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Abstract. We construct real Banach spaces X and Y and a bijection
U : X → Y which preserves all pairwise distances on every closed ball
of radius 1/4 but is not a global isometry. The proof starts from an
explicit injective map that preserves every distance at most 1/2 and
shortens one longer distance. We then enlarge the source and target
through a transfinite recursion that inserts every missing target point
while preserving both injectivity and this distance threshold.

1. Introduction

Scottish Book Problem 155 asks whether local preservation of distances
forces global preservation for a bijection between real Banach spaces [9,
Problem 155]. We use the closed ball convention from the problem. Thus, for
a real Banach space X, we write BX(x, r) = {z ∈ X | ∥z − x∥X ≤ r}. The
hypothesis says that for every x ∈ X there is rx > 0 such that a bijection
U : X → Y preserves all pairwise distances on BX(x, rx). The question is
whether U must preserve every distance in X.

Mori proved that the answer is positive when the source space is separable,
even when injectivity is replaced by surjectivity [12, Theorem 3]. Basso
obtained a positive answer under the stronger metric notion of a local
isometry [2, Corollary 1.3]. In that notion the local restriction must also map
onto an open subset of the target. In particular, the result of Basso applies to
the original hypothesis when the inverse bijection is continuous. For broader
historical context on Scottish Book Problem 155, see [3, Problem 155].

The unrestricted statement fails.

Theorem 1.1. There are real Banach spaces X and Y and a bijection
U : X → Y such that

∥U(p)− U(q)∥Y = ∥p− q∥X
for every x ∈ X and every p, q ∈ BX(x, 1/4), while U is not a global isometry.

The construction begins with an explicit piecewise linear map S : R → ℓ21.
It is injective and preserves every distance at most 1/2 but contracts one
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distant pair. The main difficulty is to make its image equal to an entire
Banach space without losing injectivity or the fixed short distance scale.

The successor mechanism is Lemma 3.3. Starting from an injective map
V : M → N and a missing point y ∈ N \ V (M), it enlarges the source
and target Banach spaces to E = M ⊕1 R and F , and constructs a map
V + : E → F . The new map puts y into its image and retains every distance
up to the prescribed scale. Its injectivity coordinate is obtained from the
Kuratowski embedding of the metric quotient formed by collapsing the
old target N . The lemma also constructs a 1-Lipschitz linear retraction
R : F → N onto the old target. The maps satisfy

(R ◦ V +)(m, s) = V (m)

whenever |s| ≤ L. This coordinate recovery identity prevents distinct points
from acquiring the same image when increasing unions are completed at limit
ordinals.

After the successor and limit mechanisms are assembled, a recursion of
regular cardinal length schedules every target point for entry into the image.
The final unions are already complete, and the resulting map is bijective.
The original contracted pair survives through linear isometric inclusions.

Organization. In Section 2, we collect the fixed short scale estimate and the
facts about Lipschitz-free spaces used in the sequel. In Section 3, we establish
the protected one point extension which forms the successor mechanism. In
Section 4, we show how coherent 1-Lipschitz retractions with this coordinate
recovery property preserve injectivity after completion at limit ordinals. In
Section 5, we construct the bent map and carry out the regular cardinal
recursion to prove Theorem 1.1 and formulate Problem 5.1.

Conventions and notation. All Banach spaces in this paper are real. An
embedding between Banach spaces is linear and isometric.

Use of AI. An earlier version of this work was publicly posted as an
AI-Assisted Research Report [7]. The present paper is a revised version of
that report. OpenAI Codex was used in the preparation of this manuscript
for language editing, LATEX typesetting assistance, literature searches, and
exploration of proof constructions. In particular, Codex suggested the
counterexample construction and assisted in developing the protected one
point extension and the coherent transfinite recursion. The author verified
the arguments and takes full responsibility for the mathematical content and
the final version of the manuscript. The author also understands all proofs
and constructions presented in this paper.
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2. Metric and linear tools

We first pass from preservation at one fixed short scale to a global 1-
Lipschitz estimate. We then recall the Lipschitz-free construction which
turns the metric maps used later into linear maps between Banach spaces.

2.1. Maps which preserve a fixed short scale. A map T : X → Y
between metric spaces is 1-Lipschitz if

dY (T (x0), T (x1)) ≤ dX(x0, x1)

for all x0, x1 ∈ X. For a linear map between Banach spaces, this is equivalent
to having operator norm at most one.

