary h: A — Z and consider the following diagram.

P, X

IO

Q ——Y

_l
prob
Atz
Then, by (P5) of Theorem 9, f" and ¢’ are closed maps. Hence their

composite ¢’ o [’ is also a closed map.
Therefore, in the pullback diagram

P, X

_
lg/Of’ lgOf

Q —— 7

the map ¢’ o f’ is always closed, and so, again by 9, the map go f is
perfect. 0

Corollary 12. Let f: X — Y be a perfect map, and let K be a compact
subset of Y. Then f~Y(K) is a compact subset of X.

Proof. Put g = fly~1x): [7'(K) — K. This is a perfect map by
Corollary 10. Also K — {x} is a perfect map by (K2) of Proposition
8. By Lemma 11, the composition of these two maps, f~1(K) —
{x}, is perfect. Therefore, again by (K2) of Proposition 8, f~}(K) is
compact. ]
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Theorem 13 ([7, Theorem 1.1]). Let X, Y be topological spaces, and
let Z be a Hausdorff space. Let f: X — Y be a perfect map and let
g: X — Z be a continuous map. Then (f,qg): X =Y X Z is a perfect
map.

Proof. The map (1x,¢g): X — X x Z is a closed embedding because Z
is Hausdorff (Proposition 6). In particular, it is perfect. Moreover, the
map fx1y: X xZ — Y x Z is perfect ((P2) of Theorem 9). Therefore
their composite, (f,g), is also a perfect map (Lemma 11). O

Theorem 14 ([7, Corollary 1.4]). Let A, B,C be topological spaces,
and assume that B is Hausdorff. Let a: A — B be a continuous map
and let : B — C be a perfect map. If Boa: A — C is a perfect map,
then « is also a perfect map.

Proof. T could not think of a proof using pullbacks, so I give an ordinary
proof. Put v = (o, foa): A — B x C. Since B is Hausdorff, the map
7 is perfect (Theorem 13). Let Gg C B x C be the graph of 3. Then
pr: Gg — B is a homeomorphism. In particular, it is perfect. Since
v(A) C Gz and a = pr o, it follows that « is perfect. U

In this note, when we say a space is completely regular, we mean
it in the sense that assumes 77. Also, the symbol X denotes the
Stone-Cech compactification of a topological space X.

Theorem 15. Let X and Y be completely regular spaces, and let
f: X =Y be a continuous map. Then the following are equivalent.
(Q1) the map f is perfect.
(Q2) There exist a compact space K and a closed embedding i: X —
Y x K such that f =proi. Herepr: Y x K =Y.
(Q3) The following diagram is a pullback. Here g and g are the
natural embeddings.

x 1 4y

b

8x 2 gy

(Q4) Let an arbitrary compactification of Y be denoted by nY . Then
the following diagram is a pullback.

x 1,y

b

Bx 2y

(Qb) Let vX and nY be compactifications of X and Y, respectively,
which moreover make the following diagram commute. Then
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the following diagram is a pullback.

x 1 4y

b

WXW—f>77Y

(Q6) In the same situation as condition (Q3), we have

BHHY) =X

(Q7) In the same situation as condition (Q4), we have

(B)7(V) = X.

(Q8) In the same situation as condition (Q5), we have

(YY) = X

Proof. Proof of (Ql) = (Q2): Consider the following commutative
diagram.

X <25 X xBX X5 X

pa et |

Y x X 25 Y

The morphism extending from X to X becomes the identity map when
composed. Thus, taking K = X, (Q2) is satisfied.

Proof of (Q2) = (Q1): This follows from (K3) of Proposition 8 and
Lemma 11.

Proof of (Q3) vV (Q4) V (Q5) = (Q1): Maps such as ff and ~vf are
continuous maps between compact Hausdorff spaces, hence are perfect
maps. The conclusion follows from this and (P3) of Theorem 9.

Proof of (Q1) = (Q3) A (Q4) A (Q5):

Since (Q5) = (Q3) A (Q4), it is enough to prove (Ql) = (Q5).

Consider the following diagram. After constructing @), we construct
P.

p_—" . x

b

Q ——Y
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Since g: Y — nY is an embedding, the space () is homeomorphic to
(vf)~1(Y). Thus we obtain the following diagram.

p—r 4 x

L
(V)HY) ——= Y
P b

X 2 gy

Here v’ is the inclusion map.
By (P3) of the preceding Theorem 9, the map f’ is perfect. Similarly,
the map ~f is perfect, so the map h is perfect, and b’ is also perfect.
Since there is the obvious embedding v': X — SX, the following
diagram holds.

Therefore, by the universal property of (), there exists a unique r: X —

Q.

