THE TOPOLOGY OF GROMOV-HAUSDORFF SPACE

YOSHITO ISHIKI

ABSTRACT. This paper is divided into four parts. We prove that the
Gromov-Hausdorff space is homeomorphic to the Hilbert space. In Part
I, we construct an assignment of a full-support probability measure to
every nonempty compact metric space that respects isometries and is
continuous for simultaneous Hausdorff convergence of the spaces and
weak convergence of the measures. In Part II, we use these measures to
construct finite-dimensional local models whose induced pseudometrics
approximate the original distances uniformly and whose norms and point
maps vary continuously up to orthogonal changes of coordinates. In Part
II1, we use the local models to prove that the Gromov—Hausdorff space is
an absolute retract for all metrizable spaces. In Part IV, we establish a
discrete approximation property and conclude that the space of isometry
classes of nonempty compact metric spaces is homeomorphic to the real
separable infinite-dimensional Hilbert space.
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1. INTRODUCTION

The Gromov—Hausdorff distance permits compact metric spaces with dif-
ferent underlying sets to be compared in a single metric space. Let M denote
the space of isometry classes of nonempty compact metric spaces with dis-
tance GH. Its points range from finite spaces to compact spaces of arbitrary
dimension. We study the topological type of M. Antonyan records the ques-
tions whether M is an absolute retract and whether it is homeomorphic to
¢2 in [B, p. 2]. For each positive integer n, Antonyan identifies the subspace
represented by compact subsets of R” with the Hilbert cube minus a point
[6, Corollary 5.3].

The author constructed families of branching Gromov—Hausdorff
geodesics continuously parametrized by the Hilbert cube [20, Theorem 1.3].
The author also constructed topological embeddings of arbitrary compact
metrizable spaces, with finitely many distinct prescribed values, into the
subsets of M consisting of continua [21, Theorem 1.1], spaces with prescribed
dimensions [22, Theorem 1.3], and compact metric trees [23, Theorem 1.1],
respectively.

The subspaces of M consisting of finite metric spaces also have a precise di-
mension theory. Nakajima, Yamauchi, and Zava [32, arXiv v1, Theorem A]
prove that the subspace of spaces with at most n points has topological di-
mension n(n—1)/2. Nakajima and Shioya [31, arXiv v1, Main Theorem 1.2]
construct a compact metrizable space containing a dense topological copy of
M. For metric measure spaces, Kazukawa, Nakajima, and Shioya [26, arXiv
v1, Theorems 1.4-1.6] prove contractibility and local path connectedness for
both the box and concentration topologies. Our classification concerns the
ordinary unmeasured Gromov—Hausdorff topology.

The relation between Gromov-Hausdorff geometry and hyperspaces is use-
ful for this question. Mémoli and Wan [29, arXiv v2, Theorem 1] prove that
every Gromov—Hausdorff geodesic can be realized as a Hausdorff geodesic
of compact subsets of one compact metric space. Curtis [12, Theorem 1.6]
proves, in particular, that the hyperspace of nonempty compact subsets of
a Banach space, equipped with the Hausdorff metric of its norm, is an ab-
solute retract. In the present paper, we construct approximations to the
identity of M through hyperspaces of nonempty compact subsets of Banach
spaces, modulo compact groups. These approximations lead to the following
classification.

Theorem 1.1 (Theorem ) The space M is homeomorphic to the real
Hilbert space 2.

The proof establishes two topological properties. We first prove that M is
an absolute retract for metrizable spaces. We then approximate maps from
countably many compact domains so that their images form a discrete family.
The combination satisfies the characterization of Hilbert space topology in
B4, p. 248, assertion (i)], with the correction in [35, Section C].
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The interpolation result in [25, Theorem 1.1] controls the uniform error
when extending prescribed metrics from a discrete family of closed subsets
of a fixed metrizable space. The absolute retract argument here requires
compatible approximations of the metrics on varying compact spaces. For
this purpose, we construct a full-support probability measure on each com-
pact metric space, invariant under all its isometries. The measures depend
continuously on the space for Hausdorff convergence of the underlying sets
and weak convergence of the measures in a common compact ambient space.
Finite spectral subspaces of the corresponding distance operators then ap-
proximate the distance functions. These operators and their spectral coor-
dinates were studied by Maria, Oudot, and Solomon [28, Section 3]. For
our local models, we approximate distance functions uniquely in finite LP
norms on whole spectral subspaces. The coordinate ambiguity is an orthog-
onal group, which can be retained in an orbit space. A partition of unity
combines these local constructions into global approximations.

Multiplication by a sufficiently short interval and a sufficiently small finite
equilateral space changes the Gromov—-Hausdorff distance by a controlled
amount. Raising the product distances to distinct powers distinguishes the
resulting spaces by the Hausdorff dimensions of their connected subsets.
Increasing the cardinalities of the finite factors prevents the images from
accumulating in M.

The main theorem also clarifies the local contraction question. We use
local contractibility in the sense that every neighborhood U of a point con-
tains a neighborhood V whose inclusion into U is null-homotopic. The
homeomorphism in implies the stronger existence of a basis
of open neighborhoods which strongly deform onto their centers. This con-
clusion is topological and does not prescribe the neighborhoods as balls for

GH.
Organization. The introduction and provide the common back-

round for four parts. Each part also has its own preliminaries, in Sections H#,
li @ and [L3, respectively. Part ﬂ, introduced in Section 3 and developed in
m constructs continuous invariant probabilities. Part ﬁ, introduced
in and developed in Section §. uses these probabilities to construct
finite-dimensional local models. Part [[11, introduced in Section 9 and devel-
oped in , combines the models into global approximations and
proves the absolute retract property. Part [V], introduced in Section 12 and
developed in Eection 14&, proves the discrete approximation property and
completes the proof of [[heorem 1.1]. Section 15 concludes with questions

about related spaces and the geometry of GH balls.

Conventions and notation. All metric spaces (X,d) represented by
points of M are nonempty and compact. We identify such a pair with its
isometry class when it occurs in M. The symbol X denotes its underlying set,
with the topology induced by d. Subscripts on constructions such as mx 4
refer to the specified pair (X,d). When isometric embeddings into (Z,h)



THE TOPOLOGY OF GROMOV-HAUSDORFF SPACE 5

are specified, we use the same letters for the embedded subsets and their
restricted metrics. The notation idx denotes the identity map on X. We
omit the subscript when the domain is specified. Banach and Hilbert spaces
are real unless complex scalars are explicitly indicated. The notation K(X)
denotes the set of nonempty compact subsets of X. For a specified metric d,
we equip it with the Hausdorff metric H[d|. The notation Prob(S) denotes
the Radon probability measures on a metrizable space S with the topology
of weak convergence against bounded continuous functions. An isometric
embedding f: (X,d) — (Y,e) is a map satisfying e(f(z), f(y)) = d(z,y)
for every z,y € X. In this paper an isometry means a surjective isometric
embedding. We use Z>o = {0,1,2,...} as the index set of sequences unless
stated otherwise.

Use of AI. OpenAl Codex, based on GPT-6, was used to explore and de-
velop the mathematical constructions and proofs, search the literature, and
prepare the exposition and I¥TEX source. The author has verified all mathe-
matical arguments, understands the proofs and constructions, and takes full
responsibility for the mathematical content and the final manuscript.

Acknowledgements. The author was supported by JSPS KAKENHI Grant
Number JP24KJ0182.

2. COMMON PRELIMINARIES

We recall metric convergence and compactness, comparison of metric quo-
tients, and weak convergence of probability measures. The final subsection
fixes the contraction and absolute extension terminology.

2.1. Gromov—Hausdorff convergence and compactness. We begin
with the correspondence description of the distance and compactness
criteria.

For a metric space (X, d), a point x € X, and a radius r > 0, we write

B(z,r;d) ={y € X | d(z,y) < r}.
For a subset A C X, we put
distg(z, A) = inf d(z,y), distg(z, ) = oc.
yeEA
We denote by K(X) the set of all nonempty compact subsets of X. The
Hausdorff distance on this set is defined by
Hld]: K(X) x K(X) — [0, 00),

H[d](S,T) = max {sup distgq(z, T), sup dist4(y, S)} .
TES yeT

The Vietoris topology on K(X) has a basis consisting of the sets

{S’G/C(X)

sclJu, SﬂUﬁé@(lgiém)},

=1
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where m > 1 and Uq,...,U,, are open subsets of X.

Theorem 2.1 ([8, Exercises 2.2.11(a), (b) and 3.2.9]). Let (X, d) be a metric
space. Then the Hausdor(f distance induces the Vietoris topology on K(X).
If X is separable, then K(X) is separable.

A subset A C X is an e-net, where € > 0, if
VeeX 3Jze€A dz,z)<e.

It is a finite e-net if it is finite. Every compact metric space admits a finite
net at each positive scale.

A correspondence between nonempty sets X and Y is a subset of X x Y
whose two coordinate projections are surjective. For metric spaces (X, d)
and (Y, e), the distortion of a correspondence R is

dis(R) = sup {|d(zo, z1) — e(yo.y1)| | (z0,%0), (z1,91) € R}.

Theorem 2.2 (11, Theorem 7.3.25]). For nonempty compact metric spaces
(X,d) and (Y, e), the Gromov-Hausdorff distance satisfies

GH((X, d), (Y, e)) = %i%fdis(R). (2.1)

Equivalently, it is the infimum of the Hausdorff distances between isometric
copies of (X,d) and (Y,e) in a common metric space.

The next construction controls each pair in a prescribed correspondence.
We use it below to embed a convergent sequence of compact metric spaces
into one compact metric space.

Lemma 2.3. Let (X,d) and (Y,e) be nonempty compact metric spaces, let
R C X XY be a correspondence, and let n > 0 satisfy dis(R) < 2n. Then
there is a metric h on the disjoint unton X UY extending both metrics such
that

hz,y) <n ((z,y) € R).
In particular, HA)(X,Y) < n.

Proof. We use the construction in [11, proof of Theorem 7.3.25, pp. 257-258|.
Retain the original metrics on each component and set
h(z,y) = inf (d(x,xo) +n+ e(yg,y)) (xe X, yey).
(wo,yo)ER

Define the reverse distances by symmetry. Cross distances are at least n
and are finite. The triangle inequalities with a cross distance on the left
follow from those for the original metrics and the infimum formula. For the
other type of triangle, take z,z1 € X, y € Y, and (20, v0), (z2,y2) € R. The
distortion bound implies

d(z,x1) < d(x,20) + d(x0, ¥2) + d(22,21)
< d(z,x0) + 1+ e(yo,y) + e(y, y2) + n + d(x2, z1).
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Taking the two infima proves the required inequality. Interchanging the
components proves its counterpart. Finally, using the pair (z,y) itself in the
infimum proves the asserted bound on matched points. O

Theorem 2.4 (Consequence of [11, Proposition 7.4.12]). If (X;,d;) —
(X, d) in M, then for every e > 0 there is a positive integer m such that each
X admits an e-net of cardinality at most m.

A subset of a metric space is called c-separated if the distance between
any two distinct points is at least c.

Corollary 2.5. Let (X;,d;) — (X,d) in M, and let ¢ > 0. Then there
is a positive integer m such that every c-separated subset of every X; has
cardinality at most m.

Proof. By Theorem @, choose c¢/3-nets in all X; with a common cardinality
bound m. Each ball of radius ¢/3 contains at most one point of a c-separated
subset. Thus the same bound applies to these subsets. [l

We use the following standard property of the Gromov—-Hausdorff space
M.

Lemma 2.6 ([37, author’s manuscript, p. 768]). The metric space (M,GH)
is complete and separable.

Lemma 2.7. Every Cauchy sequence {(X;,d;)}jez-, in M admits isometric
embeddings into a compact metric space (Z,h) whose images converge in
Hausdorff distance to a nonempty compact subset. If its Gromov—Hausdorff
limit is (X,d), then we may also embed (X,d) and obtain

where the spaces are identified with their images.

Proof. By , the Cauchy sequence has a limit (X, d). Set
€j = Q’H((X], dj), (X, d)) + 277,
By the correspondence formula in , choose a correspondence

between each term and the limit with distortion less than 2¢;. By Lemma .3,
we obtain a metric h; on X; LU X extending both metrics and satisfying

H[R;) (X5, X) <ej.

The metric gluing lemma [37, author’s manuscript, Theorem 27.2] allows
these couplings to be joined along their common copy of X. Each finite
stage preserves the metrics already constructed, so the union carries a metric
preserving all the embeddings and bounds. For every n > 0, there is an
index jo such that X; lies within distance 1/2 of X for every j > jo. A
finite 77/2-net in X therefore covers the tail by balls of radius 7. The finitely
many earlier compact spaces also admit finite nets. Thus the union is totally
bounded, and its completion is the required compact ambient space. O
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We also record the compactness criterion used for families of functions.

Theorem 2.8 (Arzela—Ascoli, [30, Theorem 6.26]). Let (X, d) be nonempty
and compact, and let (Y, e) be complete. Equip the set C(X,Y") of continuous
maps with the uniform metric
doo(f,9) = sup e(f(z), g(x)).
zeX

Then a family F C C(X,Y) has compact closure if and only if its combined
image Ufef f(X) is totally bounded and the family F is equicontinuous.
Here equicontinuity means that for every € > 0 there is n > 0 such that

e(f(z), fly) <e whenever f e F, z,yeX, dz,y) <n.

The cited theorem characterizes total boundedness in the uniform metric.
Completeness of the target (Y, e) implies completeness of the function space
C(X,Y) with the uniform metric d, which yields the formulation in terms
of compact closure above.

2.2. Pseudometrics and metric quotients. We record estimates that
remain applicable when distinct points are identified.
The diameter is continuous on M, since
|diam(X, d) — diam(Y, e)| < 2GH((X,d), (Y, ¢)).

A continuous pseudometric g on a compact space X defines the equivalence
relation « ~y y if ¢(z,y) = 0. Its metric quotient is

[(X.ql = (X/~¢, @),  a([z], [y]) = a(z,y).
This quotient is compact. When g is a metric, it is isometric to (X, q). The
comparison of a pseudometric quotient with a metric on the same set appears
in the author’s [22, Proposition 2.12]. We use the following correspondence
form, which also compares two metric quotients.

Lemma 2.9. Let X,Y be nonempty compact spaces and R C X XY a
correspondence. For continuous pseudometrics ¢ on X and r on'Y, put

Ag(g,r) = sup |q(z0, 21) — (Yo, y1)|-
(w0,y0),(w1,y1)ER
Then
gH([Xv Q]v [Y7 T]) < lAR(Qa 7").
If qo, q1 are continuous pseudometrics on X and ro,r1 are continuous pseu-
dometrics on'Y, then
llao — q1llos — lIro = T1llsc| < Ar(go,0) + Ar(qr, 1),
ARr((1 —1t)q0 + tqr, (1 —t)ro +tr1) < (1 —t)ARr(qo,70) +tAR(q1,71)
for 0 <t < 1. In particular, on a common compact space,

gH([Xa QO]a[Xv Q1]) < %HQO—Q1||oo- (22)
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Proof. Let mx: X — X/~g and 7y : Y — Y/~, be the quotient maps. The
set

{(mx(z), 7y (y)) | (z,y) € R}
is a correspondence because both quotient maps and both coordinate pro-
jections of R are surjective. For two of its elements, the difference of the
quotient distances is

|Q(x07 .131) - ’I”(yo, 2/1)’ < AR(qa ’I”).
The correspondence formula in proves the first bound.
For the uniform-norm estimate, fix (xg, o), (x1,y1) € R. The triangle
inequality on the real line implies

lgo(z0, 1) — q1 (o, 21)] < |ro(yo, y1) — 71(yo, y1)|
+ Ar(qo,r0) + Ar(q1,7m1).

Every pair in X x X has corresponding points in Y x Y. Taking the supre-
mum therefore bounds ||go —q1|so by [|70—71/cc Plus Ar(qo,70)+AR(q1,71)-
Interchanging the carriers proves the reverse bound, and hence the absolute-
value estimate in the statement.

For interpolation, the difference at the same two corresponding pairs is

(1 —¢)(qo(z0, 1) — ro(yo, y1))
+ t(q1(z0, 21) — 1 (Y0, 1))-
Its absolute value is bounded by the weighted sum of the two errors, since
both weights are nonnegative. Taking the supremum proves the interpola-

tion estimate. Finally, on a common carrier use R = {(z,z) | z € X}. Its
error is exactly ||go — ¢1|loo, Which proves (R.9). O

The following theorem allows us to refine open covers by balls of a con-
tinuous pseudometric.

Theorem 2.10 ([24, Theorem 2.1]). Let X be a paracompact Hausdorff
space, and let U be an open cover of X. Then there exist a continuous
pseudometric R: X x X — [0,00) and a number r > 0 such that the family
{B(z,7;R)}zex refines U.

2.3. Probability measures and weak convergence. We collect the
measure-theoretic tools used for averaging probabilities and comparing
distance operators on varying compact spaces.

For a metrizable space S, let B(.S) be its Borel o-algebra. A finite Borel
measure p on S is called Radon if it is inner regular by compact sets, meaning
that

w(A) =sup{u(K) | K C Ais compact} (A e B(S5)).
The notation Prob(S) denotes those Radon measures with total mass one. A
probability law on S means an element of Prob(S). For Radon probabilities
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i € Prob(S) and v € Prob(T), the notation p ® v denotes their product
probability on S x T'. It is characterized by

(1®v)(Ax F) = p(A(F) (A €B(S), FeB(T)).
For a Radon probability p € Prob(S), its support is
supp(u) = {x € S| u(O) > 0 for every open O C S with z € O}.
We say that p has full support if supp(u) = S. Equivalently,
VO C S open and nonempty u(O) > 0.

If f: S — T is continuous and p € Prob(S), its pushforward is the prob-
ability f.u defined by

(fer)(A) = u(fH(A) (A€ B(T)).
For a nonempty metrizable space S, we write
Cy(S) ={p: S — R | ¢ is continuous and bounded},

¢lloe = sup |¢(z)].
resS

For any compact metric space X, we define
C(X)=C(X,R)={yp: X = R | ¢ is continuous}, lolloo = max lo(z)].
re

This is a real Banach space. Replacing the scalar field by C defines the
complex Banach space C(X,C).

We equip Prob(S) with the weak topology, the coarsest topology for which
all maps

Prob(S) 5 R,  p /SW (¢ € Cy(S))

are continuous. We write p; — p weakly when

/wduj —>/<pdu (p € Cy(9)).
S S

On a compact space all continuous functions are bounded. For bounded
complex continuous test functions the same convergence follows by applying
the definition to their real and imaginary parts.

We construct averages of measures by specifying their integrals of contin-
uous functions. The following representation theorem makes this procedure
well defined.

Theorem 2.11 (Riesz—Markov-Kakutani, [§, Theorem 7.10.4 and Corol-
lary 7.10.5]). Let (X,d) be a nonempty compact metric space. Let

L:C(X,R) =R
be a linear functional satisfying

L(p) >0 whenever ¢ > 0, L(1) =1,
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where 1 denotes the constant function with value one. Then there is a unique
Radon probability p € Prob(X) such that

L) = /X pdp (p € C(X,R)).

Positivity and normalization imply |L(p)| < ||¢]|cc, so the functional L
is automatically continuous. The cited representation theorem applies, and
evaluating at the constant function 1 proves that the representing measure
1 has total mass one.

Theorem 2.12 (Portmanteau, [§, Theorem 8.2.3, Corollary 8.2.4(a)]). Let
S be a metrizable space and let pi,p; € Prob(S) for j € Zx>o. Then the
following conditions are equivalent.

(P1) For every ¢ € Cy(S5),

lim @duj:/god,u.
S S

j—o0
(P2) For every closed subset ' C S,
limsup p1;(F) < p(F).
Jj—o0
(P3) For every open subset O C S,
1(0) < liminf 11;(0).
j—00

We shall also use the following consequence for measures on varying com-
pact sets.

Lemma 2.13. Let S;,S be nonempty compact subsets of a compact metric
space (Z, h) with H[R](S;,S) — 0. If pj — p weakly in Prob(Z) and p;(S;) =
1, then p(S) = 1.

Proof. For every r > 0, the open set O, = {z € Z | disty(z,5) > r}
is disjoint from S; for all sufficiently large j. The Portmanteau theorem
(Theorem ) implies 1(O,) < liminf; pj(O,) = 0. Taking the union over
r=1,1/2,1/3,... proves the assertion. O

For probabilities on a compact metric space (Z, h), we use the Prokhorov

distance
p(A) < v(A") +,
p — inf
[h)(n,v) = in {77 >0 v(A) < u(A") +n for every Borel AC Z |’

where A" = {x € Z | dist;(z, A) < n}. This is a metric on Prob(Z) and
induces weak convergence [33, author’s manuscript, Definition 1.12, Propo-
sition 1.13 and Lemma 1.15]. Prokhorov distance is unchanged when both
measures are pushed forward by the same isometric embedding. Every Borel
probability on a Polish space is Radon [9, Theorem 7.1.7]. The next facts
therefore apply to our convention for probabilities.
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A family Q C Prob(S) is called uniformly tight if for every € > 0 there is

a compact subset K C S such that

sup u(S\ K) <e

neQ
Theorem 2.14 ([9, Theorems 8.9.3 and 8.9.4]). Let S be a separable metriz-
able space. Then Prob(S) is separable and metrizable in the weak topology.
If S is Polish, then Prob(S) is Polish. If S is compact, then Prob(S) is
compact.