Let M and N be Banach spaces, let r > 0, and let V : M → N satisfy
∥V (m0)− V (m1)∥N = ∥m0 −m1∥M whenever ∥m0 −m1∥M ≤ r. (1)

Fix m0,m1 ∈ M . Put d = ∥m0 −m1∥M , choose a positive integer n such
that d/n ≤ r, and set

mk = m0 +
k

n
(m1 −m0)

for 0 ≤ k ≤ n. Each consecutive pair has distance d/n, so (1) applies to
every pair mk−1,mk. The triangle inequality in N therefore yields

∥V (m0)− V (m1)∥N ≤
n∑︂

k=1

∥V (mk)− V (mk−1)∥N

=

n∑︂
k=1

∥mk −mk−1∥M

= ∥m0 −m1∥M

(2)

for all m0,m1 ∈ M . Thus every map satisfying (1) is globally 1-Lipschitz.
The successor construction uses both the sum norm and the maximum

norm. We write M ⊕1 E and M ⊕∞ E for direct sums with the sum norm
and the maximum norm, respectively.

We shall use the following norming form of the Hahn–Banach theorem [4,
Theorem 4.4.2]. For every real Banach space X and every x ∈ X, there is
ϕ ∈ X∗ such that

∥ϕ∥X∗ ≤ 1 and ϕ(x) = ∥x∥X .

A functional with these properties is called a norming functional for x.

2.2. Lipschitz-free spaces. We use Lipschitz-free spaces to build a Banach
space from the glued metric space constructed in Section 3 and to turn a 1-
Lipschitz retraction into a linear map. Let (P, d, 0) be a pointed metric space.
Let Lip0(P ) be the Banach space of real Lipschitz functions f : P → R
which satisfy f(0) = 0, with norm ∥f∥Lip0(P ) = Lip(f). For p ∈ P , let
δp ∈ Lip0(P )∗ be the evaluation functional defined by

δp(f) = f(p).
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The Lipschitz-free Banach space over P is

F(P ) = span{δp | p ∈ P} ⊂ Lip0(P )∗.

Equivalently, F(P ) is the completion of the finitely supported signed measures
on P with total mass zero under the Kantorovich–Rubinstein norm. For
µ = µ+ − µ−, this norm is the Wasserstein 1 distance between the equal
mass measures µ+ and µ−.

Denote the canonical map by
δP : P → F(P ), δP (p) = δp,

where δ0 = 0 and
∥δp − δq∥F(P ) = d(p, q). (3)

The dual space F(P )∗ is canonically identified with Lip0(P ). Every pointed
1-Lipschitz map T : P → X to a Banach space has a unique 1-Lipschitz linear
map ˆ︁T : F(P ) → X such that ˆ︁T (δp) = T (p) for every p ∈ P . Equivalently,ˆ︁T ◦ δP = T . Arens and Eells construct the molecule space for an arbitrary
metric space and prove that its canonical map is isometric [1, Section 2(C) and
Section 3]. For a Banach space regarded as a pointed metric space, Godefroy
and Kalton record the canonical predual, the canonical isometry, and the
linearization property [5, Definition 1.1, Proposition 2.1, and Lemma 2.5].
Michael later obtained a short proof of the isometric embedding in (3) using
evaluation functionals and distance functions [11, Theorem].

We also use the real McShane extension theorem. A real Lipschitz function
on a subset of a metric space extends to the whole space with the same
Lipschitz constant [10, Theorem 1].

3. A protected one point extension

We separate the successor mechanism into its metric, linear, and recov-
ery components. We first name the common interface used by the three
components. Fix r > 0. A triple

A =
(︁
MA, NA, VA

)︁
consists of real Banach spaces MA and NA and a map

VA : MA → NA.

We call A a uniformly locally isometric triple at scale r if VA is injective and
∥VA(m0)− VA(m1)∥NA = ∥m0 −m1∥MA (4)

whenever
∥m0 −m1∥MA ≤ r.

Let L > 0, let A be a uniformly locally isometric triple at scale r, and let
y ∈ NA \ VA(MA).

For another triple
B =

(︁
MB, NB, VB

)︁
,
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consider maps
ιBA : MA → MB, ȷBA : NA → NB,

and
RB

A : NB → NA.

We say that B, together with these maps, is an L-protected extension of A
at y if the first two maps are linear isometric embeddings, the third map is
linear and 1-Lipschitz, and the following conditions hold.

(E1) The triple B is uniformly locally isometric at scale r.
(E2) We have

MB = MA ⊕1 R
and

ιBA(m) = (m, 0)

for m ∈ MA.
(E3) The extension square commutes, which means that

VB ◦ ιBA = ȷBA ◦ VA.

(E4) The embedded point
ȷBA(y)

belongs to
VB(MB).

(E5) The map RB
A is a retraction onto the old target in the sense that

RB
A ◦ ȷBA = idNA .