X /b{\
oo p—M X
bl
v (VYY) = Y
J» [

7X7—f>77Y

Furthermore, by the universal property of P, there exists a unique
[: X — P.
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P—" X
|

lf’ lf
(W ))TNY) ——= Y

ook
v X B E AN ing
Here ¢ ol = 1x, and ¢ and 1x are perfect maps. Therefore, by
Theorem 14, the map [ is also perfect. Furthermore, since r = f’ o[,
we see that r is also a perfect map.

Now X C (vf)~'(Y), so there is an inclusion map X — (Bf)*(Y).
If we replace r by this map in the diagram, the commutative diagram is
still satisfied. Thus, by the uniqueness of r, the map r is the inclusion
map X — (vf)"}(Y). Since X is dense in 7X, it is in particular dense
in (7f)"Y). We have now seen that r is a perfect map, hence in
particular a closed map, so X is a closed subset of (vf)™'(Y). By
density, we see that X = (vf)~}(Y). As a result, we conclude that r is
the identity map. Moreover, by commutativity of the diagram, h = f.
Thus we finally obtain the following diagram.

X 1 .y

[
v X SEAN ny

This means that (Q5) holds.

Proof of (Q5) = (Q6) A (QT7) A (Q8): Since (Q8) = (Q7) A (Q8)
holds, it is enough to prove (Q5) = (Q8). This is similar to the proof
above of (Q1) = (Q5), but let us explain it anyway instead of being
lazy.

x 1,y

1
X 2 ny

is a pullback, and the diagram:

(Wfly—1)

g L0y

(V)Y

[
7X7—f>nY
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is also a pullback. It follows that X = (vf)~1(Y).

Proof of (Q6) V (Q7) V (Q8) = (Q1): This follows from the fact
that Sf and v f are perfect maps and from Corollary 10.

This completes the proof. Il

Remark. The conditions (Q6), (Q7), and (Q8) of Theorem 15 are
respectively equivalent to

(1) BF(BX N\ X) = clgy (f(X)) \ f(X),
(2) BF(BX\X) = clyy (f(X)) \ [(X),
(3) 7 f(y X\ X) = clyy (F(X))\ F(X).

When f is surjective, these become

(1) BF(BX\X) =pBY \Y,

(2) BFBX\X) =nY \Y,

3) 7 (X \X) =nY \ Y.
In other words, the image of the remainder of the compactification is
equal to the remainder of the target.

3. APPENDIX

Lemma 16 (The tube lemma). Let X be a topological space, K be a
compact space, v € X and U be an open set of X x K. If U contains
{z} x K, then there ezists a neighborhood N of x such that N x K C U.

Proof. Since K is compact and U is open, we can take finite open
neighborhoods Oy, ..., 0, of x and open subsets Vi,...,V,, such that

(3.1) {z}xKc|Jo;xVicU
=1

Puting N = (., O; finishes the proof. O

A continuous map f is called a proper map if the inverse image
under f of every compact set is compact.

A space X is called a k-space if, for a subset A of X, A is closed
if and only if, for every compact subset K, K N A is closed in K.
In other words, the quotient topology induced by the family of maps
{tk: K = X}ieptin x agrees with the topology of X itself. Such a
space is also called compactly generated.

A topological space X is called weakly Hausdorff if every compact
subset is closed.

Proposition 17. Let X be a topological space, and letY be a compactly
generated weakly Hausdorff space. Then a continuous map f: X =Y
15 a perfect map if and only if it is a proper map.

Proof. First assume that f is perfect. Then, by Corollary 12, f is
a proper map. Conversely, assume that f is proper. Then, by the
definition of a proper map, each fiber of f is compact. We now show
that f is a closed map. Let A be an arbitrary closed subset of X. It
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is enough to show that f(A) is closed in Y. Let K be an arbitrary
compact subset of Y. Then

(3.2) FA)NK = f(An f7H(K))

holds. (This formula is called the projection formula, and it always
holds for a map between sets and their subsets.) Since f is proper,
f7YHK) is compact, and since A is closed in X, the set AN f~}(K) is
closed in f~!(K). In particular, it is compact. Therefore f(ANf~'(K))
is also compact. Thus f(A) N K is a compact subset of Y. Since Y is
weak Hausdorff, f(A) N K is closed. By the arbitrariness of K and the
fact that Y is a k-space, f(A) is closed. Hence f is a closed map, and
consequently a perfect map. Ul

Remark. In [1], Tomoki Yuji explained to me the properties of perfect
maps with pullbacks, and every space was assumed to be completely reg-
ular. Perhaps the category of completely reqular spaces has a somewhat
scheme-like flavor. In the present document, I have modified the argu-
ment so that, except for the final theorem, the proofs are carried out as
much as possible for general topological spaces. As a result, the proof
of Theorem 9 may have become a strange one in which the implications
are proved one by one.

Remark. According to [7], (Q2) of Theorem 15 seems to have been
found in [6, Theorem 1] and [8, Theorem, p.21]. According to [5], (Q3)
of Theorem 15 seems to have been found in [4, Lemma 1.5].
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