Theorem 2.15 (Prokhorov, [9, Theorem 8.6.2]). Let S be a Polish space
and let @ C Prob(S). Then Q has compact closure in the weak topology if
and only if it is uniformly tight.

In particular, every weakly convergent sequence of probabilities together
with its limit is uniformly tight. If S is compact, then the whole space
Prob(S) is_uniformly tight by taking K = S. Thus Prokhorov’s theorem
(Theorem ) also explains the compactness assertion in Theorem P

Weak convergence is uniform over compact families of continuous test
functions.

Lemma 2.16. Let Z be a nonempty compact metric space, let p; — p
weakly in Prob(Z), and let F C C(Z) be nonempty and compact in the
sup

uniform norm. Then
[ s~ [ s
ferFlJz Z

The same conclusion holds for complex continuous functions.

— 0.

Proof. For each j, take f; € F where the displayed supremum is attained.
By compactness of F, every subsequence has a further subsequence for which
fj = f € F uniformly. Along this further subsequence,

]/f] )| <2055 fle+| [ £ =)

Thus the whole sequence of suprema tends to zero. The same argument
applies to complex functions, since weak convergence controls both their
real and imaginary parts. O

— 0.

The same estimate permits a continuous integrand to vary with compact
parameters.

Lemma 2.17. Let K and Z be nonempty compact metric spaces, let p; —
weakly in Prob(Z), and let continuous real or complex functions Fj, F': K x
Z — C satisfy |[Fj — F||cc — 0. Then

| B2 = [ Pl du)

sup — 0.

keK
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Proof. Replacing F; by F in the first integral changes it by at most || F; —

F ' The family {F(k,-) | k € K} is compact in the uniform norm, so

Lemma 2.16 controls the remaining difference. O

For comparisons with metric measure geometry, we also recall the box
distance.

Definition 2.18. An mm-space is a complete separable metric space (X, dx)
with a Borel probability measure px. Two mm-spaces are mm-isomorphic if
there is a measure-preserving isometry between their supports. Let X denote
the set of these classes. Put I = [0,1) and let £! be Lebesgue measure on
this interval. A parameter of X is a Borel map ¢: I — X with (p).L! = px.
Every mm-space has a parameter. The boz distance O(X,Y") is the infimum
of all € > 0 for which there are parameters ¢ of X and ¢ of Y and a Borel
set Iy C I satisfying

LiIo) 21—e  ldx(p(s), (1) —dy ((s),9(t)| <& (st € Ip).

It is a metric on X'. The topology it induces is called the box topology [26,
arXiv v1, Definitions 2.1, 2.6, 2.7 and Theorem 2.8].

2.4. Contractions and absolute retracts. We recall an extension theo-
rem for continuous real functions and the terminology for contractions and
absolute retracts.

Theorem 2.19 (Tietze-Urysohn, [15, Theorem 2.1.8]). Let S be a normal
space, let A C S be closed, and let M > 0. Then every continuous function
f: A— [—M,M] has a continuous extension F: S — [—M, M].

A continuous map f: A — T is null-homotopic if there are a point p € T
and a continuous map H: A x [0,1] — T such that

H(a,0) = f(a), H(a,1)=p (a € A).

A nonempty space is contractible if its identity map is null-homotopic.
The following lemma records the contraction obtained by scaling distances.
Write * = ({0}, 0) for the one-point metric space.

Lemma 2.20. For compact metric spaces (X, d) and (Y, e) and real numbers
a,b >0, we have

GH([X,ad],[Y,be]) < aGH((X,d),(Y,e)) + |a;b[ diam(Ye). (2.3)
Consequently the map
H: M x[0,1] =M, H((X,d),t) =[X,(1—1t)d]
s continuous and satisfies
H((X,d),0)=(X,d), H((X,d),1) = x, H(x,t) = *.

In particular, M is contractible.
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Proof. For a correspondence R C X x Y and pairs (xo,y0), (z1,91) € R,

lad(xo,x1) — be(yo, y1)| < ald(xo, x1) — e(yo, y1)| + |a — ble(yo, y1)
< adis(R) + |a — b| diam(Y, e).

Lemma @ Nnow proves (@), also when one of the scaling factors is zero.
The estimate proves continuity of the map

Mx[0,00) =M,  ((X,d),a) — [X,ad)],

including at a = 0. The three identities for H follow directly from its
definition. O

For balls in Gromov—Hausdorff space we use a separate symbol,
B((X,d),r) ={(Y,e) e M| GH((X,d),(Y,e)) <r}.

The correspondence formula also implies GH((X, d), *) = diam(X, d)/2.
We use absolute extension in the full metrizable category.

Definition 2.21. A metrizable space T is an absolute extensor, or AE, if
every continuous map f: A — T from a closed subset of a metrizable space
S extends continuously over S. It is an absolute neighborhood extensor, or
ANE, if such a map extends over some open neighborhood of A in S. An
absolute retract, or AR, is a metrizable space which is a retract whenever
it is embedded as a closed subspace of a metrizable space. Replacing the
ambient space by an open neighborhood defines an absolute neighborhood
retract, or ANR.

Theorem 2.22 ([14, Theorem 12.1]). For a metrizable target in the category
of metrizable spaces, the AE and AR properties are equivalent, and the ANE
and ANR properties are equivalent.

Definition 2.23. A space T is locally contractible at x € T if for every open
neighborhood U of x there is an open neighborhood V' C U of x such that
the inclusion V' — U is null-homotopic.

The constant value of the homotopy can be required to be z. Indeed, the
homotopy traces a path from z to its constant value, and its reversed path
can be appended to the homotopy path of every point of V. For M, this
definition is equivalent to requiring that for every (X,d) € M and ¢ > 0
there are 0 < § < € and a continuous map

H:B((X,d),d) x [0,1] = B((X,d),e)
such that H((Y,e),0) = (Y,e) and H((Y,e),1) = (X, d).
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Part I. The topology of Gromov—Hausdorff space I: Continuous
invariant measure selection

Abstract. We construct an assignment of a full-support Borel
probability measure to every nonempty compact metric space. The
assignment respects all isometries and is continuous for simulta-
neous Hausdorff convergence of the underlying spaces and weak
convergence of the measures in a common compact ambient space.
We prove that the Gromov-Hausdorff-Prokhorov space of invari-
ant full-support probabilities is Polish and that its projection onto
the Gromov—Hausdorff space is an open surjection. A continuous
selection of probability laws on the fibers, followed by averaging,
yields the required assignment.

Keywords. Gromov—Hausdorff space,
Gromov—Hausdorff-Prokhorov distance, invariant probability mea-
sure, full support, continuous selection.

2020 Mathematics Subject Classification. Primary 54E35;
Secondary 54C65, 60B05, 60B10.

3. INTRODUCTION TO PART I

Integrating functions on a compact metric space requires a choice of mea-
sure. When the space itself varies in the Gromov—Hausdorff topology, this
choice must also vary continuously if the resulting integrals are to be com-
pared. We study this selection problem for all nonempty compact metric
spaces. Let M denote their isometry classes with the Gromov—Hausdorff
distance GH.

For metric measure spaces, Kazukawa, Nakajima, and Shioya [26, arXiv
v1, Theorems 1.4-1.6] prove contractibility and local path connectedness for
both the box and concentration topologies.

The selection problem here concerns the ordinary Gromov—Hausdorff
topology on the underlying compact spaces and weak convergence of
measures in common ambient spaces. Our construction retains the full

underlying compact space throughout.

The main result is . It assigns to every nonempty compact
metric space (X, d) a Borel probability measure mx 4 with full support. For
every isometry u: (X,d) — (Y, e), the assignment satisfies

supp(my q) = X, UM g = My .

Its continuity has the following concrete meaning. Whenever compact sub-
spaces X; and X of a compact metric space (Z, h) converge in Hausdorff
distance, the selected measures, regarded as probabilities on Z, converge
weakly. Here the metrics on the subspaces are the restrictions of h, and
weak convergence means convergence of integrals of continuous real func-
tions on Z.

For a fixed compact space, averaging over its compact isometry group pro-
duces invariant probabilities. The selection problem concerns compatibility
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of these choices as the space varies. Our proof uses the Gromov—-Hausdorff—
Prokhorov space of compact spaces with probability measures, retaining the
whole underlying space even when a measure has smaller support. We prove
that the subspace of invariant full-support measures is Polish and that its
projection onto M is an open surjection. By Valov’s theorem (Theorem Y.5),
we obtain a continuous assignment of a probability law to each fiber. Aver-
aging these laws produces the required measures. Using the Riesz—Markov—
Kakutani theorem (Theorem ), we define the averages. We prove their
continuity by comparing integrals in a common compact ambient space.

As an application, we construct a topological embedding s of M into
the Gromov—Hausdorff-Prokhorov space by attaching the selected measure.
The map that forgets the measure is a continuous left inverse of s. We
prove that the image s(M) is a retract of the Gromov-Hausdorff-Prokhorov
space and is contained in the subspace of invariant full-support probabilities
(Corollary p.1).

Dependence on the other parts. This part uses the common prelim-
inaries in Section P and the cited literature, but no result from Parts [,
, or @ In Part [, we use the selected measures from [Theorem 5.6 to
define distance operators and construct finite-dimensional approximations.
The embedding and retraction in Corollary 5.7 are proved here directly from
that selection theorem.

Organization. Section H contains the preliminaries for this part. In Subsec-
tion W.1I; we use the probability background from Subsection P.3 to introduce
the Gromov—Hausdorff-Prokhorov space and prove common ambient real-
ization results. Subsection recalls Haar probability and Valov’s theorem.
In Subsection p.1|, we prove that the invariant full-support subspace is Pol-
ish and that its projection_onto the unmeasured Gromov—Hausdorff space
is open. In Subsection , we construct continuous probability laws on
the fibers and average them to prove [Theorem 5.6. In Subsection p.3, we
identify the selected measured spaces as a retract of the Gromov-Hausdorff-
Prokhorov space.

Conventions and notation. All compact metric spaces are nonempty.
We identify a metric space with its isometry class when it occurs in M.
An isometry is a surjective isometric embedding. The notation Prob(.5)
denotes the Radon probability measures on a metrizable space S, with weak
convergence against bounded continuous real functions. Subscripts in mx 4
refer to the specified metric space (X, d). For isometrically embedded subsets
of a common ambient space, we use the same letters for the subsets and their
restricted metrics. Sequences are indexed by Z>o = {0,1,2,...}.

4. PRELIMINARIES

We first introduce the Gromov—Hausdorff-Prokhorov space used in the
selection construction. We then recall Haar probability and Valov’s theorem
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on continuous laws. The notation for probabilities and weak convergence is
fixed in Subsection R.3.

4.1. The Gromov—Hausdorff-Prokhorov space. Using the probability
measures and weak topology recalled in Subsection @, we put all measured
compact spaces in one metric space. At this stage a measure need not have
full support.

Definition 4.1. Let € consist of isomorphism classes of triples (X,d, u),
where (X,d) is a nonempty compact metric space and p € Prob(X). An
isomorphism from (X, d, u) to (Y, e, v) is an isometry u: (X,d) — (Y, e) such
that u.p = v. Define the Gromov-Hausdorff-Prokhorov distance by
GHP((X,d, ), (Y, e, v))

= inf max{H[A) (LX), 5(Y)), PlR]apt, 20)}, (4.1)
where ¢: (X,d) — (Z,h) and k: (Y,e) — (Z,h) range over isometric em-
beddings into compact metric spaces. We use the maximum convention for
this unpointed distance. These conventions agree with [27, arXiv v5, Exam-
ple 2.1(iii), Definition 2.4 and equation (8)], with probability measures as
the additional structure. Let Z C € consist of the classes satisfying

supp(p) = X, g« = p for every g € Isom(X, d). (4.2)

For full-support measures, the isomorphism in [Definition 4.1 agrees with

the usual mm-isomorphism in [26, arXiv v1, Definition 2.1]. That definition
compares the supports of the measures. Our definition compares the entire
compact spaces even when the measures have smaller supports. Accordingly,
the Hausdorff distance term in (i.1) retains points outside the support.

Theorem 4.2 ([27, arXiv v5, Theorems 2.6 and 2.12 and Example 2.1(iii)]).
The function GHP is a complete separable metric on €.

The same framework realizes a convergent sequence in one compact am-
bient space.

Lemma 4.3. If
GHP((Xj, dj, ), (X, d, p)) — 0,
then there are a compact metric space (Z,h) and isometric embeddings
v (X, dj) = (Zh), v (X,d) = (Z,h)

such that

H[R](¢;(X;), (X)) — 0, (tj)stt; — Lt weakly in Prob(Z). (4.3)
Proof. By [27, arXiv v5, Lemma 2.5 and Example 2.1(iii)], we obtain a com-
mon compact ambient space in which the carriers converge in Hausdorff
distance and the pushed-forward probabilities converge in Prokhorov dis-
tance. On a compact metric space, Prokhorov convergence is equivalent to

weak convergence [33, author’s manuscript, Lemma 1.15]. These are exactly
the two conclusions in (4.3). O
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4.2. Haar probability and continuous laws. We use Haar probability
to average over the isometry group.

Theorem 4.4 (Haar probability, [13, Theorem 5.14 and Chapter 5, Sec-
tion 3|). Every compact metrizable topological group G admits a unique left
invariant Radon probability h € Prob(G). Thus

MG) =1,  h(gd) =h(A) (9€G, A€B(G)).
This probability is also right invariant and has full support.

We apply the following consequence of Valov’s theorem [36, arXiv v2,
Theorem 1.1]. Its probabilities are Radon probabilities, with no compact-
support restriction.

Theorem 4.5 (Valov, [36, arXiv v2, Theorem 1.1]). Let p: E — T be an
open continuous surjection between completely metrizable spaces. Then there
is a continuous map 3: T — Prob(E) such that p.X(t) = §; for everyt € T.

Here §; is the Dirac probability at ¢. The cited theorem constructs a
continuous right inverse of the induced map on probabilities. Composing it
with ¢ — &; proves this formulation.

5. CONTINUOUS INVARIANT PROBABILITY MEASURES

The distance operator used in Part @ integrates functions over each com-
pact metric space. Its construction therefore requires a probability measure
on that space. We shall choose these measures so that isometries preserve
them, every nonempty open set has positive measure, and convergence of
the metric spaces implies weak convergence of the measures. The last re-
quirement concerns measures on different spaces. We compare them after
isometric embeddings into one compact metric space.

The construction has three steps. We first prove that the invariant full-
support subspace Z is Polish. We then prove that forgetting the measure is
an open map. Finally, Valov’s theorem (Theorem {.5) provides a continuous
probability law on each fiber, and averaging the measures represented by
that law produces the required measure.

5.1. The open projection to unmeasured spaces. We next restrict the
measured space € to invariant full-support measures and prove that forget-
ting the measure is an open map. Uniform control of integrals will describe
the full-support condition, while limits of isometries will control invariance
and the measures used to lift a convergent sequence of compact spaces. The
required uniform estimates are in [Lemmas 2.1a and P.17.

The next lemma controls isometries when the compact spaces vary. The
averaging argument below starts from the full isometry group, before an
invariant measure has been constructed.

Lemma 5.1. Let X;,X C Z be nonempty compact subsets of a compact
metric space (Z, h) with H[h)(X;, X) — 0. Equip the product Z x Z with the
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mazimum product metric. For any isometries g;j: X; — X, a subsequence
of their graphs converges in K(Z x Z) to the graph of an isometry g: X — X.
Along that subsequence, let A\j € Prob(X;) and X\ € Prob(X) satisfy A\; — A
weakly as probabilities on Z. Then

(9j)«Aj —> g«A  weakly in Prob(Z).
All subsets have their restricted metrics.

Proof. We first identify the limit of the graphs and then the limit of the
probabilities supported on them. Write
hx (@0, 90) (z1,y1)) = max{h(zo, z1), h(yo, y1)}-
For each j, put
Rj ={(z,9;(2)) | z € X;}.
Compactness of K(Z x Z) provides a subsequence, which we relabel, and a
nonempty compact set R C Z x Z such that

H[h«](Rj, R) — 0.

Step 1. The limiting graph. For (z,y) € R, choose (zj,y;) € R;
converging to (x,y). Both coordinates belong to Xj, so

disty, (z, X) < h(z,z;) + H[R|(X;, X) — 0,
disty(y, X) < h(y,y;) + H[R|(X;, X) — 0.

Since X is closed, R C X x X. Let pry,pry: Z x Z — Z be the coordinate
projections. They are 1-Lipschitz for hy, and pr;(R;) = X; for i = 1,2,
because each g; is surjective. Consequently,

H[R](pr;(R), X) < H[hx](R, R;) + H[A](X;, X) — 0.

Thus pry(R) = pry(R) = X.
For (z0,yo0), (z1,¥1) € R, choose approximating pairs (x; ;,v; ;) € R; for
1 =0,1. Then

h(zo,x1) = h;n h(xo 5, 21,5)
= lim (g (20;). gj(*15))
= lijm h(yo,j,ij) = h(y07 yl)'

In particular, if (x,y0), (z,y1) € R, then h(yp,y1) = 0. Hence yo = y1. The
first projection is surjective, so there is a unique map ¢g: X — X with

R={(z,9(r)) |z e X}

The second projection being surjective implies g(X) = X, and the preceding
distance identity implies

h(g(x0), g(x1)) = h(x0,21) (20,71 € X).

Hence g is an isometry.



20 YOSHITO ISHIKI

Step 2. Probabilities on the graphs. Define
gi: Xj > Zx 2, gjx)=(x,9;(x)),
g: X > 2ZxZ gx)=(z9()),
and put
i = (85)+As-
Take any weakly convergent subsequence of n; and denote its limit by 7.

Such subsequences exist by compactness of Prob(Z x Z). Since n;(R;) = 1,
Lemma @ and continuity of the first projection pr; imply

n(R) =1, (pry)«n = 1ijm(pr1)*nj = li;!n Aj = A,

where the limits are taken along the chosen subsequence. On R we have
g opr; = idg. Regarding n as a probability on R, we therefore obtain

1= (g opry)n = g ((pry)n) = g
Every weakly convergent subsequence has this same limit. Compactness of
the probability space Prob(Z x Z) consequently implies

nj — g«A weakly in Prob(Z x Z).
Applying the continuous second projection pry yields

(97)+Aj = (Pr2)snj — (Pra)«(8:A) = guA.
This is the required weak convergence on Z. U

Proposition 5.2. The space T is Polish.

Proof. We first express the two conditions defining Z as a countable inter-
section of open conditions. For (X,d) € M, u € Prob(X), and r > 0, we
define the maps

bp: X x X = [0,1], ap: X —=1[0,1, m,: & —0,1]

by
by(z,y) = max{l — d(z,y)/r,0},

ar(@) = [ o) duto).
my(X,d, p) = gél}l(l ar ().

The function b, is continuous on X x X. Moreover, |b,(z,y) — by(21,y)| <
d(x,x1)/r, so a, is continuous and the minimum exists. For a convergent
sequence in &, use the compact embeddings from . The same
formula defines b, on Z x Z, and {b.(z,-) | 2 € Z} is compact in C(Z).
By with parameter space Z, a,; — «, uniformly on Z. In
particular,

|H)1(i_no‘r,j - H;}noﬂ < |lew; — arlloo + H[RJ(X;, X) /1 — 0.
J

Thus m, is continuous on €.
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If supp(pu) = X, then for every z € X,
o () > $u(B(z,7/2;d)) > 0.
Continuity and compactness imply m, > 0. Conversely, if z ¢ supp(u),
choose k € Zso with u(B(x,27%;d)) = 0. Then as—«(z) = 0. We have
proved
supp(p) = X <=  my(X,d, ) >0 for every k € Z>o.
Define the subsets
Ur ={¢ € €| my-(§) > 0},
Fp={¢=(X,d,p) € &| thereis g € Isom(X,d)
such that P[d](u, g.p) > 2"“}.
Each U is open. We next prove that F} is closed. Take a sequence
& = (Xj.dj, pj) € Fy
converging to £ = (X, d, ) € €. For each j, choose g; € Isom(X},d;) such
that
Pdj] (15, (97)<p) = 27",
By Lemma @, realize_this sequence and its limit in one compact met-

ric space. By Lemma , we obtain a subsequence and an isometry g €
Isom(X, d) for which

(95)x1; = gupt weakly.
Here and in the next limit, the index runs along this subsequence. Since
Prokhorov distance induces weak convergence on that compact space, its
triangle inequality implies

Pl (11, gen) = Tim PLd;] (1, (g)e11s) = 27"
Thus & € Fj, and hence Fj is closed. It follows that
I= () (Uxn(E\Fy)).

kEZZo

Thus 7 is a G5 subset of the Polish space € by , and is Polish. [

Write
p:Z—M  p(X.dp)=(X,d)
for the map that forgets the measure.