(E6) For m ∈ MA and |s| ≤ L, we have(︁
RB

A ◦ VB
)︁
(m, s) = VA(m).

The next lemma constructs the metric adjunction and records the proper-
ties needed for its later linearization.

Lemma 3.1. Let M and N be real Banach spaces, let r > 0, and let
V : M → N be injective and satisfy (1). Fix y ∈ N \ V (M) and a ∈ M . Put
C = ∥V (a)− y∥N , choose H > C + 4r, and set

E = M ⊕1 R, ιE : M → E, ιE(m) = (m, 0).

Define
A = (M × {0}) ∪ {(a,H)}

and φ : A → N by
φ(m, 0) = V (m), φ(a,H) = y.

Let P = N ∪φ E be the quotient of the disjoint union of N and E obtained
by identifying every u ∈ A with φ(u). Let

q : E → P and ιN : N → P

be the canonical maps. For Z ∈ {E,N} and u, v ∈ Z, write [u, v]Z for the
oriented affine segment from u to v. We write C0 ∗ C1 for concatenation of
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compatible paths and C0 for the reversed path. An admissible polygonal path C
in P is a finite concatenation of images under q or ιN of affine line segments
lying in E or N . If C has k pieces with endpoints uj , vj ∈ Zj for 1 ≤ j ≤ k,
where Zj ∈ {E,N}, define

len(C) =
k∑︂

j=1

∥uj − vj∥Zj .

The path metric on P is
dP (z, w) = inf{len(C) | C is an admissible polygonal path from z to w}.

Then φ is injective and 1-Lipschitz, ιN is an isometric embedding, and q is
injective and 1-Lipschitz. The maps satisfy

q ◦ ιE = ιN ◦ V and q(a,H) = ιN (y).

Moreover, if x0, x1 ∈ E and ∥x0 − x1∥E ≤ r, then
dP (q(x0), q(x1)) = ∥x0 − x1∥E .

Proof. The set A is closed in E. The set A consists of the points of E that
will be identified with their images under φ in the construction below. The
map φ is injective because V is injective and y /∈ V (M). Its restriction to
M × {0} is 1-Lipschitz by (2). For m ∈ M , the distance between (m, 0) and
the remaining point (a,H) satisfies

∥V (m)− y∥N ≤ ∥V (m)− V (a)∥N + C ≤ ∥m− a∥M + C

< ∥m− a∥M +H = ∥(m, 0)− (a,H)∥E .
Thus φ is 1-Lipschitz on A.

The definition of dP makes q 1-Lipschitz. Let ιA : A → E be the inclusion.
The canonical maps satisfy q ◦ ιA = ιN ◦ φ, as displayed in the adjunction
square

A E

N P.

ιA

φ q

ιN

(5)

Evaluating the commuting identity on (m, 0) and (a,H) yields the two
identities in the statement. For readability, we write n for ιN (n) inside P .

Every admissible polygonal path with both endpoints in E may be short-
ened so that it is either one segment in E or leaves E once and returns once.
To see this, consider an internal segment [u, v]E whose endpoints belong to
A. The corresponding segment in N satisfies

len([φ(u), φ(v)]N ) = ∥φ(u)− φ(v)∥N
≤ ∥u− v∥E = len([u, v]E),

because φ is 1-Lipschitz. Replace every internal E segment in this way.
Consecutive segments in N can then be replaced by the affine segment
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joining their endpoints, whose length is no larger by the triangle inequality in
N . If the original path never enters N , the triangle inequality in E replaces
it by the affine segment joining its endpoints. This gives the asserted two
forms without increasing length. Consequently, for x0, x1 ∈ E,

dP (q(x0), q(x1))

= min

{︃
∥x0 − x1∥E ,

inf
u,v∈A

(︁
∥x0 − u∥E + ∥φ(u)− φ(v)∥N + ∥v − x1∥E

)︁}︃
.

(6)

The second term on the right hand side of (6) is the infimum of the lengths
of the polygonal paths Cu,v defined by

Cu,v = [x0, u]E ∗ [φ(u), φ(v)]N ∗ [v, x1]E .

Thus
len(Cu,v) = ∥x0 − u∥E + ∥φ(u)− φ(v)∥N + ∥v − x1∥E .

For n ∈ N , the corresponding formula is

dP (q(x0), n) = inf
u∈A

(︁
∥x0 − u∥E + ∥φ(u)− n∥N

)︁
. (7)

The same path replacement shows that ιN is an isometric embedding. The
map q is injective. Indeed, if dP (q(x0), q(x1)) = 0, then (6) shows that either
∥x0 − x1∥E = 0 or the second term on its right hand side is zero. In the
latter case, there are uk, vk ∈ A such that

∥x0 − uk∥E → 0, ∥x1 − vk∥E → 0, ∥φ(uk)− φ(vk)∥N → 0.