Lemma 5.3. Every nonempty compact metric space (X,d) admits an in-
variant probability with full support.

Proof. Fix a dense sequence {l‘k}kezzo in X and put

A= 3 ok,

kGZzo



22 YOSHITO ISHIKI

Since Zkez>0 2~(k+1) = 1, this is a probability on X. For every nonempty
open set O C X, we can take an index k with x;, € O because the sequence
{xk}kezzo is dense in X. Then

AO) > A({xx}) > 27D > 0.

Thus supp(\) = X.
We next verify compactness of G = Isom(X,d) for the uniform metric

doo(f,9) = iggd(f(x),g(ar)) (f,9 € C(X, X)).

For every g € G we have

d(g(x),9(y)) = d(z,y) (z,y € X).
Hence G is equicontinuous. The combined image | J e g(X) = X is com-
pact and hence totally bounded. The Arzela—Ascoli theorem (Theorem @)
therefore implies that G has compact closure in C'(X, X).
To prove that the group G is closed, let g; € G and f € C(X, X) satisfy
doo(gj, f) — 0. For all z,y € X,

d(f(x), f(y)) = 1i§n d(g;(z),9i(y)) = d(x,y).

Thus f: (X,d) — (X,d) is an isometric embedding. Since X is compact,
[11, Theorem 1.6.14] implies f(X) = X. Therefore, f € G. This proves that
G is closed and compact. The following estimates

doo(9j © hj, g o h) < doo(95, 9) + doo(hyj, ),
doo(g; ', 97") = doo(95, 9)
for elements of G show that composition and inversion are continuous.
Hence G is a compact metrizable topological group. By the Haar theorem

(Theorem {1.4), we obtain a normalized left invariant probability hg on G.
Define its average by requiring that for every ¢ € C'(X),

/Xsodkz/G/XsO(gx)dA(ﬂf)dhc(g)-

By the Riesz—Markov-Kakutani theorem (Theorem ), this positive nor-
malized linear functional represents a unique probability on X. Left invari-
ance of hg implies a,A = X for every a € G. For every nonempty open
O C X, approximate its indicator from below by continuous functions tak-
ing values in [0,1]. Monotone convergence in the defining identity then
implies

X(0) = /G Ag™10) dha(g) > 0,

since each integrand is positive. Hence (X,d,\) € Z, as claimed. O
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Lemma 5.4. Let { = (X,d,p) € T and assume that (X;,d;) — (X, d) in
M. Then there are invariant probabilities v; with full support on X; such
that

(Xj,dj,yj) —)f in L.

Proof. By , choose isometric embeddings into a compact (Z,h)

and identify the spaces with their images. By the Hausdorff continuity
of the probability-measure functor [27, arXiv v5, Lemma 2.13 and Exam-
ple 2.1(iii)], there are probabilities ;; € Prob(X;) such that

PlA](j, 1) — 0.

Thus p1; — p weakly in Prob(Z). Choose a probability §; with full support
on each X, for example by assigning positive weights summing to one to a
dense sequence. For 0 < t; < 1 with ¢; — 0, put

Aj = (L= t)pj + 1565,

This probability has full support. For every real continuous function ¢ on

Z,
‘/@d/\j—/wduj

Hence \; — p weakly.

Average \; over G; = Isom(Xj;,d;) with normalized Haar probability
to obtain v;. The averaging construction in shows that these
probabilities are invariant and have full support. For each ¢ € C(Z), we

claim that
/ @ d(g:A;) —/ pdu
Z Z

For the sake of contradiction, suppose that there are € > 0, a subsequence,
and g; € G; such that

'/de((gj)*kj) - /Zsodu’ >
for every index in the subsequence. By , a further subsequence

satisfies

< 2t5]lloc — 0.

sup — 0. (5.1)

9€G;

(9j)sAj = g«pt = p for some g € Isom(X, d).
This contradicts that lower bound. Averaging (@) over G; yields v; —
weakly. Consequently,

&= (Xj,dj,vy) — & p(&) = (Xj,d)).

Proposition 5.5. The map
p: =M, p(X.dp)=(X,d),

1S a continuous open surjection.
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Proof. The inequality
GH((X,d),(Y,e)) < GHP((X,d, ), (Y, e,v))

proves continuity of p. Lemma @ proves surjectivity. To prove openness,
let O C Z be open and ¢ € O. For the sake of contradiction, suppose that
p(O) contains no neighborhood of p(§). Then we can choose

(Xj,d;) € B(p(£),277) \ p(O).

By , we can take lifts {; such that {; — &, so & € O for all
sufficiently large j. This implies (X;,d;) € p(O), a contradiction. Thus
p(O) is open. O
5.2. Continuous laws and their averages. We now average the laws on
invariant measures.

Using the Riesz—Markov-Kakutani theorem (Theorem ), we define
these averages. We prove their continuity as the compact metric space varies
by comparing integrals in a common compact ambient space.

Theorem 5.6. For every nonempty compact metric space (X,d), there is
a probability mx q € Prob(X) with supp(my,q) = X. The assignment can
be chosen to satisfy the following properties. For every nonempty compact
metric space (Y,e) and every isometry u: (X,d) — (Y,e), we have
UsMy ¢ = Mye.

Moreover, let (X;,d;) and (X,d) be nonempty compact metric spaces, and
let v;: (Xj5,d;) = (Z,h) and v: (X,d) = (Z, h) be isometric embeddings into
any compact metric space. Then

H[A(;(X;), (X)) = 0 = (15)smx;q; = tsmx,q weakly in Prob(Z).

Proof. By Propositions @ and @, the map p: Z — M is an open continuous
surjection between Polish spaces. By Valov’s theorem (Theorem {.5), we
obtain a continuous map %: M — Prob(Z) such that p.X(X,d) = J(x,q)-
For a fixed representative (X, d), write

Lx =p (X, d)).
This is a closed Polish subspace of Z, and (X, d)(Lx) = 1. If ¢ = (Y,e,v) €
Lx, choose an isometry u: (Y,e) — (X, d). We denote the resulting measure
on this fixed representative by

IX@‘ = UxV, IX,{(A) = I/(uil(A)) (A€ B(X)).
This notation defines a map Ixo: Lx — Prob(X), £ — Ix¢. Here the
symbol e indicates the variable § in the map Ix,.. If v: (Y,e) = (X,d) is
another isometry, then v~'u € Isom(Y,e) and
Ul = v*((vflu)*y) = V.

The definition is therefore independent of the chosen isometry and of the
representative of €.
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We first prove continuity of this transport of measures. Identify the iso-
metrically embedded spaces X, X with their images in Z. If §; € Lx; and
§ € Lx satisty {; — £ in Z, then

Ix;¢; — Ix¢ weakly in Prob(Z). (5.2)

Indeed, take any weakly convergent subsequence of Ix, ¢ and denote its
limit by v. Such subsequences exist by compactness of Prob(Z). Until this
limit is identified, the index runs along the chosen subsequence. The limit
is concentrated on X, by [Lemma 2.13. The definition of GHP and weak
convergence on Z then imply

g] — (Xv d7 V)'
Uniqueness of limits implies (X,d,v) = £. Thus v = g.Ix ¢ for some isom-
etry g: X — X. The measure Ix¢ is invariant, so v = Ix¢. To deduce
convergence of the whole sequence {Ix, ¢ } j€Zsq» assume for the sake of con-
tradiction that (p.2) fails. Then some weakly open neighborhood of Iy ¢ is
missed by a subsequence. Compactness of Prob(Z) provides a further con-
vergent subsequence. The preceding argument identifies its limit with Ix ¢,
so its terms eventually belong to that neighborhood, a contradiction. With
the space X fixed, this also proves continuity of Ix .
Define mx 4 by requiring the following identity for every ¢ € C(X).

/Xgoded = /Lx (/Xgodl)%) a3 (X, d)(§). (5.3)

Figure m records the two levels of probability measures.

$(X, d) € Prob(Lx)
ltransport by Ix.e
(Ix,0)+2(X,d) € Prob(Prob(X))
laverage

my.q € Prob(X)
FIGURE 1. For a fixed representative (X, d), the law (X, d)

on the fiber Lx is transported to a law on Prob(X). Its
average is defined by (@)

The right-hand side is well defined because Iy o is continuous and the in-
ner integral has absolute value at most ||¢|loo. As a function of the real con-
tinuous test function ¢, it is a positive linear functional taking the constant
function 1 to 1. By the Riesz—Markov-Kakutani theorem (Theorem ),
we obtain a unique probability mx 4 with this identity. For g € Isom(X,d)




26 YOSHITO ISHIKI

and ¢ € C(X), invariance of each measure in the fiber implies

/(pongXé:/gdeX@.
X X

Integrating this equality against the law in (@) yields

/ pd(g«mx,q) = / pogdmx g = / pdmy .
X X X

Uniqueness in the Riesz—Markov—Kakutani theorem (Theorem ) proves
invariance of the averaged measure. For a nonempty open O C X, choose
x € O and r > 0 with B(x,r;d) C O. Define the continuous function
v: X — [0,1] by ¢(y) = max{1l — 2d(z,y)/r,0}. Then ¢ is nonnegative,
vanishes outside O, and is positive at z. Since each Iy ¢ has full support,

/ pdlxe>0 (€ e Lx).
X

The positive inner integrals need not have a common positive lower bound.
For each integer n > 1, put

A, = {fEﬁX ’/ gDCUX,E > 1/n}
X

These are Borel sets by continuity of the inner integral, and their union is
the whole fiber Lx. The law (X, d) assigns mass one to Lx, so at least one
A, has positive mass. Since 0 < ¢ < 1 and the function vanishes outside O,

1
mxa(0) > / pdmxg > TN(X,d)(An) > 0.
X

This proves full support. Finally, for an isometry u: (X,d) — (Y,e), the
fibers and their laws are the same and Iy¢ = u.Ix¢. For every ¢ € C(Y),
apply (@) on X to ¢ ou. The change-of-variables identity for each fiber
measure then implies

/Y o d(uamya) = /ﬁ ) ( /X SOOUCUX,g> a5 (X, d)(€)
- [ ([ earve) axvone
Z/Ysodmy,e.

Uniqueness of the representing measure proves the required compatibility
with isometries.

It remains to prove continuity as the underlying spaces vary. We use the
prescribed embeddings into Z and identify each carrier with its image. Fix a
real continuous function ¢ € C(Z). We will express its integral against each
selected measure using one bounded continuous function on a fixed space.

Step 1. A closed domain for the fiber integrals. Put

T={0}u{277|j€Zs}, Xo=X, Xoj=2X,.
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All carriers have the restricted ambient metric. The map from T to M that
assigns the isometry class of X; to ¢ is continuous. Consequently,

A={t€ eT xT|p()=[Xl}

is closed, since it is the equality set of two continuous maps to the metric
space M. Here the brackets denote the isometry class with the restricted
metric. Define a function F': A — R by

F(t,f) :/X deIth'
¢

Equation (@) proves continuity at parameter 0. At an isolated parameter,
continuity follows from continuity on the fixed fiber proved above. Moreover,
[F] < llplloo-

Step 2. Extension and weak convergence of the laws. The product
T x T is metrizable and hence normal. By the Tietze-Urysohn theorem
(Theorem ), F extends to a continuous function F: T x Z — R with
[F| < [¢lloo- Write

Ar = B([X¢]).
Continuity of ¥ implies A\y-; — Ag weakly. It follows that
8y @ Ag—j — 0o @ N9 weakly on T x Z.

To verify this convergence, let ¢: T x Z — R be bounded and continu-
ous. Since_Ay—; — Ag weakly on the Polish space Z, Prokhorov’s theorem
(Theorem ) implies that the family

{Ao-i [ J € Zzo} U{ Ao}
is uniformly tight. For every 0 < € < 1, there is a nonempty compact set

K C T such that

sup M (Z\ K) < e.
teTl
Uniform continuity on 7" X K and weak convergence of A\y—; to Ag imply

\ [oeT 9~ [v0.0 0
S sup ‘1/}(27%5) - ¢(07§)| + 2”1/)”005

{eK

_l’_

v, - A@(&)\ .

The first and last terms tend to zero. Taking the upper limit and then
letting € | 0 proves weak convergence of the product laws.
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Step 3. Integrals of the averaged measures. Each product law in
Step 2 is concentrated on A. By (@),

/(pdmxj,dj = /ﬁd(52—j ®)\2—j)
Z

—)/ﬁd(&o@)\o):/q}dmx@.
Z

Since this holds for every real continuous ¢ on the compact ambient space
Z, the selected measures my, 4; converge weakly to mx 4 as asserted. [l

5.3. A retract of the measured space. The selected measures also relate
the topology of the unmeasured and measured spaces directly.
provides a continuous section of the forgetful map from & to M.

Corollary 5.7. The map
s: M — &, s5((X,d)) = (X,d,mx q)

s a topological embedding. Its image is contained in T and is a retract of €.
Consequently, M is homeomorphic to a retract of the Gromov-Hausdorff-
Prokhorov space &€, also when the latter is restricted to full-support probabil-
ities or to tnvariant full-support probabilities.

Proof. Define the forgetful map on the whole measured space by
p: & — M, p((X,d,n)) = (X,d).

Isomorphic measured spaces have isometric underlying spaces, so this map
is well defined. By (@l;

GH(p((X,d, 1)), p((Y,e,v))) < GHP((X,d, ), (Y, e,v)).

Thus p is continuous. The isometry compatibility and full-support assertions
of iheorem 5.0 ensure that s is well defined and takes its values in Z. To
check continuity, realize any GH convergent sequence in a common compact
ambient space by . Theorem implies weak convergence of the
selected measures there. The Prokhorov metric metrizes weak convergence,
so (f.1)) implies convergence of the selected measured spaces. This proves
continuity of s.

Since p o s = idyg, the map s is injective and its inverse on its image is
the restriction of p. It is therefore a topological embedding. The continuous
map

Y

r=sop: &— s(M)
fixes every point of s(M), so it is a retraction. Its restrictions to the full-
support subspace and to Z are retractions onto the same image. ([l
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Part II. The topology of Gromov—Hausdorff space II: Continuous
finite-dimensional approximation

Abstract. We construct local finite-dimensional approximations
of compact metric spaces that vary continuously in the Gromov—
Hausdorff topology. Near every nonempty compact metric space
and for every positive error tolerance, we obtain a fixed finite di-
mension, a varying norm, and continuous point maps whose in-
duced pseudometrics approximate the original distances uniformly.
The construction respects isometries and is well defined up to or-
thogonal changes of coordinates. Using continuous invariant full-
support probabilities, we approximate distance functions in finite
spectral subspaces of the distance operator by unique best approx-
imations in finite LP? norms. Continuity of the spectral subspaces
and the minimizers yields continuity of the local models.
Keywords. Gromov—Hausdorff space, finite-dimensional approxi-
mation, distance operator, spectral subspace, best approximation.
2020 Mathematics Subject Classification. Primary 54E35;
Secondary 47A55, 47A58.

6. INTRODUCTION TO PART II

A compact metric space can be represented by its distance functions in
an infinite-dimensional function space. We study finite-dimensional approx-
imations of this representation that remain continuous when the compact
metric space varies in the Gromov—Hausdorff topology. Let M denote the

space of isometry classes of nonempty compact metric spaces. Our main
result is [Theorem 8.§,

For one compact metric space, distances to the points of a finite net pro-
vide a finite-dimensional approximation. When the space varies, we also
require the approximations to respect isometries and convergence. Our the-
orem constructs such approximations near each compact metric space. Their
dimension is fixed on the neighborhood, and their errors in all pairwise dis-
tances have a common bound. Along a convergent sequence of spaces, the
norms and point maps converge after suitable orthonormal bases have been
chosen.

For every nonempty compact metric space (X,d) and every b > 0, the
theorem constructs a neighborhood W C M and a fixed integer n > 1. For
each (Y,e) € W, there are a norm Ny on R" and a continuous map

Vy: Y — R”.

The induced pseudometric and its uniform error are

av(y,2) = Ny (vy(y) —vy(2)),  E(Y,e) = Sup, gy (v, 2) — ey, 2)-

The function £ is continuous on W and satisfies £(X,d) < b. Thus, af-
ter shrinking W, the same bound holds throughout the neighborhood. The
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norms and point maps vary continuously after suitable choices of orthonor-
mal coordinates. Isometries of the compact metric spaces and changes of
coordinates are accounted for by orthogonal transformations, as specified in
. These are finite-dimensional representations of the points of
each compact space, rather than coordinate charts on M.

The theorem applies at every compact center and at every positive error
scale. The dimension and the neighborhood may depend on both choices.
Within that neighborhood, the image vy (Y') is a compact subset of one fixed
vector space equipped with the varying norm Ny . We also use Ny to denote
the metric (v,w) — Ny (v — w) on R™. The correspondence {(y.vy(y)) |
y € Y} has distortion at most £(Y,e). Consequently, implies

GH(Y,e), (v (Y), Ny)) < ¢
after the neighborhood has been shrunk as above. Thus the point maps
provide finite-dimensional metric approximations with simultaneous control
of the error and of their variation. For each convergent sequence in the
neighborhood, we can choose orthonormal bases so that the norms and point
maps converge. The theorem does not require a continuous choice of bases
on the whole neighborhood.

We use the continuous invariant full-support assignment of probabilities
constructed in of Part [|. For (X,d), the associated distance
operator T'x 4: L*(X,mx 4) — L*(X, mx 4) is defined by

(Taf)(x) = / Az, 2)(2) diny a(2).

X
Maria, Oudot, and Solomon study this operator and its spectral coordinates
[28, Section 3]. We use entire finite spectral subspaces and unique best
approximations in finite L” norms. Here 2 < p < oo, and the norm is
taken with respect to the selected probability measure. Keeping the whole
subspace allows multiplicities of eigenvalues to be handled by orthogonal
changes of basis.

The local models also have applications within this part. Corollary
approximates every compact continuous family uniformly by spaces admit-
ting isometric embeddings into normed spaces of one bounded finite dimen-
sion. Combining local pseudometrics by a partition of unity vields homotopy
density of the doubling compact metric spaces in M by . This
complements the author’s description of the set of all doubling compact met-
ric spaces as a dense meager F,, set in [20, Theorem 1.1]. The approximation
preserves connectedness and path connectedness, and can also enforce uni-
form perfectness. Finally, |Proposition 8.14 and pxample 8.15 show that the
dimension must depend on accuracy for spaces of infinite Assouad dimen-
sion, even when the space is homeomorphic to a convergent sequence with
its limit.

Part applies these local models to the topology of M. Their linear
structure and orthogonal symmetry allow the point maps to be combined
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by a partition of unity after the varying norms are represented in a fixed
Banach space. The interpolation result in [25, Theorem 1.1] controls the
uniform error when extending prescribed metrics from a discrete family of
closed subsets of a fixed metrizable space. Here we use [Theorem 8.§ to
construct maps and norms on varying compact spaces for the subsequent
absolute retract argument.

Dependence on the other parts. In this part, we use the continuous
invariant full-support probability measures constructed in of
Part [| to define the distance operators and prove continuity of the finite-
dimensional approximations. Beyond the common preliminaries, no other
result of Part [| is required. No result of Part or Part is used. The
local approximation theorem_and its applications to homotopy density are
proved in this part. In Part , we use to prove the absolute
retract property of M.

Organization. In Section H, we recall best approximation in L?, spectral
decomposition and perturbation, and square roots of positive definite matri-
ces. In Subsection B.1l, we define the distance operator and study its finite
spectral subspaces. In Subsection B.2, we prove approximation of distance
functions using finite spectral subspaces and unique best approximations in
finite LP norms. In Subsection B.3, we prove continuity of the finite spectral
subspaces and construct compatible orthonormal bases along convergent se-
quences of spaces. In Subsection B.4, we combine these results to construct
the local maps and varying norms in [l’heorem S.g, including the singleton
case. In Subsection B.5, we prove simultaneous approximation of compact
families and homotopy density of doubling spaces. In Subsection B.(, we
explain the necessary dependence of the model dimension on the approxi-
mation error.

Conventions and notation. All compact metric spaces are nonempty, and
finite-dimensional coordinate spaces are real. Weak convergence of proba-
bilities and the uniform integral estimates are recalled in Subsection
Function spaces are real unless complex scalars are explicitly indicated for
spectral perturbation. An isometry is a surjective isometric embedding. The
pair (X,d) specifies both the underlying set and its metric. In particular,
my ¢ and T'x 4 depend on that pair. When compact spaces are embedded
isometrically into a common ambient space, we use the same letters for the
embedded subsets and the restricted metrics. The notation idx denotes the
identity map on X. We omit the subscript when its domain is specified.
Sequences are indexed by Z>o = {0,1,2,...}.

7. PRELIMINARIES

We recall best approximation in LP, the spectral theorem for compact
self-adjoint operators, and the perturbation results used to compare finite
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spectral subspaces. The last subsection recalls a matrix theorem used to
normalize bases of finite spectral subspaces.

7.1. Best approximation in Lebesgue spaces. Fix a nonempty compact
metric space (X, d). For a probability 4 on X and an exponent 1 < p < oo,
the space LP(X, u) consists of measurable real functions with finite norm

1/p
1l = (/X Iflpdu) |

where functions equal p-almost everywhere are identified.

Theorem 7.1 (Best approximation, a consequence of [[10, Lemma 3.2.36(b),
Theorem 5.6.1]). Let 1 < p < oo, let p be a probability measure on X, and let
A C LP(X, ) be nonempty, closed, and convex. Then for every f € LP(X, ),
there is a unique g € A such that

— g, = inf||f — v]|,.
1f = gllp = i | f =l

Proof. By the cited Theorem 5.6.1, LP(X,u) is uniformly convex. The
translated set {v — f | v € A} is nonempty, closed, and convex. By
Lemma 3.2.36(b) of the cited source, we obtain a unique element of minimum
norm in this set. Translating that element by f proves the assertion. O

7.2. Compact operators and spectral decomposition. For a Hilbert
space H, a bounded linear operator T: H — H is compact if the image of
its closed unit ball has compact closure. It is self-adjoint if

(Tf, o) = (S, TY)n  (f, ¢ € H).

A nonzero vector f is an eigenvector for the eigenvalue X\ if Tf = Af. For
an operator on a function space we also call it an eigenfunction.

The spectrum spec(T') is the set of complex numbers A for which Aid =T
has no bounded inverse on the complexification of H. Here id: H¢ — Hc is
the identity on that complexification, where Hc = H @ +/—1H. We use the
complex-linear extension of T' to Hc, also denoted by 71" and defined by

T(f+V-1)=Tf+V-1T¢ (f,¢ € H).

The same definition of spectrum applies to a bounded operator on any com-
plex Banach space, with the identity of that space. For a self-adjoint oper-
ator this set is real. In finite dimension it is exactly the set of eigenvalues.
In infinite dimension zero can belong to the spectrum without being an
eigenvalue.

Theorem 7.2 (Riesz—Schauder and the self-adjoint spectral theorem, [30,
Theorems 14.19 and 15.22]). Let T' be a compact self-adjoint operator on a
separable real Hilbert space H. Then every nonzero spectral value is a real
etgenvalue with finite-dimensional eigenspace. For each a > 0, there are
only finitely many eigenvalues, counted with multiplicity, with absolute value
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greater than a. There is a finite or countable orthonormal family {y }res

indexed by a subset J C Z>q, with nonzero eigenvalues {\}res such that
H =%kerT & span{yy | k€ J}.

For every f € H,

F=fo+ D> (fe)te,  Tf=D Mlfsu)e,  fo€kerT,
keJ keJ
where both sums converge in H. If J is infinite, its eigenvalues tend to zero
m any enumeration.

This is the self-adjoint case of the spectral theorem for compact normal
operators [3(, Theorems 14.19 and 15.22]. In particular, a nonzero compact
self-adjoint operator has a nonzero eigenvalue.

7.3. Spectral perturbation and generalized eigenspaces. Let E be a
complex Banach space. A family of bounded linear operators {A4;: £ —
E}jEZzo is collectively compact if

U A;(B) is compact, B={veE||v| <1}
JE€L>g
Strong convergence to a bounded linear operator A: E — E means that
|Ajv — Av|| — 0 for every v € E.

Theorem 7.3 (Riesz—Schauder, [30, Theorem 14.19]). Let T: E — E be
a compact linear operator on a complex Banach space. Then every A €
spec(T') \ {0} is an eigenvalue, and

0 < dimker(7" — Aid) < oo.

The nonzero spectrum is at most countable and has no accumulation point
other than possibly zero.

Theorem 7.4 (Spectral inclusion, [, Theorem 5.3]). Let Aj,A: E — E be
bounded linear operators on a complex Banach space. Assume that A;j — A
strongly and that {Aj — A}jez., is collectively compact. Then for every open
set U C C containing spec(A), there is jo € Z>q such that

spec(4;) CU (j > jo)-

Theorem 7.5 (Convergence of spectral projections, [ll, Proposition 6.3]).
Under the operator hypotheses of, let T' be a positively oriented
finite union of rectifiable Jordan curves avoiding spec(A) and having winding
number either zero or one at every point of that spectrum. The selected part
consists precisely of the spectral points with winding number one. Define the

Riesz projection 11: E — E by
1

2my/—1

/(Cid —A)~Ldc.
I
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Then for all sufficiently large j, the same contour avoids spec(A;), and the
projections I1;: E — E defined by

I, = Qﬂr/gldA Ld¢

dimrangeIl; = dimrangelI, |[ILjv—IIv]] = 0 (veE).

satisfy

If Aj and A are compact and I' has winding number zero at 0, then
dimrangeIl; and dimrangell are finite.

For a bounded linear operator T': F — E on a complex Banach space and

A € C, we write
GA(T) = | ker((T — Xid)™)
m>1
for the generalized eigenspace at A. If T is compact and A € spec(T) \ {0},
then by [, Section 7, p. 429], the Riesz projection Il7 ) associated with A
satisfies
range Il y = G\(T).

7.4. Square roots of positive definite matrices. We use the following
result to construct orthonormal bases from Gram matrices.

Theorem 7.6 ([[], Theorems 7.29, 7.36 and 7.39]). Every real symmetric
matriz has an orthonormal basis of eigenvectors. If it is positive definite, then
it has a unique symmetric positive definite square root. In an orthonormal
etgenbasis, this square Toot is the diagonal matriz whose entries are the
positive square roots of the original eigenvalues.

8. FINITE-DIMENSIONAL APPROXIMATION OF DISTANCES

We now approximate the distance functions on a compact metric space
by functions in a finite-dimensional vector space. The selected probability
measure makes this vector space invariant under isometries. Using the spec-
tral results from Section [1|, we first prove approximation at one space. We
then compare the resulting functions and coordinates on nearby spaces.

A simple construction explains why finite-dimensional coordinates can
approximate a metric. Let (X, d) be nonempty and compact, fix ¢ > 0, and
choose a finite e-net {2, ..., zm—1}. Define

0: X - R™, O(z) = (d(z, 20), - .., d(z, 2m-1))-
For all z,y € X,
d(z,y) —2e < [|0(2) = O(Y)[lo < d(z,y).

The upper bound follows from the triangle inequality. For the lower bound,
choose i with d(z, z;) < e. Then

d(y,z;) —d(x, z) > d(z,y) — 2d(z, z;) > d(z,y) — 2e.
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Finite families of functions also underlie Shioya’s approximation of met-
ric measure spaces [33, author’s manuscript, Section 4.4, Definition 4.37,
Theorem 4.43 and Corollary 4.44]. More precisely, for every mm-space
(X,dx,ux) and every € > 0, there are an integer N > 1 and real 1-Lipschitz
functions f1,..., fy on X such that, with ® = (f1,..., fn),

O(X, (RY, || ]|oo, Papix)) < e

Here [ is the distance in . The elementary estimate above
concerns uniform error over all pairs of points of one compact space. Our
construction also needs continuity throughout a Gromov—Hausdorff neigh-
borhood and compatibility with isometries. A finite net at one space does
not specify those choices. We obtain them from finite spectral subspaces,
using the coefficients of unique best approximations as coordinates. For each
compact metric space (Y, e), we define a norm Ny on the coordinate space.
Changing the orthonormal basis multiplies the coordinate vectors by an or-
thogonal matrix ¢ and replaces the norm by Ny o g~!. Thus the distances
between coordinate vectors do not depend on the basis.

Throughout this section, mx 4 denotes the assignment of .

The two subscripts record the carrier X and its metric d.

8.1. The distance operator and its spectral subspaces. Fix a
nonempty compact metric space (X, d). The space

Hy = IA(Xomxa)s  (fsi)iy — /X Fo dmg

is a separable real Hilbert space. Here separability follows from density of
continuous functions in L? and separability of C(X). We define the distance
operator T'x q: Hy — Hx by

Txaf(x) = /X d(z, z) f(z) dmx 4() (x € X).

The integral is independent of the representative of f. This is the distance
kernel operator of [28, Definition 11].

Lemma 8.1. The operator T'x q: Hx — Hx is compact and self-adjoint. It
maps Hx into C(X), and for every f € Hx and x,y € X,

1Txaflloe < diam(X, d)[| fll2,  [Tx.af(x) = Tx.af ()] < d(z, y)| fl2-
(8.1)
Every eigenfunction with nonzero eigenvalue has a unique continuous repre-
sentative.

Proof. By the Cauchy—Schwarz inequality [10, Lemma 3.2.27] and
myx 4(X) = 1, we obtain

/ Fldmxa < 1]l
X
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Consequently,

Tx.af(x d(z, 2)| f(2)] dmx a(2) < diam(X, d)]| ]2,

\\

Tx,af(x) = Txaf(y ,2)|[ [f(2)] dmxa(2)

d(z y)\lfllz

These estimates prove continuity of the image functions T'x 4f. They also
show that the image of the unit ball of Hx is uniformly bounded and equicon-
tinuous in C'(X). The Arzela—Ascoli theorem (Theorem R.§) and the con-
tinuous inclusion C(X) — Hx prove compactness. Symmetry of the kernel
and Fubini’s theorem [10, Theorem 2.8.20(a)] yield

(Txaf,V)u / / z,2) f(2)¢(x) dmx 4(2) dmx q4(z)
= (f, Txa¥)mx

These properties are also shown in [287 Propositions 12 and 13].

If Txqf = Af in Hy and X\ # 0, then A™'Tx 4f is a continuous repre-
sentative of f. If two continuous functions agree almost everywhere, their
difference cannot be nonzero at a point. Indeed, continuity would make its
absolute value bounded below on a nonempty open set, and full support
would make that set have positive measure. This proves uniqueness. O

We always use these continuous representatives. Apply Theorem @ to
T'x q on Hx, and choose an orthonormal family {t, } xc; with corresponding
nonzero eigenvalues {\;}recs as in that theorem. For a > 0, put

JX@ = {k‘ eJ | ‘)\k’ > CL}, VX@ = span{wk ’ k c JX,a}-

This is a finite-dimensional space of continuous functions. Define the or-
thogonal projection Px ,: Hx — Vx 4 by

Pxof = > (frtn)mytr- (8.2)
k€Jx a
Equivalently,
Vxu = @ ker(T'x 4 — Aid), range Px o = Vx q.
Aespec(Tx,a)
Al>a

These definitions do not depend on the orthonormal basis {9y }res. Both
positive and negative eigenvalues are retained. For every f € Hx, the vector
Px . f converges in the norm of Hy to the orthogonal projection of f onto
(ker Tx 4)* as a | 0.
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8.2. Approximation of distance functions. For x € X, we call the func-
tion
d, =d(z,-) € C(X)
the distance profile of x. It records the distances from z to all points of X.
The map
X — C(X), T — dy

is an isometric embedding for the uniform norm, because
|dz — dyl|oc = d(z,y).
By the triangle inequality, we have |d,(2) —dy(2)| < d(z,y) for every z € X.
Taking z = x, we obtain
|dz — dy”oo > |dy(x) — dy(x)’ =d(z,y).
This is the distance-function construction of the Kuratowski embedding.

Here the functions d, are bounded because (X, d) is compact. The following
lemma approximates all distance profiles in one finite spectral subspace.

Lemma 8.2. For every nonempty compact metric space (X,d) and every
n >0, there is a > 0 such that a,—a ¢ spec(Tx q) and

sup inf ||d; —v|leo <. (8.3)
zeX vEVX 4

If X has more than one point, then we may also require dim Vy o > 1.
Proof. Let V be the closed linear span in C(X) of the continuous represen-
tatives of all nonzero eigenfunctions. For f € Hyx, write f = fo + f1 with
fo € kerTx 4 and f| L kerTx 4. By the Riesz—Schauder and self-adjoint
spectral theorem (Theorem [7.2),

[1Pxaf = fillz—=0  (al0).

The continuous function T’x 4fo is zero almost everywhere and hence every-
where. Using (8.1]),

HTX,dPX,af - TX,deoo S diam(Xa d)HPX,af - fLHQ — 0.
For every a > 0, we have
TxaPx.af € Vxa CV.

Since V' is closed in the uniform norm, it follows that Tx 4f € V.
Fix z € X and r > 0. Define a function b, ,: X — [0,00) by

B max{1 — 2d(z, z)/r,0}
bx,r(z) = .
/X max{1 — 2d(z,w)/r,0} dmx q(w)

The denominator is positive by full support. This is a continuous nonnega-
tive function, its integral is one, and it vanishes outside B(z,7;d). For every
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yeX,

|TX,de,T‘(y) - dx(y)| = ‘/X(d(yv Z) - d(yvx))bx,r(z) de,d(Z)
<

< / d(z, 2)by r(2) dmx g(z) < 7.
X

Thus d, belongs to V.
Recall that
Hdm - dy”oo - d(:r,y),
as established before the lemma. Choose finitely many points zg, ..., Zm—1
whose 1/3-balls cover X. For each i, choose a finite sum v; of nonzero
eigenfunctions with ||d,, —vil|c < 1/3. Let A be the finite set of eigenvalues
occurring in these sums. Choose a > 0 such that

a,—a ¢ spec(Tx q), a<|A (AeA).
Note that even if A = ), we can choose such a cutoff by requiring only
a,—a ¢ spec(Tx q). Such a cutoff exists because the nonzero spectrum is
countable. Then every v; belongs to Vx 4. For d(z,z;) < n/3,

inf ||d; — v|leo < [|ds — dziHoo + ||dwz —Vil00 < 21/3.
UEVX,a

This proves (@)
If X is not a singleton, choose z,z € X with d(x,z) > 0. The integral

T'x ql(x) is positive because the distance from z is positive on a neighbor-
hood of z of positive measure. Thus T'x 0. By the Riesz—Schauder and
self-adjoint spectral theorem (Theorem ), it has a nonzero eigenvalue.
If necessary, choose a smaller positive a below the absolute value of this
eigenvalue and still satisfying +a ¢ spec(T’x q). This retains the preceding
approximation and ensures dim Vy , > 1. O

The uniform distance between the distance profiles is the original dis-
tance, but a best approximation in a finite-dimensional subspace need not
be unique for the uniform norm. We shall minimize a finite LP-norm instead.
For 1 < p < oo, the best approximation exists and is unique by Theorem [7.1l.
Lemma @ shows that the LP-distances between distance profiles approxi-
mate the original distances uniformly when p is sufficiently large. We then
combine this estimate with finite spectral approximation in (@)

To compare the best approximations, we use the following continuity state-
ment for their coefficients.

Lemma 8.3. Let n > 1, and let continuous functions J;,J: R" — R
converge uniformly on every compact subset. Assume that each c; minimizes
Jj, that these vectors form a bounded sequence, and that J has a unique
minimizer c. Then c; — c.

Proof. Every subsequence has a further convergent subsequence by bounded-
ness. Write v for the limit of such a subsequence, which we relabel. Choose
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a closed Euclidean ball containing the relabeled subsequence and its limit v.
On that ball,

Tj(¢j) = T ()] < 1Tj(es) = T(¢)
+17(¢j) = T (v)] — 0.
The first term tends to zero by uniform convergence on the ball, and the

second by continuity of the limiting function J. For a fixed competitor
w € R", minimality at each index and convergence at that competitor now
imply
T () = lim Jj(¢y) < lim Jj(w) = T (w).

Thus v = ¢ by uniqueness. For the sake of contradiction, suppose that the
sequence {¢;}jez., does not converge to c. Then there are ¢ > 0 and a
subsequence satisfying lc; — cll2 > e. A further subsequence converges by
boundedness. Its limit must be ¢ by the argument above, contradicting the
displayed lower bound. Thus ¢; — c. U

Lemma 8.4. Let (X,d) be a nonempty compact metric space and set D =
diam(X,d). Then for every r > 0, the number

o = xlél)f( my,q(B(z,7;d))
is positive. Moreover, for every 2 < p < oo and z,y € X,
0 < d(,9) — o — dylliomeny < DO — P +2r. (8.4)
Proof. Choose a finite r/4-net {zg,...,2m-1}. For each x € X, some i
satisfies d(z, z;) < r/4, and then B(z;,r/4;d) C B(z,r;d). Therefore,
cr > OISI%anmX’d(B(zi,r/Zl; d)) > 0.

For all z € X, |dy(2) — dy(2)| < d(z,y). For z € B(z,r;d),
dy(z) — dy(2) > d(z,y) — 2d(z, 2) > d(z,y) — 2r.
Consequently,
P mac{d(z.y) — 2.0} < [dy — dy | 13y o) < (1),

If d(z,y) < 2r_then the error is at most 2r, which is bounded by the right-
hand side of (@) Otherwise the lower bound yields

d(x,y) - ||d:r - dpr
<(1- c,ln/p)d(x, y) + 27“0%/7’
< D(1 —cH/P) + 2r.

Here 0 < ¢, < 1 because the measure mx 4 is a probability. This proves the
estimate in both cases. [l
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Fix Vx, and 2 < p < co. For each z € X, let v, minimize v — |d, —
v||} over Vx 4. The spectral subspace Vy , is finite-dimensional, and hence
closed and convex in LP(X, mx 4). Theorem therefore provides a unique
minimizer. Here the LP-norm is a genuine norm on the continuous functions
in the spectral subspace Vx 4, by full support of mx 4.

We call this function v, € Vx, the finite-dimensional approzimation of
the distance profile. The map X — Vx 4, ® — v, need not be injective. Its
use here is to approximate distances with a controlled error.

If (@) holds, then ||d; — v||, < 1. Define gx: X x X — [0,00) by
gx(z,y) = ||vz — vy|lp. The norm triangle inequality implies

lax (z,y) = llde = dyllp| < llve — dallp + [lvy — dyllp < 2n.
Together with , this yields

lgx — dljos < 27+ D(1 — c/?) 4 2r- (8.5)

For any prescribed error, first choose r small, then choose a sufficiently large
finite p, and finally choose 1 small and a corresponding spectral subspace.

8.3. Continuity of finite spectral subspaces. The operators for differ-
ent spaces act on different Hilbert spaces. We compare them by extending
the distance kernels to one compact ambient space. This produces opera-
tors on the fixed Banach space C(Z,C), where we can apply the spectral
inclusion theorem and the convergence theorem for spectral projections of
Anselone and Palmer. These are iheorems 7.4 and in Subsection @
They preserve the cutoff gaps and the dimensions of the retained spectral
subspaces, respectively.

By Lemma , the parameter-dependent integrals used below converge
uniformly.

The next lemma compares the generalized eigenspaces of the ambient
kernel operator with those of the self-adjoint distance operator.

Lemma 8.5. Let Y be a nonempty compact subset of a compact metric
space (Z,h), and put

e = h|y><y, D= diam(Z, h)
Regard Ty as its complex-linear extension to LA(Y, my.; C). Define
RY: C(Zv (C) — Lz(Ya mY,e; C)v RYf = f’Y?

Syi LQ(K my,e;(C) — C(Z, (C), SY¢(Z) = /Yh(sz)w(w) de,e(w)'

Set By = SyRy. Then By is compact. For every A € C\ {0} and every
integer m > 1, we have

Ga(By) = ker((By — Aid)™) = ker(By — Xid),
Gr(Ty,e) = ker((Ty,e — Aid)™) = ker(Ty,. — Aid).
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Restriction induces the linear isomorphism
Ry : GA(By) — Ga(Tv.e),
whose inverse is the restriction of A™'Sy. Moreover,
spec(By) \ {0} = spec(Ty,) \ {0} C [-D, D].
Proof. Since my is a probability measure,

IRy fll2 < [I.f[loo-
The Cauchy—Schwarz inequality also yields

1Sy ¥llee < DI[#]]2,
Syv(z) = Sy v (20)] < (2, 20)]|¥]]2-
Thus Ry and Sy are bounded, and the Arzela—Ascoli theorem (Theorem @)
implies that Sy is compact. Consequently, By is compact. By their defini-
tions,
By = SyRy, Ty,e = RySy, Ry By = Ty7eRy. (86)
The intertwining identity is displayed in Figure E

c(z,c)—2 , c(z)

LQ(K mY,e; (C) T—> L2(Y, my@; C)
Y,e
FI1GURE 2. Restriction intertwines the ambient operator By
and the distance operator Ty,.. The factorizations By =
SyRy and Ty, = RySy explain the comparison of their
nonzero spectral subspaces.

Fix A € C\{0} and an integer m > 1. Restriction is injective on ker ((By —

Aid)™). Indeed, if Ry f = 0, then By f = 0, and
0= (By — Xid)™f = (~)\)"f
forces f = 0. The intertwining identity and the self-adjoint spectral theorem
(Theorem @) imply
Ry ker((By — Aid)™) C ker((Ty,. — Aid)™)
= ker(Ty, — Aid).

Indeed, in the orthogonal spectral decomposition of Ty, raising a spectral

value minus A to a positive power changes neither its vanishing nor its non-
vanishing. Conversely, if Ty = A, then

f=A"1Syy, Ry f =1, By f=A\f.
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To prove that the ambient generalized eigenspace contains no additional
vectors, take f € ker((By — Aid)™) and put

v=Ryf,  v=A'Syy.
The preceding identities imply
(By — Aid)v =0, Ry(f —v)=0.

Both f and v belong to ker((By - A id)m). Injectivity of restriction on this
kernel therefore implies f = v. Thus

ker((By — Aid)™) = ker(By — Aid).
In particular, restriction induces the linear isomorphism
Ry : ker(By — Aid) — ker(Ty. — Aid),

whose inverse is the restriction of A"1Sy-. Both operators are compact, so the
Riesz—Schauder theorem (Theorem [7.3) ensures that every nonzero spectral
value is an eigenvalue. By Lemma B.1, ||Ty,.|| < diam(Y,e) < D. Thus

spec(By) \ {0} = spec(Ty,e) \ {0} c [-D, D].
([

The following lemma constructs spectral projections on the fixed space
C(Z,C) and compares them with the orthogonal projections on the varying
Hilbert spaces.

Lemma 8.6. Let X;, X be nonempty compact subsets of a compact metric
space (Z, h), with restricted metrics

dj = hl|x;xx;, d=h|xxx,
such that
H[h](X;, X) — 0, my, 4, —> Mxgq weakly on Z.
Fiz a > 0 with a,—a ¢ spec(Tx,q). Use the operators of Lemma and set
Aj = By, A = Bx.
Then for all sufficiently large j,
+a ¢ spec(T'x; 4,), dimVx, o = dim Vx , = n.
Moreover, there are finite-rank Riesz projections
I1;,1I: C(Z,C) — C(Z,C)
associated with the eigenvalues of absolute value greater than a of A; and A,
respectively, which preserve real functions and satisfy
I, ~Tfllac =0 (f € C(Z,C)).
Putllx =1l and lx;, =1;. ForY =X orY = X; with j sufficiently large,
put e = hlyxy. Then restriction induces the complez-linear isomorphism

Ry : rangelly — Vy, + vV —1Vy,,
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and

Iy flly = Pra(fly) (f € C(Z,C)).
Here Py, also denotes the complex-linear extension of the orthogonal pro-
jection onto Vyq.

Proof. By definition,
L) = [ ) fw) dm, o, ),

AFE) = [ bl fw) dmya(w),
For each fixed f, the family {h(z,-)f(:) | z € Z} is compact in C(Z,C). By

with parameter z € Z,
[4;f = Aflloc = 0.
Thus A; — A strongly. Writing D = diam(Z, h), we also have, for || f||oc < 1,
[4jflle <D, [Ajf(2) = Ajf(20)] < h(z, 20).
Hence (J; Aj{f | |[fllc < 1} has compact closure by the Arzela-Ascoli
theorem (Theorem P.§). Thus {4;};ez., is collectively compact. The same
estimates with bounds 2D and 2 apply to A; — A, so {A; — A}jez, is

collectively compact as well.
By Lemma @ and the hypothesis on a, we have

spec(A) C C\ {—a,a}.

The set on the right is open. The preceding estimates verify the strong
convergence and collective compactness required in Theorem [7.4. Applying
that theorem with this open set, we obtain +a ¢ spec(A;) for all sufficiently
large j. Lemma then implies

+a ¢ spec(T'x; 4;)-
This proves the exclusion of the cutoff values.
We next choose one contour that encloses the eigenvalues of absolute value

greater than a for both A and A;. Choose L > max{D,a} + 1 and let {2 be
the union of the two rectangles

{¢eCla<Re(< L, |[Im(| <1},
{¢eC|—-L<Re(< —a, |Im(|] < 1}.

Write I' = 0€) with positive orientation. By Lemma @, all the spectral
values of A and A; are real and lie in [—D, D]. Thus a spectral value can
meet I" only at a or —a, and we have already excluded these two values.
Consequently, the same contour I' avoids both spectra for all sufficiently
large j and encloses exactly their spectral values of absolute value greater
than a. We also have 0 ¢ Q. Figure JJ shows the two components of this
contour.
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Im ¢

r W r
Re(

0

—L —a a L
FiGUurRE 3. The positively oriented boundary I' = 02 en-
closes the retained positive and negative spectral values. The
dots are schematic. The gaps at £a allow the same contour
to be used for A; for all sufficiently large j.

Y

Define the Riesz projections IL II;: C'(Z,C) — C(Z,C) by

d—A)td¢e, T, = d-A)"d
2WF/C1 © e F/Cl -
For f € C(Z,C) and each fixed z € Z, we have

W) = g [lCia=)71 1)) e

The integration variable ¢ ranges over the complex contour I', while the
point z € Z is fixed. Evaluation at z is a bounded linear functional on
C(Z,C), so it commutes with the contour integral. The same formula holds
for II; with A; in place of A. The Riesz projections satisfy

range Il = @ Gr(A)

A€spec(A)NQ
= @ ker(4-Aid),
A€spec(A)NQ
and, for all sufficiently large j,
range II; = @ Gr(45)

A€spec(A;)NQ

= EB ker(A; — \id).

A€spec(A;)NN

In each display, the second equality follows from Lemma @ The sums
are finite by Theorem [1.3, since 0 ¢ Q. We can now apply Theorem

on the fixed Banach space C(Z,C). The operator hypotheses were verified
at the beginning of the proof, and the preceding construction verifies the
hypotheses on I'. We obtain

dimrangeIl; = dimrangeIl, IILif —IIf|lcc = 0 (f € C(Z,C)) (8.7)
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for all sufficiently large j. The dimensions are finite because 0 ¢ Q. The
convergence in (@) means uniform convergence on Z for each fixed function
fecC(z.qC).

We now compare the projections on C'(Z, C) with the spectral subspaces of
the distance operators. For Y = X or Y = X with j sufficiently large, write
IIx =II and IIx; = II;. Since  selects exactly the eigenvalues of absolute
value greater than a, Lemma induces the complex-linear isomorphism

Ry : rangelly — Vyﬂ + vV —1Vy7a.

Here the space on the right is the complexification of the real space Vy,.
Its complex dimension equals dimg Vy,,. The dimension equality in (@’
therefore yields

dimp VXj,a = dimc rangell; = dimc range II
= dimg Vx4 = n.
This also applies when n = 0.
We next prove the identity relating projection and restriction for an arbi-
trary continuous function. The identity (@) implies
(¢id =Ty ,¢)Ry = Ry ({id —By).
For ¢ € ', both operators in parentheses are invertible. Multiplying by their
inverses on the left and on the right, respectively, we obtain
Ry(Cid—By) ™' = (¢id —Ty,) 'Ry (¢ €T).

Both sides are bounded maps from C(Z,C) to L?*(Y, my,;C). Both resol-
vents in this identity depend continuously on ¢ € I' in the operator norm.
The contour integrals can therefore be computed as limits of Riemann sums.
Since Ry is bounded and linear, it commutes with these sums and their
limits. For every f € C(Z,C), we consequently obtain

RyIly f = Ry < (¢id —By) 1fd<)

2myv/—1 Jr

= F/Ry ¢id—By) 1 fd¢

- — F / Cid =Ty..) 'Ry f dc.

The first equality is the definition of IIy, the second uses the bounded lin-
earity of Ry, and the third uses the preceding resolvent identity.

We next identify the last integral with Py, (Ry f). Here Py, also denotes
the complex-linear extension of the orthogonal projection defined in ()
Let 1 be an eigenvector of Ty, with eigenvalue A. Then

(CHd=Tye) = =% (CeD).
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Since I encloses exactly the eigenvalues with absolute value greater than a,
we have

/cld CTy) e

< 1 d¢ >¢ ¥, Al >a,
277\/7 r¢—A 0, |)‘| <a.

The scalar integral equals one when A is inside I and zero when it is outside.
The second case includes A = 0, so the contour integral vanishes on ker Ty..
By the self-adjoint spectral theorem (Theorem @),

ker Ty, @ @ ker(Ty, — Aid)

Aespec(Ty,e)
A#0

= LZ(Y: mY,e; (C)7

277\/7

where the closure is taken in the L?-norm. The preceding calculation shows
that the contour integral and Py, agree on each summand. Both operators
are bounded, so they agree on the whole Hilbert space. Substituting this
into the preceding calculation and using Ry f = f|y, we conclude that

Iy f)ly = Pya(fly)- (8.8)
On the left we project in C'(Z,C) and then restrict to Y. On the right we
first restrict and then apply the projection on L?*(Y,my.,;C). Both sides of
(B.8) are continuous on Y. Since my, has full support, their equality in L?
also implies pointwise equality on Y.
Finally, the distance kernels are real and €2 is invariant under complex con-
jugation. Conjugating the contour integrals and reversing their orientation
therefore yields

Iy f =1y f.
Thus II and II; preserve real functions. ([l

Lemma 8.7. Let X;, X be compact subsets of a compact metric space (Z, h),
with restricted metrics

dj = h|x;xx;, d=hlxxx,
such that
H[h](X;, X) — 0, mx, 4, — mxg weakly on Z.
Fiz a > 0 with a,—a ¢ spec(Tx,q). Then for all sufficiently large j,
a,—a ¢ spec(Tx, 4,), dimVx, , = dim Vx , = n.

If n >0, then for every real orthonormal basis {1y }o<k<n of Vx.a, there are
real orthonormal bases {1jr}o<k<n 0of Vx,a for all sufficiently large j such
that

oo B, ¥k (25) = Yr(x)] = 0 (8:9)
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for every sequence of correspondences R; C X; x X satisfying

sup  h(xj,x) = 0.

Moreover, there are continuous functions
ik Z =R (0<k<n)
satisfying

Viklx; = ik, Yrlx = Ui, O?£§n||¢j,k — Yk|loc — 0.

Proof. Lemma, @ proves the exclusion of 4+a from the spectra and the
dimension equality. Let II;,1I be the projections constructed in that lemma.
There is nothing more to prove when n = 0. Assume that n > 0. _To
construct the real orthonormal bases {1k }o<k<n Of Vx; o satisfying (B.9),
we first project continuous extensions of the prescribed basis {9y to<k<n-
The resulting functions need not be orthonormal for the varying measures
my, 4;- A Gram matrix corrects this without changing their limit. By the
Tietze—Urysohn theorem (Theorem ), choose continuous real extensions

Y Z — R of the prescribed functions ¢;: X — R, and put
Ujp = Hﬂzk, up = Ty

Applying (@) to each fixed function v, we obtain llujk — ukllo — O for
every 0 < k < n. Moreover, (B.§) implies

Rxui = PX,aRXTZk = Px oV = Yy
Thus ug|x = 1%. The same identity on X; shows that

wiklx, = Px;.a(Vrlx,) € Vx, a.

Define the real Gram matrix

Gj = (/ Uj kUj,1 dejydj) .
Z 0<k,l<n

The products w;yu;; converge uniformly on Z to ugu;. Since ug|x = ¥y
and the prescribed basis is orthonormal,

/ UEUL de,d = 6kl'
Z
Each measure m Xj.d; has total mass one. Hence

(Gt — O
< Jujpuji — upw oo

/ukul deﬁd]. —/ukul de,d
Z Z

+
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The first term tends to zero by uniform convergence, and the second tends
to zero by weak convergence. It follows that

(G — / Yy dmx g = Opy-
X

Thus G; — I,,, and for large j the matrix G is positive definite. We spell
out the finite-dimensional fact used to normalize it. Theorem defines

Gj_l/ 2 by replacing each positive eigenvalue with its inverse square root in

an orthonormal eigenbasis. Write
ej = Gj = Inllop,  [[Mllop = sup [[Mec]2

llell2=1
for the Euclidean operator norm. Entrywise convergence in this fixed di-
mension implies €; — 0. Choose jy € Zx>o such that

0<eg <1 (j=jo)
Since G is real symmetric, we have
spec(Gj) C [L—¢gj,1+&5] C(0,00) (5 = Jo)-
For these indices, Theorem @ implies

G e = ATV2
IG; llop seax | |

< max |[t7Y2-1]
1—8j§t§1+8j

t—1]
max —
1-¢;<t<I4e; /H(1 + V/T)
€j

<
\/1—€j(1+ 1—8]')

— 0.

Thus
Gj—l/z |‘|-||op I,
j—oo
Set

n—1

~ —1/2 ~

Yk = Z uj (G s Vik = Vjklx;
1=0

The Gram matrix of the family {1; 1 fo<k<n is Gj_l/QGjGj_l/2 =1I,. By (@),
the functions ¢ belong to Vx; .. The displayed identity makes them or-
thonormal, and their number equals dim Vx; 4, so they form an orthonormal
basis of Vx, 4. Moreover, 9;; — ug uniformly on Z. If §; = SUpR; h(xj, x),
then

SUp [(2;) = Yi(@)] < ik = uklloo + - sup — Ju(2) = uk(z0)] = 0.

J 2,20€7Z
h(z,20)<d;

Taking ﬁjyk = Jj’k and Jk = uy, proves the final assertion as well. O
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8.4. Local maps to normed spaces. We now turn the spectral subspace
into coordinates in R™. A choice of orthonormal basis determines the coor-
dinates, but the resulting pseudometric is independent of this choice.

We use the orthogonal group

O(n) = {g e R™™ | g'g = I},
acting on column vectors in R”. Thus g preserves the Euclidean norm and
g =g".
To approximate the metrics on compact spaces in a sufficiently small
Gromov—Hausdorff neighborhood, we construct a continuous map vy: Y —

R™ and a norm Ny for each compact metric space (Y, e) in that neighbor-
hood. We choose the map vy and the norm Ny so that

Ny (vy(y) = vy(2)) = e(y,2) (y,2 €Y),

with the uniform error specified below. Along each convergent sequence in
this neighborhood, we can choose orthonormal coordinates so that the maps
vy converge uniformly along correspondences whose paired points become
uniformly close in a common compact metric space, and the norms Ny
converge uniformly on the Euclidean unit sphere. We shall use the linear
structure_of R™ to combine the approximations by a partition of unity in
Section .

Theorem 8.8. Let (X,d) € M be a nonempty compact metric space and
let b > 0. Then there are an open subset W C M with (X,d) € W and
an integer n > 1 with the following properties. For each representative
(Y,e) € W, there are a norm Ny on R™ and a continuous map vy : Y — R™.
The norm Ny and the map vy are expressed in an orthonormal coordinate
system. If this coordinate system is changed by an orthogonal matriz g, then
the new coordinate map is govy and the new norm is Ny og~t. In formulas,

(vy,Ny) — (govy,Nyog ') (g€ O(n)). (8.10)

For every isometry u: (Y,e) — (Yo,eq) between representatives in W, there
is g € O(n) such that

Vy, 0U = goVy, Ny, = Ny og™". (8.11)
The norm Ny and the map vy satisfy the following conditions.
(Al) For everyy €Y,
Ny (vy(y)) < 2diam(Y, e).
(A2) Let (Yj,ej),(Y,e) € W have isometric embeddings into a compact
(Z,h) with HA](Y;,Y) — 0. Then the coordinates can be chosen so
that

sup |Ny;(c) — Ny(c)| = 0, sup |[vy; (y;) = vy (¥)ll2 = 0
llell2=1 (y5,y)ER,;
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for every sequence of correspondences R; CY; x Y satisfying
sup h(yj,y) = 0.
(y5,y)ER;
(A3) The formula

ay (y,2) = Ny (vy(y) — vy (2))
defines an isometry-invariant continuous pseudometric on Y. In
particular, for every isometry as above,

avo (u(y),u(z)) = av(y,2) (y,z€Y).
The function

E:W—=10,00),  E(Y.e) = supy!qy(y,z) —e(y,2)|
Y,2€

is continuous and satisfies £(X,d) < b.

We call these data on W a local model. The map vy need not be injective,
which is why gy is a pseudometric.

Proof. For the singleton center, assign to every (Y,e) € M the data n = 1,
Ny = ||, and vy = 0. Then gy = 0 and £(Y,e) = diam(Y,e). The error
is continuous because the diameter is continuous for GH. For a prescribed
b > 0, we may take its domain to be the open neighborhood

W ={(Y,e) € M | diam(Y,e) < b} > *.

On this domain the zero maps and fixed norm satisfy , with the
error equal to the diameter. The coordinate maps vy vanish and the norm
Ny is fixed, so the coordinate and isometry identities also hold. This proves
the theorem when the center is a singleton.

Assume henceforth that the center is not a singleton. We construct the
local data from one spectral cutoff, prove their continuity first on each carrier
and then as the carrier varies, and finally verify invariance and the error
estimate.

Step 1. A neighborhood with constant spectral dimension.
Choose 2 < p < oo and a spectral cutoff a at (X,d) so that (B.§) is less
than b, with a, —a ¢ spec(T’x 4) and dim Vx , = n > 1. Define

W= {(Y,e) e M |a,—a ¢ spec(Ty,), dimVy, = n}.
Then (X,d) € W._To prove that W is open, let (Yj,e;) = (Y,e) € W in

M. By Lemma PR.7, realize these spaces as compact subsets of a common
compact metric space (Z, h) with
H[A](Y;,Y) — 0.

Theorem @ implies
My, .. — My, weakly on Z.

Lemma @ now yields (Yj,e;) € W for all sufficiently large j. Since M is
metrizable, this proves openness.
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Step 2. Norms and continuous coordinate maps. For (Y,e) €
W, choose a real orthonormal basis g, ..., 9,1 of Vy,. Define the norm
Ny : R" — [0,00) by

P 1/p
dmy,e(z)> . (8.12)

We define vy : Y — R” by taking vy (y) to be the unique minimizer over
¢ € R” of the function Jy: Y x R™ — [0, 00) defined by
p

dmy. (). (8.13)

n—1

Jy(yvc)Z/Y e(y,2) = > ar(z)
k=0

Existence and uniqueness of this minimizer follow from , applied

to the finite-dimensional spectral subspace of
LP(Y,my,).

Thus >, (Vy (y))ktk is the finite-dimensional approximation of the distance
profile constructed above. The bold vector vy (y) records its coordinates in
the chosen orthonormal basis {¢x, }o<k<n. Figure f displays this construction
of vy.

e(yv ) € LP(Y, mY,e)
{best approximation in LP

n—1

Z(VY(Z/))MM € W

k=0
{coordinates in {¢r o<k<n

vy (y) € (R", Ny)
FIGURE 4. The best approximation of e(y, -) in Vy,, has co-
ordinate vector vy (y) in the chosen L?-orthonormal basis.
This vector is the minimizer in () With the LP norm

on Vy,, the coordinate map_in the second arrow is a linear
isometry onto (R™, Ny') by ()

Since p > 2 and the measure my. is a probability, orthonormality implies

n—1
> crt
k=0

Ny(c) Z

= llcfl2-
2
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Write e, = e(y,-) € C(Y) for the distance profile at y. By minimality,

n—1

ey — > (vy (®)ktr

k=0

<leyllp < diam(Ye).

P
The triangle inequality therefore proves

Ivy @)l < Ny (vy () < 2diam(Y, ). (8.14)

This proves . In particular, the minimizers stay in a fixed compact
Euclidean ball when the diameters are bounded.
For M > 0, write
By = {c e B" | c]l2 < M}.

For fixed Y, the function Jy is continuous. If y; — vy, continuity on the
product of the compact space Y and each Bj; implies

sup |Jy(yi,¢) — Iy (y,c)| = 0.

CGB]W

The bound (|814l) and lLemma 8.3| prove continuity of vy.

Step 3. Convergence of the objectives and norms. Let Y; — Y in
the stated compact ambient space. Write e; = hly,xy; and e = hl|yxy. By
Theorem p.6,

My, e; — Mye weakly on Z.
Apply Lemma @ to the basis {9y }o<k<n of Vy, chosen in Step 2. We
obtain real orthonormal bases {1; x }o<k<n Of Vy; o and continuous functions
Yk, ks Z — R such that
bikly: = Uk brly = U, max || 1, — 1, — 0.
Vikly; = Yik Yrly = n 0Sk<n||1/1g,k Vi loo

Define J;,J: Z x R™ — [0, 00) by

n—1 p
Ti(z,¢) = /Z h(z,w)—kzockij,k(w) dmy, ¢ (w),
n—1 » p
J(z,¢) = h(z,w) — crp(w)| dmy(w).
/Z kzzo kWK my,

By (8.13),

For every M > 0,

Tily;xrn = Jy;, Ty xre = Jy-

sug T (z,¢) — T (z,¢)| = 0. (8.15)
ze
llella<M

Apply with compact parameter space Z x {c € R" | [|c|2 <

M}. Uniform convergence of the extended basis functions v 1, to ¢y, implies
uniform convergence of the displayed integrands on this product with Z. For
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the norms Ny;, Ny, apply the same lemma with the Euclidean unit sphere
~ P
S"~! as parameter space and integrands |y, cxtbjr(w)| . It follows that
sup |Ny;(c)’ — Ny(c)| — 0.
llell2=1
For nonnegative real numbers s,¢ and p > 1,
s/ — gMp) < |5 — ¢|M/P.

Applying this inequality to the powers of Ny, and Ny proves uniform con-
vergence on the Euclidean unit sphere S*~1,

Step 4. Uniform convergence of the coordinate maps. We
now prove the second convergence in for the bases {11 }o<k<n and
{"k }o<k<n chosen in Step 3. For the sake of contradiction, suppose that
this convergence fails. Then after passing to a subsequence, there are £ > 0
and pairs (yj,y0,;) € R with ||vy;(y;) — vy (yo,j)ll2 > €. Compactness of ¥’
and (B.14) permit a further subsequence such that

Yo; — Y €Y, vy;(yj) — c € R™
The condition on the correspondences implies

h(yi>y) < h(yj, yo,5) + (Yo y) — 0.
For every M > 0, () and continuity of J on Z x Bjs imply

sup |J;(y;j,¢) — T (y,c)l

cEB
< sup |Jj(z,¢) — T (2, 0|
z2€Z
CEB]M
+ sup |J(yj,¢) — T (y,c)| — 0.

CGBM

Lemma @ and () imply ¢ = vy (y). But continuity of vy also implies
vy (yo,j) = vy (y), contradicting the lower bound. This proves [A2).
Step 5. Changes of basis and isometries. If a second basis is written

as 1@1C = >, gty with g € O(n), then its coefficient vectors and norms satisfy
V() =gvy(®),  Ny(c)=DNy(g o).
This proves () For an isometry u: (Y, e) — (Yo, €9), the pullback map
U: L*(Yo, My, ¢) — L2(Y,my,),  f+—— fou
is unitary because u,my,. = my, ... It intertwines the distance operators,
Tye(fou) = (Tyyeof) 0 u

Thus
U(VYM) = Wa-
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Let {0 }o<k<n be the orthonormal basis chosen on Yj. Since both {1 o
u}y and {4} are orthonormal bases of Vy,,, there is g € O(n) such that

n—1
Yokou= Y grth.

1=0
Using this identity and u,my . = my; ¢,, we obtain
NYO(C) = Ny(g_lc)7
Tvo(u(y),e) = Ty (y,97 ) (yeY, ceRM).

The second identity and uniqueness of the minimizers imply

vy, (u(y)) = gvy (y)-
This proves both identities in () Consequently,
avy (u(y), u(2)) = Ny, (9(vy (y) — vy (2)))
= qv (Y, 2).

Thus the pseudometric gy is independent of the coordinates and is invariant
under isometries of (Y,e).

Step 6. Continuity of the approximation error. The formula in
iAS | defines a continuous pseudometric because it pulls back the distance

of a normed space by the continuous map vy. Step 5 proves its invariance.
Set

nj = sup [Ny, (c) = Ny (c)],
llell2=1
6j = sup vy, (y;) = vy (y)ll2-
(45, Y)ER;
Steps 3 and 4 show that both numbers tend to zero. Choose M > 0 which
bounds all the coordinate norms in () along the sequence and on the
limit space. Such a bound exists because the diameters converge. For two

corresponding pairs, write

Then |vj]l2 < 2M and ||v; —v|2 < 2J;. Homogeneity and the norm triangle
inequality imply
[Ny, (vj) — Ny (v)]
< [Ny; (vj) = Ny (v;)] + Ny (vj — v)
< 2Mmn; + 26; ‘max Ny (c).
=1

lcll2

The right-hand side is independent of the corresponding pairs and tends to
zero. Thus

Aj = sup |qu (yj, Zj) - QY(l/a Z)| — 0.
(yj,y),(z]-,z)ERj
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If 7; = supg, h(y;,y), then
lej(j, 25) — ey, 2)| < 25
Applying the uniform-norm estimate in ,
E(Yj,e5) —E(Y )| < Aj+ 275 = 0.
The bound at (X, d) was arranged in Step 1 by (@) This proves . O

8.5. Homotopy density of doubling spaces. The local models can be
combined before taking metric quotients. This produces simultaneous ap-
proximations of all compact metric spaces, with continuous dependence on
both the space and the approximation scale. In this subsection, we write
Y for a compact metric space with distance dy. Let F C M consist of
the spaces admitting an isometric embedding into a finite-dimensional real
normed space. The dimension and the norm may depend on the space.

A subset D of a space T is homotopy dense if there is a continuous map
H:Tx|[0,1] — T such that H(-,0) = idy and H(T x (0,1]) C D. We prove
a quantitative form of this property for F.

Corollary 8.9. There is a continuous map H: M x [0,1] — M such that
HY,00=Y, H(Y,t)eF, GHH(Y,t),Y)<t/2 (0<t<1).

Near each point of M x (0, 1], the dimensions of the normed spaces realizing
the images have a common finite bound. Moreover, H(Y,t) is connected
whenever Y is connected, and path connected whenever Y is path connected.

Proof. We combine the local pseudometrics by a partition of unity, prove
continuity of their metric quotients, and realize each quotient in a finite-
dimensional normed space.

Step 1. Combining local pseudometrics. Put P = M x (0,1]. For
each (Yp,t9) € P, apply l heorem 8.8 with tolerance tp/4, and let W be the
open neighborhood supplied by that theorem. Continuity of the error func-
tion permits an open neighborhood V-C W x (0, 1] of (Yp,tp) on which the
error is less than the time coordinate. Since P is metrizable, choose a locally
finite partition of unity {\; };c; subordinate to such neighborhoods V;, with
supp A; C V;. Denote the corresponding local models by (W;, ni, vy, N;iy),
and define ¢;y: Y XY — [0,00) and E;: W; — [0, 00) by

Gy (Y, 2) = Niy Uiy (y) —viy(2)),  Ei(Y) =gy — dy||oo-
Thus E;(Y) <t whenever (Y,t) € V;. For (Y,t) € P, define gy;: Y xY —
[0,00) and H: P — M by

avi(y,2) = > NV Dy (y,2),  HY.t)=[Y,qv].
el

A term with zero weight is defined to be zero, even outside the domain of
its local model. The sum is finite at each parameter and is a continuous
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pseudometric on Y. The isometry invariance in [Theorem 8.§ makes its

metric quotient independent of the chosen representative of Y. Furthermore,

lave —dvlee < > MNVOE(Y) <t
i: A(Y,t)>0
Lemma @ proves the asserted GH estimate.

Step 2. Continuity of the quotients. Let (Yj,t;) — (Y,t) in P. By
local finiteness, there are an open neighborhood U C P of (Y,t) and a finite
set Ip C I such that

Mo =0 (Gel\I).

For all sufficiently large j, we have (Y;,t;) € U, so only indices in Iy occur
in the sums below. By , realize the spaces in a common com-
pact metric space and choose correspondences R; C Y; x Y whose paired
points have ambient distances tending uniformly to zero. For an index with

Ai(Y,t) > 0, condition (A2i of [Theorem 8.8 permits coordinates in which
the point maps v;y; converge uniformly to v;y along R; and the norms

Niy; converge uniformly to /V; y on the Euclidean unit sphere S7i—1. To see
explicitly that the pseudometrics converge, write

nj = sup |Niy;(u) = Niy(u)|, — My= sup Niy(u).

[lull2=1 [lulla=1
Since N;y is a norm on the finite-dimensional space R™, we have

m; = min Ni,y(u) > 0.
flullz=1

For all sufficiently large j, we have n; < m;/2, and homogeneity implies
m; .
Niy;(u) = (mi —nj)ulls = Z-llullz - (v € R™).

By condition ,

4diamY;
sup lviy; (y;)llz2 £ ———
y; €Y 7
For corresponding difference vectors w; = vy, (yj) — viy;(2;) and w =

viy(y) — viy(2),
|Niy, (w;) — Niy (w)] < njllwjllz + Millw; — wla.

In particular,
8 diam Y;
sup [Jwjlla < ———,
Yj,2; €Y my
and diamY; — diamY. The expression n;||wj||2 + M;|lw; — wl|2 therefore
tends uniformly to zero over pairs in R;. For an index with \;(Y,t) = 0,

condition (A1) instead implies
0 < Ni(Y5,t5)aiy; (Y5, %) < 4Xi(Yj, t5) diam Yy — 0
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whenever the weight is positive. This also covers parameters crossing a
model domain boundary. Since diameters remain bounded, all weighted
terms converge uniformly along the correspondences. Thus

sup  ay; 1, (¥, 7)) — ave(y, 2)| — 0.

(ijy)v(z]'iz)ERj
Lemma @ proves continuity on P. Set H(Y,0) =Y. The estimate
GH(H (Y1), Y) < t;/2+ GH(Y,,Y)

proves continuity at time zero as well.

Step 3. Finite-dimensional realization. Fix (Y,t) € P and let J =
{i | Ai(Y,t) > 0}. This is a finite nonempty set. On @, ; R™, the formula

N((ai)ies) = > MY, )Ny (a;)
icJ
defines a norm. All its weights are strictly positive. The compact image of
the continuous map

Y > @PRY, oy (viy®))ies
icJ
is isometric to H(Y,t). Its ambient dimension is ), ;n;. Choose U and Iy
near (Y,t) as in Step 2. For every (Z,s) € U, we have

{i€I|)\i(Z,S)>O}C10, Z ngnl
i: Xi(Z,5)>0 i€l
Thus the integer ) ;; n; bounds the ambient dimensions throughout U.
Finally, this image is a continuous image of Y, so connectedness and path
connectedness are preserved. [l

Corollary 8.10. Let K be a compact metrizable space, f: K — M contin-
uwous, and € > 0. Then there are an integer N > 1 and a continuous map
g: K — M such that

sup GH(f(k),g(k)) <e,
keK

and each g(k) admits an isometric embedding into a normed space of dimen-
ston at most N. The norms may vary with k.

Proof. Choose 0 < 7 < 1 with Tf? < e and set g(k) = H(f(k),7). The

locally bounded dimension in [Corollary 8.9 has a finite bound on the compact

set f(K) x {r}. The same corollary proves continuity and the uniform error
bound. 0

For a finite subset S C X of a metric space (X, d) with |S| > 2, write
sep(S) = min{d(z,y) | z,y € 5, = # y}.
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We use the finite-set description of the Assouad dimension dima X. It is
the infimum of the exponents 5 > 0 for which some C' > 1 satisfies

diam S\ ”
sep(S)

for every such finite subset of X. The infimum of the empty set is infinite. A
metric space is doubling if its balls can be covered by a uniformly bounded

number of balls of half the radius. This is equivalent to finite Assouad
dimension, as recalled in the author’s [20, Section 2.2 and Lemma 2.3].

|$SC< (8.16)

Lemma 8.11. If a metric space X admits an isometric embedding into
an n-dimensional real normed space, where n > 1, then every finite subset
S C X with at least two points satisfies

2diam S\ " diam S\ "
SI<(1l1+ —— <3| —— .
si< (1+55057) < (Gt )
In particular, dima X < n.

Proof. Identify S with its isometric image in (R™, N), and write
By(z,r)={veR" | N(v—=z) <r}.

Put a = sep(S) and D = diamS. Choose g € S. The open balls
{Bn(x,a/2)}zcs are pairwise disjoint. They are contained in the ball of
radius D + a/2 centered at zp. Let vol denote Lebesgue volume on R™.
Translation invariance and scaling imply

|S](a/2)" vol(Bn (0, 1)) = Y _ vol(Bn(x,a/2))
z€S
< vol(Bn(zo, D + a/2))

= (D +a/2)" vol(Byn(0,1)).

Since 0 < vol(Bn(0,1)) < oo, division proves the first bound. The second
follows from D/a > 1. The definition of Assouad dimension now applies
with C'= 3" and § = n. O

Corollary 8.12. The doubling compact metric spaces form a homotopy
dense subset of M. The same assertion holds relative to the subspace of con-
nected compact metric spaces and relative to the subspace of path connected
compact metric spaces.

Proof. By , every member of F is doubling. Apply

and its connectedness assertions. O

The author proved that the set of all doubling compact metric spaces
is a dense meager Fi, subset of M in [20, Theorem 1.1]. Corollary B.12
adds simultaneous continuous approximation of families to this description.
The relative statements apply to the connected and path connected classes
studied in [21].
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The approximations may also be required to be uniformly perfect. We
use the convention that a bounded space X is uniformly perfect if some
0 < ¢ < 1 has the following property. For every € X and 0 < r < diam X,
there is y € X with cr < d(x,y) < r. A space is uniformly disconnected if
some ¢ > 0 satisfies

omax d(xk, Try1) > 6d(20, Tim)

for every finite chain xo, ...,z with m > 1.

Corollary 8.13. The compact metric spaces that are doubling, uniformly
perfect, and not uniformly disconnected form a homotopy dense subset of M.
This also holds relative to the connected and path connected subspaces.

Proof. For t > 0, put J(Y,t) = H(Y,t) x [0,t/2] with the maximum metric,
and set J(Y,0) = Y. The product of a correspondence R between A and
B with the correspondence {(as,bs) | 0 < s < 1} between the intervals has
distortion at most max{dis(R), |a — b|}. Consequently,

GH(A x [0,a], B x [0,b]) < max{GH(A, B),|a — b|/2}.

This proves continuity at positive times. Collapsing the interval factor also
shows that

GH(J(Y,t),Y) <t/2+t/4 =3t/4,
which proves continuity at time zero. Adding one real coordinate with the
maximum norm realizes J(Y,t) in a finite-dimensional normed space, so it
is doubling.

Write A = H(Y,t), a = t/2, and D = max{diam A,a}. Let d denote
the maximum metric on A x [0,a]. For (z,u) € A x [0,a] and 0 < r < D,
a point on the same interval fiber can be chosen at distance min{r,a/2}.
Indeed, one endpoint of the interval is at distance at least a/2 from u. With
c=a/(4D) € (0,1), we have

cr < min{r,a/2} <r (0<r< D).
This proves uniform perfectness. Let 6 > 0 and choose an integer m > 1/4.
For a fixed x € A, the chain z; = (z, ka/m), where 0 < k < m, satisfies

d(z0,2m) = a, max d(zg, zk+1) = a/m < da.
0<k<m

This violates the chain inequality for every fixed § > 0, so the product
is not uniformly disconnected. Connectedness and path connectedness are
preserved by the interval product and by H. [l

8.6. Dependence of the model dimension on accuracy. The common
finite dimension in [Corollary 8.10 may depend on the error tolerance. The
packing estimate above explains why this dependence cannot be removed,
even for a single compact space homeomorphic to a convergent sequence.
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Proposition 8.14. Let N > 1 be an integer and let A; — X in the
Gromov-Hausdorff topology. If every A; admits an isometric embedding
into a normed space of dimension at most N, then dimp X < N. Con-
sequently, if dima X = oo and A; admits an isometric embedding into an
n;-dimensional normed space, then n; — oo.

Proof. Fix a finite subset S = {xg,...,Zm-1} C X with m > 2, and put
D = diam S and a = sep(S) > 0. Choose correspondences R; C A; x X with
dis(R;) — 0. For each 0 < k < m, choose z;1 € A; with (z;x,xr) € R;.
For sufficiently large j, these points are distinct because

da;(jk,wj0) > a—dis(R;) >0 (0<k l<m, k#I).
Their sets S; = {z;0,...,2jm—1} satisfy

| diam S; — D| < dis(R;), |sep(S;) — a| < dis(R;).
Lemma therefore implies

m< 3 | ————= — 3% (D/a)™.
sep(S;)

Thus (B.16) holds on X with C = 3" and 8 = N. This proves the first

assertion. For the sake of contradiction, suppose that n; does not tend to

infinity. Then there are a subsequence and an integer N > 1 such that n; <

N along that subsequence. The first assertion applied to that subsequence

contradicts dima X = oo. O

The uniformity of the packing constant with respect to the ambient norm
is essential here. Finite Assouad dimension of the individual approximat-
ing spaces alone does not impose a finite Assouad dimension on their GH
limit. The author’s work on Assouad dimension and convergence contains a
convergent-sequence space with infinite Assouad dimension [19, Theorem 1.4
and Remark 4.1]. For the present application, the following direct instance
of the telescope construction in [19, Section 4.1] suffices.

Example 8.15. For every integer m > 2, let E,,, be a set of m points, with
these sets pairwise disjoint, and put 7, = 27". Define

X ={oc}u | | En.
m>2

The distances between distinct points are specified by

rm? :I:7y e Em’
d(z,y) = { max{rm,,7x}, « € En, y € Ex, m #k,
Tms xeFE,, y=o0,

with symmetry and zero diagonal understood. This is an ultrametric. In-
deed, for a triangle meeting two different sets, the two largest distances
coincide, and triangles within one set have equal nonzero distances. The
same verification applies to triangles containing co. Every point other than
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oo is isolated, and every neighborhood of oo contains all but finitely many
points. Hence X is compact and homeomorphic to a convergent sequence
together with its limit. It has topological dimension zero, since the isolated
singletons and the tails containing oo form a clopen basis. It also has Haus-
dorff dimension zero because it is countable. Nevertheless,

diam F,, 1
sep(Em)

No fixed constants in !Eé) can satisfy these inequalities for all m. Thus
dima X = oo. By [Proposition 8.14, the ambient dimensions of finite-
dimensional normed approximations to X must tend to infinity as their GH
errors tend to zero.

|Em‘ =m,
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Part III. The topology of Gromov—Hausdorff space I1I: The
absolute retract property

Abstract. We prove that the Gromov—Hausdorff space of isom-
etry classes of nonempty compact metric spaces is an absolute
retract for all metrizable spaces. Starting from continuous finite-
dimensional local approximations, we represent the varying norms
in fixed Banach spaces and combine the local maps by a partition
of unity. Hyperspaces modulo compact groups provide absolute re-
tracts through which the identity map can be approximated with
arbitrarily small homotopy tracks. Hanner’s domination theorem
implies the absolute neighborhood retract property. Contractibil-
ity then implies that every continuous map from a closed subset
of an arbitrary metrizable space into the Gromov-Hausdorff space
extends to the whole domain.

Keywords. Gromov-Hausdorff space, absolute retract, absolute
extensor, hyperspace, approximation.

2020 Mathematics Subject Classification. Primary 54C55;
Secondary 54E35, 54B20.

9. INTRODUCTION TO PART III

The Gromov—Hausdorff space contains compact metric spaces with differ-
ent underlying topologies and arbitrarily large dimensions. Let M denote
the space of their isometry classes with the ordinary unpointed Gromov—
Hausdorff distance GH. We prove that M is an absolute retract for metriz-
able spaces. Antonyan records the question whether M is an absolute re-
tract in [, p. 2]. For each positive integer n, he identifies the subspace
represented by compact subsets of R” with the Hilbert cube minus a point
[6, Corollary 5.3].

The relation between Gromov-Hausdorff geometry and hyperspaces is use-
ful for this question. Mémoli and Wan [29, arXiv v2, Theorem 1] prove that
every Gromov—Hausdorff geodesic can be realized as a Hausdorff geodesic
of compact subsets of one compact metric space. Curtis [12, Theorem 1.6]
proves, in particular, that the hyperspace of nonempty compact subsets of a
Banach space, equipped with the Hausdorff metric of its norm, is an absolute
retract.

In the present paper, we approximate the identity map of M through
absolute retracts obtained from hyperspaces modulo compact groups. The
approximation homotopies have arbitrarily small point tracks. This con-
struction proves the following theorem.

Theorem 9.1. The space M is an absolute retract for all metrizable spaces.

We prove the equivalent absolute extensor assertion in Theorem . For
every metrizable space S, every closed subset A C S, and every continuous
map f: A — M, there is a continuous map F': S — M with F|4 = f. No
dimension or separability restriction is imposed on S.
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The absolute retract argument uses the local finite-dimensional maps and
varying norms of [Theorem 8.5, the main result of Part @, including their

continuity and compatibility with isometries at every compact center. We
represent the varying norms in a fixed Banach space and use a partition
of unity to combine the local maps. Orthogonal changes of coordinates are
retained as compact group actions. Hyperspaces modulo these actions pro-
vide absolute retracts through which maps into M can be approximated
with small homotopy tracks. Hanner’s domination theorem, stated in [The
then establishes the ANR, property. His category comparison in
extends this conclusion to all metrizable domains. Since M is
contractible, Theorem [10.5 implies that M is an AE for metrizable spaces.

Dependence on the other parts. We use the local approximation the-
orem of Part @ Beyond the common preliminaries, no other
result of Part [ and no result directly from Part ﬁis used. The depen-
dence on the invariant measures is through the proof of . No
result of Part @ is needed here. Part uses the absolute retract property
established in this part to identify M with Hilbert space.

Organization. In Section @, we recall the equivariant hyperspace results
and the domination and extension theorems used in the proof. In Subsec-
tion [11.1), we represent varying finite-dimensional norms isometrically in a
fixed Banach space, with compatibility under orthogonal changes of coordi-
nates. In Subsection [L1.9, we construct absolute retracts from hyperspaces
modulo compact group actions and compare their orbit metrics with the
Gromov—Hausdorff distance. In Subsection , we use a partition of unity
to combine local models into global approximations with small homoto
tracks. In Subsection [11.4, we apply Hanner’s [Theorems 10.3 and [10.

and use contractibility to obtain extension from closed subsets of arbitrary
metrizable spaces, proving . Conventions and notation.

All compact metric spaces are nonempty, and Banach and Hilbert spaces
are real. We identify compact metric spaces with their isometry classes in M.
An isometry is a surjective isometric embedding. For a metric space (X, d),
we write (X)) for its nonempty compact subsets, equipped with the Haus-
dorff metric H[d]. Isometrically embedded compact spaces are identified
with their images and carry the restricted ambient metrics. The notation id
denotes the identity map on its specified domain. Sequences are indexed by
Z>o={0,1,2,...}.

10. PRELIMINARIES

We recall the equivariant hyperspace results and the domination and ex-
tension theorems used in this part. The terms AR, ANR, AE, and ANE
have the meanings fixed in Definition P.21].
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10.1. Equivariant hyperspaces and orbit spaces. A metrizable G-space
is a metrizable space with a continuous action of the topological group G. It
is a G-AR if every closed equivariant embedding into a metrizable G-space
admits an equivariant retraction. A space E is locally continuum-connected
if for every z € E and every open set O C E with z € O, there is an open
set V such that

C' is compact and connected,
{z,y} CC CO.
In a Banach space we can take V to be a sufficiently small open ball and
use the segments C' = {(1 —t)z +ty | t €0, 1]}.

The following hyperspace theorem is [3, Proposition 3.1], with the corri-
gendum [4]. It is also stated in [5, Theorem 2.3].

xeV CO, vyeV dCCFE {

Theorem 10.1 ([3, Proposition 3.1]). Let a compact group G act contin-
wously on a nonempty connected, locally continuum-connected metrizable
space E. Then K(E), with its Vietoris topology and the induced action
gS ={gv|veS} isa G-AR.

Theorem 10.2 ([2, Theorem 8 and Corollary 1]). Let G be a compact group
with a countable basis and let E be a metrizable G-AR. Then its orbit space
E/G is an AR for metrizable spaces.

10.2. Domination and absolute extension. The next three theorems
specify the category changes in the extension argument.

Theorem 10.3 ([17, Theorem 7.2(b)]). Let (T, r) be a separable metrizable
space with a fized compatible metric. Assume that for every € > 0 there are
a separable metrizable ANR A and continuous maps
T A VAT, Q:Tx[0,1]—-T
such that for every z € T,
Q(z,0) =2 Q(z,1) =VP(2), diam{Q(z,7)[t€[0,1]} <e.
Then T is an ANR in the category of separable metrizable spaces.

Theorem 10.4 ([18, Theorem 13.4]). A separable metrizable space which is
an ANR for separable metrizable spaces is an ANR for all metrizable spaces.

Theorem 10.5 ([18, Theorem 12.3]). A nonempty contractible metrizable
ANE for metrizable spaces is an AE for metrizable spaces.

11. ABSOLUTE EXTENSION BY GLOBAL APPROXIMATION

We now combine the local maps of Theorem @ into a global approxima-
tion through an absolute retract. A partition of unity permits arbitrarily
many local models to be active, with only local finiteness required. This con-
struction will establish the absolute extension property without a dimension
restriction on the extension domain.
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11.1. Isometric representations of varying norms. The norms Ny in
the local models vary with the compact metric space (Y,e). We first rep-
resent all norms of a fixed finite dimension in one Banach space in a way
compatible with orthogonal changes of coordinates.

For n > 1, write

sPl = {u € R" | |Julls = 1}, E, = C(S"_I,R).
We equip F,, with the uniform norm. For a norm N on R", its dual norm is
N*(u) = sup{|[(v,u)| | N(v) < 1}.

The pairing is the Euclidean inner product. In particular, N*(u) > 0 for
every u # 0.

Lemma 11.1. Let N be a norm on R™. Then the map Jy: (R",N) —
(Ens [-lloo) defined by

<U7 u> n—1
= 11.1
is a linear isometric embedding. Thus
lIn(v) = In(w)|leo = N(v —w). (11.2)

If norms N; converge uniformly to N on S"~ ' and v; — v in R", then

17w, (vj) = IN(0)[|oo —= 0.
The group O(n) acts continuously on E, by linear isometries through
(9f)(w) = f(g~"u), and

INog-1(gv) = gJIN(v) (g € O(n), veR"). (11.3)
Proof. The formula for Jy(v) defines a continuous function because its de-
nominator is positive on the compact sphere. It is linear in v. The definition
of the dual norm implies |[(v,u)| < N(v)N*(u). Hence ||Jn(®)|lcc < N(v).
For v # 0, the Hahn—Banach theorem [30, Theorem 11.19 and Proposi-
tion 11.20] provides a linear functional £: R” — R with dual norm one and
L(v) = N(v). Write £(w) = (w, up) and put u = up/||ug||2. Then
l

] _ 160y

N*(u)  N*(up)
Equality is immediate for v = 0. Linearity now proves ()

To verify continuity, put

m:énir%N>0, gj = sup |N; — N|, tj =¢e;/m.
n— S§n—1

By homogeneity, for large j we have
(L= )N(W) < Nj(0) < A +)N@) (v e RY).
The inclusions of unit balls therefore imply
(L+t5) " N*(u) < Nj(u) < (1 —1;)"'N*(u).
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Thus the dual norms NV ]* converge uniformly to N* on the sphere S*~! and
have a common positive lower bound there. Consequently,

lvj = vll2
mingn-1 N/

+ Hv||QSSu_p1 |(N]?*)—1 _ (N*)—1’ — 0.

1T, (v5) = IN (V) [loe <

For later use, the same estimate with a fixed vector implies that for every
M > 0,
sup |[|Jn;(v) — In(V)|loo < M sup ](N;-‘)_l — (N9 —0.  (11.4)
llvla<M sn—t

Orthogonal transformations preserve the Euclidean sphere, so ||gf]cc =

| flloo- If gj = g and f; — f uniformly, then
g5fi = 9flloo < N1f5 = flloo + Sup (g5 u) = flg™ u)| = 0
ueS"

by uniform continuity of f. Finally, substituting v = gw in the definition of
the dual norm N* implies

(Nog ) (u) = N*(g~"u).
It follows that

Iyog 1 (g0)(0) = s = (o)),

which proves () . O

11.2. Absolute retracts from hyperspace orbits. The preceding repre-
sentation converts a change of coordinates into an isometry of a fixed Banach
space. The global approximation will use compact subsets of such a space
modulo this action. We apply Theorems mpand 10.2 to prove that the
resulting hyperspace orbit is an absolute retract.

Lemma 11.2. Let (E,||-||g) be a separable Banach space, and let a com-
pact metrizable group G act continuously on E by linear isometries. Write
d(v,w) = ||v — w||g for its induced metric. Then K(E)/G is a separable
metrizable AR. Its quotient topology is induced by the metric

3([S], [71) = min Hld) (5. 7). (11.5)
The map
V:K(E)/G—=M,  ¥([S]) = (S,d[sxs),
is well-defined and 1-Lipschitz.

Proof. First the induced action on I(F) is continuous. To see this, assume
that g; — g and H[d](S;,S) — 0. Then

H[d](g;S),9S) < H[d](S;,5) + SugngS —gslle — 0.
se
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The last supremum tends to zero because the action is continuous and S is
compact. Each group element acts isometrically on the hyperspace K(FE).
By Theorem P.1, the Hausdorff distance induces the Vietoris topology on
K(E). Theorem therefore applies because E is connected and locally
continuum-connected. Thus IC(F) is a G-AR. The compact metrizable group
G has a countable basis, so implies that IC(F)/G is an AR in
the metrizable category.

We check the metric and topology explicitly. Write ¢ for the right-hand
side of () The minimum exists because g — H[d](S, ¢7") is continuous
on the compact group G. If §([S], [T]) = 0, then S = ¢T" for a minimizing

g, so the orbits are equal. Symmetry follows by replacing g with g~*. For
g,h € G,

H[d](S,ghU) < H[d](S, ¢T) + H[d](¢T, ghU) = H[d](S, ¢gT') + H[d](T, hU).

Taking minimizing g and h proves the triangle inequality.
Let q: K(FE) — K(E)/G be the orbit map. For r > 0,

@ (B([8).7:9) = U BloS.7:Hld)).
9geG

Thus orbit metric balls are open in the quotient topology. Conversely, if
O is quotient-open and [S] € O, choose r > 0 with B(S,r;H[d]) € q~1(0).
Whenever 6([S], [T]) < r, some g satisfies H[d|(S,¢T) < r. Then ¢T €
g 1(0) and [T] = [¢T] € O. Hence B([S],r;5) C O. The two topologies
agree.

Since F is separable, Theorem @ implies that K(F) is separable. Its
continuous image under q is therefore separable as well.

For each g € G, its restriction T' — ¢T is an isometry. Consequently W is
independent of the representative of an orbit. Moreover,

GH(Y([S]), ¥([T])) = GH((S,d|sxs), (9T, dlgrxeT))
< H[d](S, gT).
Taking the minimum over g proves that ¥ is 1-Lipschitz. ([
11.3. Global approximation with small homotopy tracks. The next

theorem assembles the local models. Its auxiliary AR A will be the orbit
space K(E)/G, and it may depend on the desired approximation scale.

Theorem 11.3. Let p : M — (0,00) be continuous. Then there are a
separable metrizable AR A, continuous maps ® : M — A and ¥ : A — M,
a continuous function € : M — [0,00) with E£(Y,e) < p(Y,e) for every
(Y,e) € M, and a continuous homotopy @Q : M x [0,1] — M such that
Q((Ye),0) = (Yie),  Q((Yie),1)=T®(Y,e), (11.6)
and
s—1
GH(Q(Y, ), ), Q((Y,e),1)) < 21

E(Y,e) (s,t €[0,1]).  (11.7)
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Proof. We construct the local cover and its Banach space, define the global
map, and then prove continuity and the homotopy estimates.

Step 1. Local models and a partition of unity. At every center,
apply Theorem with an error smaller than the value of p there. Conti-
nuity of the error and of p permits us to shrink the model domain so that
its error is less than p(Y,e) at every point in that domain. These domains
form an open cover of M.

Since M is separable and metrizable, there is a countable locally finite
partition of unity {\;}iez., with suppA; C U;, where each U; is a domain
of one of these local models. Repeated model domains are allowed when
taking a refinement. The supports form a locally finite family. Write the
data on U; as n;, N;y, Viy, gy, with error &(Y,e) < p(Y,e). We interpret
all weighted coordinates below as zero when \;(Y,e) = 0, including when
(Y,e) ¢ U,

Step 2. A Banach space with a compact group action. Form the
separable Banach space and compact metrizable group

E= @ E.| ., &= ][ om). (11.8)

i€Z>0 N 1€2Z>0
The norm in E is |[{vi}iczo,lle = > l|villo. Write
d: Ex E—0,00), d(v,w) = |lv —w||g
for the induced metric. The group G acts coordinatewise by linear isometries.
We prove that the action map
GxE— E, (g,v) — gv

is continuous. Indeed, if g; — g in the product group and v = {v;} € E,
then for each m > 1,

m
lgjv — golle <D (g5)ivi — givilloo +2 Y [[villoo-
1=0 >m
First choose m to control the tail, and then use continuity on the finitely
many remaining coordinates. For varying w; — v, the inequality

lgjw; = gvlle < llwj = vlle +llgjv = gvllz — 0

proves continuity of the action map on the product G x E.

Step 3. The global map and its error. For each representative (Y e)
and each choice of orthonormal bases for its active local models, define the
map Fy:Y — E by

Fy(y) = (Y, ) Iy (Viy W) }ieg Sy = Fr(Y). (11.9)
Only finitely many coordinates are nonzero at each (Y,e). Thus Fy is con-

tinuous and Sy is nonempty and compact. Equation (lllj) and kA1)| of
heorem 8.§ imply

|Fy (y)||e < 2diam(Y,e). (11.10)
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—
b

Changing these bases changes Sy by one element of G, by (llli . Isome-
tries between representatives of (Y, e) have the same effect by (B.11]) and
() Consequently,

M- A=K(E)/G, o(Y,e) = [Sy],
is well-defined on isometry classes. By Lemma , A is a separable metriz-

able AR and we obtain a map ¥ : A — M.
Figure f summarizes the assembly and the resulting maps.

Nig (Ys€) N, v (Vig, v (y))

)‘il (1/7 e)JNil,y (Vi1 ,Y(y))

M—2 5 A=K(E)/G —L— M

Vo ~idy  via Q.
FIGURE 5. For a fixed compact metric space (Y, e), the active
blocks use the same point y. Their joint image is Sy =
Fy (Y). Changing bases acts on this image by G, so ®(Y,e) =
[Sy]. The displayed composite is joined to the identity by the
homotopy in Step 5 with the track estimate ()

The pseudometric induced by Fy is
ay (y,2) = IFy (y) = Fy (2) |2 = Y _ MY, e)aiy (y, 2). (11.11)

Every coordinate in () is evaluated at the same point y € Y. It follows
that

EVie)=lle—avle< D N(Y.e)&i(Y,e) <p(Yie).  (11.12)
{ilAi(Y,e)>0}
The weights sum to one, so this estimate is independent of the number of
active models.

Step 4. Continuity along common correspondences. We next
prove continuity and retain the correspondence information needed for the
homotopy. Let (Yj,e;) — (Y,e) in M, and choose isometric embeddings
into one compact metric space (Z, h). Choose correspondences R; C Y; x Y
whose ambient distances tend uniformly to zero. Local finiteness of the
supports provides an open neighborhood U of (Y, e) such that

In={i €Z>0|UnNsupp\; # 0} is finite.
For all sufficiently large j, we have (Y}, e;) € U. Thus
Ai(Yye) = Ai(Yj,e) =0 (i ¢ o).
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For each i € Iy with A\;(Y.e) > 0, align its orthonormal bases along the
sequence using Theorem .8.. All these alignments apply to the same
R;. The aligned coordinate maps satisfy

sup |[vi,y; (y5) — viy (y)ll2 — 0.
(vj,y)ER;

Their values therefore lie in one bounded subset of R™ since v;y(Y) is
compact. The uniform estimate (), the isometry identity (), and
continuity of the weights imply

A (Y, )TN,y (Vi (U7)

sup ‘
(vj,¥)ER;

—Ni(Y,e)dn, (vly(y)) HOO — 0.

For an index with A;(Y,e) = 0, the norm of its entire block at (Y}, e;) is at
most

2)\2(}/], ej) dlam(YJ, ej) — 0.
The diameters are bounded along a convergent sequence. This estimate also
handles the boundary of a model domain. After these choices of bases, we
obtain

sup [|Fy; (y;) — Fy (y)lle — 0. (11.13)
(y5,y)ER,;

Put
bj= sup |Fy,(y;)) = FyWlle, v = sup  h(y;y)
(y5,9)ER; (y5,9)ER;
Both numbers tend to zero. For every point of Sy;, a corresponding point of
Sy is at Banach distance at most b;. Surjectivity of the projection R; — Y
provides the reverse point-to-set bound. Consequently,

H[d](Sy],Sy) S bj — 0.
The orbit distance is no larger than this Hausdorff distance for the aligned
representatives. This proves continuity of ®. For (y;,y), (z;,2) € Rj, the
norm triangle inequality implies
lav; (y5, 25) — av (y, 2)| < 20y, lej(y;,25) — e(y, 2)| < 2;.
The uniform-norm estimate in therefore yields
1E(Yj,e5) —E(Y,e)| <2b; +2y; — 0.
This proves continuity of £ in ()

Step 5. The interpolating homotopy. It remains to construct a
continuous map Q: M x [0,1] — M with the endpoint identities in (@)
and the estimate in (L1.7).

Definition and compactness. For (Y,e) € M and t € [0, 1], put

qv: = (1 —t)e +tgy,
Q((Yv e)vt) = [Y7 QY,t]-

(11.14)
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We first check that this defines a point of M independently of the represen-
tative (Y, e). Both e and ¢y are continuous pseudometrics on the compact
space Y. Their nonnegative linear combination gy, is therefore a continu-
ous pseudometric. Its metric quotient is nonempty and compact by Subsec-
tion R.2. For 0 <t < 1 and distinct y, 2z € Y, we also have

qvie(y,z) > (1 —t)e(y,z) > 0.
Thus gy, is a metric when ¢ < 1. Its continuity implies that the identity
map
idy: (K 6) — (Y, qYﬂg)

is a continuous bijection from a compact space to a Hausdorff space, and
hence a homeomorphism.

By Step 3, gy is independent of the orthonormal bases used in the local
models. If u: (Y,e) — (X, d) is an isometry, then its compatibility with the
model pseudometrics implies

ax,t(u(y), u(2))
= (L —t)e(y, z) +tay (y, 2)
= qvit(y,2).
Consequently, the map
Yiave = [Xoaxel, [yl — [u(y)]

is an isometry. Thus @ is well defined on M x [0, 1].
The two endpoints. We next prove () The definition implies

qy,0 = ¢, qy,1 = qy -
At the second endpoint, () implies
av(y,2) =0 <= Fy(y)=Fy(z).
Since Sy = Fy(Y), the map
[Y,aqy] = (Sy,dlsyxsy), [y Fy(y)
is a bijection. It is an isometry because
av (y,z) = [[Fy (y) — Fy (2)| -
Hence the definitions of ® and ¥ imply the following equalities in M.
Q((Y,e),0) =[Y,e] = (Ye),
Q((Y,e),1) =[Y, av]
= (Sy,dlsyxsy) = ¥@(Y,e).
Variation_of the time parameter. Fix (Y,e). To prove (), let s,t €
[0,1]. By (),
qv,s — qvi = (s —t)(qv —e),
llay,s — qvilloo = |5 — tIE(Y, €).
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Applying (@) on the common carrier Y, we obtain

GH(Q((Y.e),5),Q((Y,e),1))
< %HQY,S - QY,tHoo = %’3 - t’g(Y7 6).

This is () .

Continuity when the space and time both vary. Let
(Yj,ej) — (Y,e) inM, t; —t in [0,1].
We prove that
GH(Q((Yj,€5): ), Q((Y ), 1)) — 0.
Use the correspondences R; and the numbers v;,b; — 0 from Step 4. First

keep the time equal to ¢ on both spaces. For (y;,y),(zj,2) € R;, the esti-
mates in Step 4 imply

\av; t(y), 25) — avue(y, 2)|
< (1 =1)lej(ys, 2) — ey, )]
+ tlay; (5, 25) — av (y, 2)|
<2(1-— t)’yj + 2tb;.
Lemma @ therefore yields
GH(Q((Y,e),0).Q((Y,0).1))
< (1 —t)y; + thj — 0.

This estimate also holds at ¢ = 1, where the pseudometrics may identify
distinct points.
Now allow the time to vary. The continuity proved in Step 4 implies

EYj,e5) — E(Y,e) < oo.
By the triangle inequality and (),
GH(Q((Y;,€5),1), Q((Y,e), 1))
S QH(Q((YJa@J) ) Q((Yj,€5), 1))
+GH(Q((Y),¢)),1), Q((Y:e), 1))
< it; —t|E(Y),ej) + (1 — t)y; + tb; — 0.

Since M x [0, 1] is metrizable, this proves continuity of Q: M x [0,1] — M,
including at the endpoint ¢ = 1. O

11.4. Extension from arbitrary metrizable domains. We now apply
the domination and extension theorems from Subsection [10.2.

Theorem 11.4. The space M is an absolute extensor for all metrizable
spaces. In particular, it is an AR and an ANR in that category.
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Proof. Apply Theorem with p = € for each € > 0. We obtain continuous
maps ¢: M — A and ¥: A — M and a homotopy @ from idy; to Vo ®. By
(), for every (Y, e) € M, we have

diamgy{Q((Y,e),t) | t € [0,1]} < 3E(Yse) < ge.

Theorem m shows that M is an ANR in the separable metrizable category.
By [Cheorem 10.4, M is an ANR for all metrizable spaces. By the metric
ANR/ANE e ulvalence in , it is an ANE in that category.
Lemma j es that M is contractible by scaling every distance to
zero. Theorem E therefore implies that M is an AE, and hence an AR,
for all metrizable spaces. ([

Proof of Theorem @ The assertion follows from Theorem . O
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Part IV. The topology of Gromov—Hausdorff space IV: A Hilbert
space characterization

Abstract. We prove that the Gromov-Hausdorff space of isome-
try classes of nonempty compact metric spaces is homeomorphic
to the real separable infinite-dimensional Hilbert space. We con-
struct a discrete approximation for maps from countably many
compact metrizable domains by combining metric products with
powers of distances. An interval factor and distinct exponents
distinguish the images by the Hausdorff dimensions of their con-
nected subsets, while increasing finite equilateral factors prevent
accumulation. Together with the absolute retract property estab-
lished in Part IIT and the completeness and separability of Gromov—
Hausdorff space, this approximation satisfies Torunczyk’s charac-
terization of Hilbert space. As a consequence, every point has
a basis of open neighborhoods that strongly deformation retract
onto that point.

Keywords. Gromov-Hausdorff space, Hilbert space, discrete ap-
proximation property, Hausdorff dimension.

2020 Mathematics Subject Classification. Primary 57N20;
Secondary 54E35, 54F45.

12. INTRODUCTION TO PART IV

The Gromov-Hausdorff space contains compact metric spaces of arbi-
trary dimension and with different underlying topologies. We determine
the topology of the space formed by all these isometry classes. Let M de-
note this space with the ordinary unpointed Gromov-Hausdorff distance
GH. Antonyan records the questions whether M is an absolute retract and
whether it is homeomorphic to the separable infinite-dimensional Hilbert
space [5, p. 2]. For each positive integer n, Antonyan identifies the subspace
represented by compact subsets of R with the Hilbert cube minus a point
[6, Corollary 5.3].

The author constructed families of branching Gromov—Hausdorff
geodesics continuously parametrized by the Hilbert cube [20, Theorem 1.3].
The author also constructed topological embeddings of arbitrary compact
metrizable spaces, with finitely many distinct prescribed values, into the
subsets of M consisting of continua [21, Theorem 1.1], spaces with prescribed
dimensions [22, Theorem 1.3], and compact metric trees [23, Theorem 1.1],
respectively.

The subspaces of M consisting of finite metric spaces also have a precise di-
mension theory. Nakajima, Yamauchi, and Zava [32, arXiv v1, Theorem A]
prove that the subspace of spaces with at most n points has topological di-
mension n(n—1)/2. Nakajima and Shioya [31, arXiv v1, Main Theorem 1.2]
construct a compact metrizable space containing a dense topological copy
of M.
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The absolute retract property from Part supplies one hypothesis of
Torunczyk’s characterization of Hilbert space. We establish the remaining
discrete approximation property and obtain the following theorem.

Theorem 12.1. The space M is homeomorphic to the real Hilbert space £2.

For a sequence of compact metrizable domains {Ki}iezzoy continuous
maps f;: K; — M, and an open cover U of M, we construct continuous
maps g;: K; — M that are U-close to f; and satisfy

{9i(Ki) }iezs, is discrete in M.

Thus every point of M has a neighborhood meeting at most one image. The
case where all domains are Hilbert cubes is the approximation condition in
Torunczyk’s characterization, stated in iheor_em 13.§ and taken from [34,
p. 248, assertion (i)], with the correction in [35, Section C]. Together with
completeness. separability, and the absolute retract property, this condition

The discrete approximation argument uses metric products and powers
of distances. Small interval factors and finite equilateral factors keep the
approximations close to the original compact metric spaces. Distinct powers
distinguish the images by the Hausdorff dimensions of connected subsets,
while increasing cardinalities of the finite factors prevent accumulation of
the family.

The main theorem also clarifies the local contraction question. We use
local contractibility in the sense that every neighborhood U of a point con-
tains a neighborhood V_whose inclusion into U is null-homotopic. The
homeomorphism in implies the stronger existence of a basis
of open neighborhoods which strongly deform onto their centers. This con-
clusion is topological and does not prescribe the neighborhoods as balls for

GH.

Dependence on the other parts. The Hilbert space characterization uses
of Part . Its proof uses no result from Parts m or @ directly.
Beyond the common preliminaries, the discrete approximation argument
uses none of the other parts. Its construction depends only on products,

powers of distances, and the topology induced by the Gromov—Hausdorff
distance.

Organization. In Section @, we define discrete families and state the
Hilbert space characterization. In Subsection , we establish estimates
for metric products and powers of distances and introduce the connected-
subset dimension invariant used to distinguish the approximating spaces.
In Subsection , we construct approximations of maps from countabls

many compact domains whose images form a discrete family, proving
. In Subsection , we apply Torunczyk’s characterization to
prove and derive strong local contractions. In , we

conclude with questions about related spaces and the geometry of Gromov—
Hausdorff balls.
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Conventions and notation. All compact metric spaces are nonempty, and
Banach and Hilbert spaces are real. We identify compact metric spaces with
their isometry classes in M. An isometry is a surjective isometric embedding.
For a metric space (X, d), we write (X)) for its nonempty compact subsets,
equipped with the Hausdorff metric H[d]. Isometrically embedded compact
spaces are identified with their images and carry the restricted ambient
metrics. The notation id denotes the identity map on its specified domain.
Sequences are indexed by Z>o = {0,1,2,...}.

13. PRELIMINARIES

We define discrete families and approximation with respect to an open
cover. We then establish the product and snowflake estimates used in the
construction and recall Torunczyk’s characterization of Hilbert space.

13.1. Discrete families and close maps. To state the approximation
condition in Theorem , we recall discreteness of a family of subsets and
closeness of maps with respect to an open cover.

Definition 13.1. A family {A;};c; of subsets of a space T is discrete in T
if every point of T has a neighborhood meeting at most one member of the
family {A;}icr. It is locally finite if every point has a neighborhood meeting
only finitely many members. These requirements apply also at points outside
the union. For an open cover U of T', two maps f,g: D — T are U-close if
for each z € D some member of U contains both f(z) and g(z).

13.2. Products and a distinguishing invariant. For compact metric
spaces (A, dp) and (B,dy), write dy V d; for the max metric on A x B,
defined by

(do V d1)((a,b), (u,v)) = max{do(a,u),d1(b,v)}.

For 0 < 8 < 1, the snowflake of (A, dp) is the metric space (A,dg). This is
a metric because (s 4 t)? < s” + 1%, and it induces the original topology.

Lemma 13.2. For nonempty compact metric spaces (A,do), (B,d1), (C,eq),
(D,e1), and 0 < B < 1, the following inequalities hold.
gH((A X B7d0 \% dl)? (C X D’ eg V 61))

< max{GH((A4,dy), (C,e0)), GH((B, d1), (D, e1))}.
GH((A,dD), (B,d?)) < 2°71GH((A, do), (B, d1))". (13.2)

Proof. Let R4 C AxC and Rp C Bx D be correspondences. By rearranging
coordinates, we regard their product Ry = R4 X Rp as a correspondence
between A x B and C' x D. The difference between two maxima is bounded
by the maximum of the differences of their entries. Hence

dis Rx < max{dis R4, dis Rp}.

(13.1)

Taking the infimum over the two factor correspondences proves ([L3.1) by
(@) For the second assertion, the inequality |s? — 7| < |s — t|® shows that
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a correspondence of distortion r before snowflaking has distortion at most
rB afterwards. Apply (@) and take the infimum. O

To distinguish the approximating spaces, we use the infimum of the Haus-
dorff dimensions of their nondegenerate subcontinua.

Definition 13.3. For a compact metric space (Z,d), define
0(Z,d) = igf dimy (C, d|cxc), (13.3)

where C' ranges over compact connected subsets of Z containing at least
two points. The infimum of the empty set is co and dimy denotes Hausdorff
dimension.

Isometries preserve this quantity because they preserve compactness, con-
nectedness, and Hausdorff dimension.

The covering argument for Holder maps in [L16, Propositions 2.2-2.3,
pp. 27-29] applies to snowflake metrics as follows.

Theorem 13.4. For a metric space (X,d) and 0 < 8 <1, we have
dimH (X, d)
p

The formula includes infinite Hausdorff dimension.

dimy (X, d%) =

Proof. For every subset U C X, we have
diamgs U = (diamy U)”.

Let {Uk}kezzo be a countable cover of X. For every s > 0 and r > 0, we
therefore have

Z (diamgs Ug)® = Z (diamg Uk)ﬁS

keZZO kEZzo

and
supdiamgs U, <r <= supdiamy U < /8,
k k
Taking infima over coverings and then letting r | 0 shows that the critical
exponent is divided by . This also applies when the critical exponent is
infinite. O

Lemma 13.5. If a compact metric space (Z,d) contains an isometric non-
degenerate interval, then 0(Z,d) = 1. For every compact metric space (Z,d)
and every 0 < 8 <1, we have

0(Z,d)
5

Proof. Every connected metric space containing two distinct points has
Hausdorff dimension at least one. Indeed, the distance from one of those
points is a 1-Lipschitz function whose image contains a nondegenerate inter-
val. Hausdorff dimension does not increase under Lipschitz maps, as follows

0(2,d°) =
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by applying such a map to covers in its definition. An isometric interval
attains this lower bound, which proves the first assertion.

Snowflaking preserves the topology, and hence the collection of nondegen-
erate compact connected subsets. Theorem [13.4 implies

_ dimy (C, d|cxc)
6 b
including infinite dimension. Taking the infimum over the same compact

connected subsets proves the second assertion, also when that collection is
empty. ([l

dimy (C, (d|cxc)?)

13.3. A Hilbert space characterization. We use the following characteri-
zation of Hilbert space. It is Toruriczyk’s theorem [34, p. 248, condition (i)],
with its correction [35, Section C]. The correction repairs the proof and
leaves this characterization unchanged.

Theorem 13.6 (Toruniczyk, [34, p. 248, condition (i)], [35, Section C]). Let
(T,r) be a nonempty complete separable metric AR, and let Q = [0,1]%>0
be the Hilbert cube. Then T is homeomorphic to real €% if and only if, for
every continuous map f : Z>o x Q@ — T and every open cover U of T', there
is a continuous U-close map g : Z>o x Q — T such that {g({i} x Q)}icz-,
is discrete in T'. The nonnegative integers have the discrete topology. -

14. DISCRETE APPROXIMATION AND HILBERT SPACE TOPOLOGY

The remaining condition in Torunczyk’s characterization of Hilbert space
is an approximation property for maps from countably many Hilbert cubes.
We prove a version allowing arbitrary compact metrizable domains. Small
metric products provide increasingly large separated finite subsets, while
distinct snowflake exponents distinguish the resulting image sets.

14.1. Discrete approximation for compact domains. We now con-
struct the approximating maps and prove discreteness at every point of
the ambient Gromov—Hausdorff space.

Theorem 14.1. Let {K;}icz., be compact metrizable spaces, let f; : K; —
M be continuous, and let U be an open cover of M. Then there are contin-
wous maps g; : K; — M such that each g; is U-close to f; and the family
{9i(K) Yiezo, is discrete in M.

Proof. Empty domains may be omitted and their empty maps restored at the
end. If all domains are empty, there is nothing to prove. Index the nonempty
domains by an initial segment I of the nonnegative integers, which may be
finite.

Since M is metrizable, by [[heorem 2.1() and rescaling we obtain a contin-

uous pseudometric R: M x M — [0, 00) such that the family
{B((X,d), 5R) }x,dpenm
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refines U, where

B((X,d),r;R) ={(Y,e) e M| R((X,d),(Y,e)) <r} (r>0).
Equip M x M with the maximum product metric GH V GH, and put

A=A{((X,d),(Y,e)) € M x M|R((X,d),(Y,e)) > 1}.
The set A is closed and disjoint from the diagonal. Define functions L: M —
(0,1] and a: M — (0,1/16] by
L(X,d) = min {1, distgyven (X, d), (X,d)), A) } ,
L(X,d) (14.1)
16

If A =0, weset L =1. The function L is positive because A is closed
and disjoint from the diagonal. Since the map (X,d) — ((X,d),(X,d)) is

an isometric embedding and distance to a nonempty set is 1-Lipschitz, L is
1-Lipschitz. Consequently,
1 1
0< CL(X,d) < T67 ‘Q(Xa d) —CL(K €)| < Egﬂ((Xa d)v(Y) 6)) (142)
If GH((X,d),(Y,e)) < a(X,d), then
(GHV GH)(((X,d), (X,d)), (X, d),(Y,e)))
=GH((X.d),(Y,e)) < L(X,d).
Thus R((X,d), (Y,e)) < 1, and both spaces belong to a common member of
Uu.

For m € Z>y, let E,, = {0,...,m — 1}, and let d,,, be its equilateral
metric with off-diagonal distance r > 0. Intervals carry the Euclidean metric
dr(s,t) = |s—t|. Fori e I, set m; =i+ 1 and define a map P;: M — M by

Pi(X,d) = (X x[0,r] Xx Ep,;,dV dr V dpm, ),
r=a(X,d).
The projection onto X defines a correspondence of distortion at most a(X, d).
Hence

a(X,d) =

(14.3)

X, d
GH(P(X, d), (X, d)) < X . ). (14.4)
The interval and equilateral factors are scalings of fixed compact spaces for
each 7. Continuity of scaling and ([L3.1]) show that P; is continuous.
Since the set F; = f;(K;) is compact and the function a is positive and

continuous, a attains a positive minimum on F;. Moreover, the function
(X,d) — diam(X, d) is bounded on Fj. Put

ri= min a(X,d) >0, M; = max {1, max diam(X, d)} .
(X,d)eF; (X,d)eF;

The diameter of every P;(X,d) with (X,d) € F; is at most M;. Choose
strictly increasing positive integers k; such that, with g; = 1 — 275,

sup |t —t| < 7. (14.5)
0<t<M;
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Such a recursive choice is possible because (8,t) ~ t? is continuous on
[1/2,1] x [0, M;], including at ¢t = 0. In particular, the exponents {3;};cs are
pairwise distinct and belong to [1/2,1).

Define g;: K; — M by

gi(2) = (A, h%) when (A4,h) = P(fi(2)),  z€Ki. (14.6)

These maps are continuous by Lemma @ The identity correspondence
before and after snowflaking, (), and (@) imply that, for (X,d) =

fi(2),
GH(gi(2), (X, d)) < % n “(‘);’d) < a(X,d). (14.7)

Thus g; and f; are U-close. Each image g;(K;) is compact and hence closed
in M.

For every (X,d) € M, the space P;(X,d) contains an isometric inter-
val {z} x [0,a(X,d)] x {¢}, where z € X and ( € E,,, may be arbitrary.
Lemma therefore implies

1
Bi

The image sets g;(K;) are consequently pairwise disjoint.
Figure [ separates the roles of the factors and exponents.

O(P(X,d)) =1,  0(gi(2)) (14.8)

(A,h) = P(X,d), r=a(X,d)

(A, hP) = (X x [0,7] X Ep,,, hP?)

distinct exponents
(A, hﬁl) =1/8
pairwise disjoint
images

m; — OO
separation > ¢
no accumulation

interval factor

0(Ah) = 1

FI1GURE 6. The factors and exponents have separate roles in
the discrete approximation. The maximum product metric is
h=dVdgrV dn,,, where d,, , is the equilateral metric with
off-diagonal distance r. Under a hypothetical convergent se-
quence from distinct images, the scales have a positive lower
bound ¢ > 0. The equilateral factors then contradict the
uniform bound on the cardinalities of c-separated subsets.

It remains to prove local finiteness. For the sake of contradiction, suppose
that the family {g;(K;)}ier is not locally finite at (Z, hoo) € M. There are
strictly increasing indices i; and points z; € K;; such that

(Yj,¢5) = 9i;(2)) = (Z, heo)-
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Set (Xj,d;) = fi;(2;) and a; = a(X}, d;). Equations (M) and (m) imply

1 17 1
a(Z, hoo) < aj+1—69H((Xj,dj), (Z,h)) < *@j+1*697'l((ijej), (Z,hoo)).

= 16
(14.9)

Hence, for all sufficiently large j, a; > ¢ = a(Z, hoo)/2 > 0.
We use the product representative of (Yj,e;) from () and ([14.6).
Choose x; € X; and put
vic= @00 €Y, (C€EBn,).
The set
Sj={yjc | C € Em;,} CYj
has cardinality |.S;| = m; ;- For all sufficiently large j and all distinct (o, (1 €

E,,, , we have
J

Bi;
€j (yj,Cov yj,C1) = (max{dj (‘rjv xj)? dR(()? 0)7 dmij N (COy Cl)}> !

= (maX{0,0,aj})ﬁij
- afij >aj >,
since 0 < aj <1and 0 < f;; <1. Thus S; is c-separated for all sufficiently
large j. Since (Yj,ej) = (Z, hs), Corollary provides a common upper
bound for |S;|. This contradicts
‘Sj| :mij :ij—|-1—>oo.

Thus the family {g;(K;)}ier is locally finite. A locally finite family of
pairwise disjoint closed sets is discrete, since the union of a locally finite
family of closed sets is closed [15, Corollary 1.1.12]. This argument also
covers a finite index set I, for which local finiteness is automatic. O

14.2. Proof of the Hilbert space theorem. We apply Theorem to
M using the AR property from Part E and the discrete approximation in
Theorem .

Proof of Theorem . Lemma @ proves that M is complete and separable.
It is nonempty and is an AR by Theorem @ of Part . Let f: Z>oxQ — M
be continuous and let ¢/ be an open cover of M. For each ¢ € Z>¢, put
Theorem m provides continuous maps g;: @ — M that are U-close to f;
and whose images form a discrete family in M. Define

9: Lo x Q =M,  g(i,2) = gi(2).

Each subset {i} x @ is open in the domain, so g is continuous. It is U-close
to f, and

{9({i} x Q)}iezo = {9i(Q) }iezs, is discrete in M.
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Thus the hypotheses of Theorem hold. It follows that M is homeomor-
phic to real 2. O

The main theorem also implies strong local contractions.

Corollary 14.2. Every point (X,d) € M has a basis of open neighborhoods
which strongly deformation retract onto {(X,d)}.

Proof. Fix a homeomorphism f: M — ¢ and a point (X,d) € M. For each
r >0, let

Or ={(Y,e) e M| [[f(Y,e) = f(X,d)|]2 <7}
These sets form a neighborhood basis because open balls form a basis in ¢2
and f is a homeomorphism. On O, x [0, 1], define

H((Y,e).t) = f7H (1= 1)f(Y.e) +f(X,d)).
This is continuous. The vector inside f~! is at distance
A=D)f(Y,e) = f(X,d)]2 <

from the center, so the homotopy stays in O,. For every (Y,e) € O, and
every t € [0, 1], we have

H((Y’€)7O) = (Y,e),
H((Y’€)71) = (X,d),
H((X,d),t) = (X,d).

These identities prove the strong deformation retraction. O

15. QUESTIONS

We conclude with questions about related spaces and the geometry of
GH balls. We use the mm-isomorphism classes and box topology of
-ion 2.18.

Question 15.1. Is the space of mm-isomorphism classes of metric measure
spaces, equipped with the box topology, homeomorphic to real ¢2?

We recall the concentration topology to distinguish it from the box topol-
ogy. For measurable real functions f, g on I, identified up to equality almost
everywhere, define the Ky Fan distance by

dxr(f,g) =nf{e > 0| L'({s € I'||f(s) — g(s)| > €}) <e}.
Let Lip;(X) be the real 1-Lipschitz functions on X. For a parameter ¢ of
X, put ¢*Lip;(X) ={fo¢| f € Lip;(X)}. The observable distance is

deone(X,Y) = Lni H[dkr] (90* Lip, (X), %" Lipy (Y))>
where the infimum runs over parameters of X and Y. Here H[dkr] uses the

same formula for Hausdorff distance as for compact subsets, applied also to
subsets that need not be compact. It is finite because dxr < 1. The metric
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dcone on X induces the concentration topology [26, arXiv v1, Definitions 2.4,
2.13 and Theorem 2.14].

For the concentration topology, the analogous question has a negative
answer. Indeed, Kazukawa, Nakajima, and Shioya prove that (X, deonc) iS
not a Baire space [26, arXiv v1, Theorem 1.3], whereas £2 is a Baire space.

Nakajima and Shioya construct a compact metrizable compactification of
M [BY, arXiv vl, Main Theorem 1.2]. This leads to the following question.

Question 15.2. Is the compactification of M constructed by Nakajima and
Shioya homeomorphic to the Hilbert cube Q7

The neighborhood basis in Corollary need not consist of GH balls.
We_use_the notation B(X,r) for open Gromov-Hausdorff balls introduced
in Pection 2.

Question 15.3. For every X € M, does there exist rg > 0 such that, for
every 0 < r < rp, the ball B(X,r) is contractible? More strongly, can each
such ball be strongly deformation retracted onto {X}?

One can also ask for a contraction whose image lies in a larger ball with
a controlled radius.

Question 15.4. For every X € M, do there exist C' > 1 and r¢ > 0 such
that, for every 0 < r < rg, there is a continuous map

H:9B(X,r)x[0,1] - B(X,Cr)
satisfying
H(Y,0) =Y, H(Y,1) =X, H(X,t)=X

for all Y € B(X,r) and t € [0,1]? Can C be chosen independently of X,
with rq still allowed to depend on X7

To specify the final compactification, use X and O from [Definition 2.18.

Write Y < X when a measure-preserving 1-Lipschitz map from the support
of X to the support of Y exists. A pyramid is a nonempty box-closed subset
P C X such that

XeP, Y<X = YecP,

and any two members are dominated by a third member of P [26, arXiv v1,
Definitions 2.2 and 2.16]. Let II be the set of pyramids. Its weak topology
is metrizable and is characterized by P, — P if and only if

O(X,Pn) — 0 (X €P), .
minfO(X,P,) >0 (X ea\p), D& Pn)= inf DX Y)

n—oo

The assignment X — {Y € X | Y < X} identifies the concentration space
(X, dconc) with a dense subspace of the compact space II [26, arXiv vl,
Definition 2.17 and Theorem 2.18]. Kazukawa, Nakajima, and Shioya prove
that II is contractible and locally path connected [26, arXiv v1, Theorems 1.4
and 1.6]. This is a different compactification from the one in Question [L5.2.
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Question 15.5. Is II with the weak topology homeomorphic to the Hilbert
cube Q7

Diameter normalization suggests another natural subspace of M.

Question 15.6. Is the subspace
{(X,d) e M | diam(X,d) =1},
equipped with the Gromov-Hausdorff topology, homeomorphic to real ¢£2?

Corollary @ embeds the Gromov-Hausdorff space M as a retract of the
measured space €. We ask whether € has the same homeomorphism type
as M.

Question 15.7. Is the space € of isomorphism classes of nonempty com-
pact metric spaces equipped with Borel probability measures, without a

full-support assumption, equipped with the Gromov—Hausdorff-Prokhorov
distance GHP of Definition 4.1/, homeomorphic to real £2?
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