Closedness of A places x0 and x1 in A. Continuity and injectivity of φ then
imply x0 = x1. Thus x0 = x1 in either case.

We next show that q preserves every distance at most r. Write

x0 = (m0, s0), x1 = (m1, s1), d = ∥x0 − x1∥E ≤ r.

For the two points of A in the second term of (6), there are three possibilities.
Put

t = (a,H).

(A1) If both points belong to M × {0}, write them as (u, 0) and (v, 0).
Since ∥m0 −m1∥M ≤ d ≤ r, define the comparison path in N by

Du,v = [V (m0), V (u)]N ∗ [V (u), V (v)]N ∗ [V (v), V (m1)]N .

Its length satisfies

∥m0 −m1∥M = ∥V (m0)− V (m1)∥N
≤ len(Du,v)

= ∥V (m0)− V (u)∥N + ∥V (u)− V (v)∥N + ∥V (v)− V (m1)∥N
≤ ∥m0 − u∥M + ∥V (u)− V (v)∥N + ∥v −m1∥M .
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Here the equality uses (1), the first inequality is the triangle inequality
along Du,v, and the final inequality uses (2). The corresponding path
in P is

C(u,0),(v,0) = [x0, (u, 0)]E ∗ [V (u), V (v)]N ∗ [(v, 0), x1]E .

Adding its three segment lengths gives

len(C(u,0),(v,0)) = ∥x0 − (u, 0)∥E + ∥V (u)− V (v)∥N + ∥(v, 0)− x1∥E
= ∥m0 − u∥M + |s0|+ ∥V (u)− V (v)∥N + ∥v −m1∥M + |s1|
≥ ∥m0 −m1∥M + |s0 − s1|
= ∥x0 − x1∥E = d.

(A2) If both points equal t, the corresponding path is

Ct,t = [x0, t]E ∗ [y, y]N ∗ [t, x1]E .

The middle segment is degenerate. Consequently, the triangle in-
equality in E gives

len(Ct,t) = ∥x0 − t∥E + len([y, y]N ) + ∥t− x1∥E
= ∥x0 − t∥E + ∥t− x1∥E
≥ ∥x0 − x1∥E = d.

(A3) If one point belongs to M × {0} and the other equals t, write the
first point as (u, 0). Suppose first that the two points occur in the
order (u, 0), t. The corresponding path in P is

C(u,0),t = [x0, (u, 0)]E ∗ [V (u), y]N ∗ [t, x1]E .

To estimate its two E segments, consider the comparison path in E
defined by

Lu = [(u, 0), x0]E ∗ [x0, x1]E ∗ [x1, t]E .

This path joins (u, 0) to t. Since

∥(u, 0)− t∥E = ∥u− a∥M +H ≥ H,

the triangle inequality along Lu gives

H ≤ ∥(u, 0)− t∥E
≤ len(Lu)

= ∥x0 − (u, 0)∥E + ∥x0 − x1∥E + ∥t− x1∥E
= ∥x0 − (u, 0)∥E + d+ ∥t− x1∥E .

Therefore,

∥x0 − (u, 0)∥E + ∥t− x1∥E ≥ H − d.
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Adding the three segment lengths of C(u,0),t and using the nonnega-
tivity of the middle length now yields
len(C(u,0),t) = ∥x0 − (u, 0)∥E + ∥V (u)− y∥N + ∥t− x1∥E

≥ H − d.

Since H > 2r ≥ 2d, this lower bound is greater than d. When the
two attachment points occur in the opposite order, the corresponding
path is

Ct,(u,0) = [x0, t]E ∗ [y, V (u)]N ∗ [(u, 0), x1]E .
In this order, use the comparison path˜︁Lu = [t, x0]E ∗ [x0, x1]E ∗ [x1, (u, 0)]E .
It joins t to (u, 0), so the same triangle inequality gives

H ≤ ∥t− (u, 0)∥E
≤ len( ˜︁Lu)

= ∥x0 − t∥E + d+ ∥(u, 0)− x1∥E .
It follows that
len(Ct,(u,0)) = ∥x0 − t∥E + ∥y − V (u)∥N + ∥(u, 0)− x1∥E

≥ H − d > d.

The cases (A1)–(A3) exhaust the second term in (6). It follows from (6) that
dP (q(x0), q(x1)) = ∥x0 − x1∥E (8)

whenever ∥x0 − x1∥E ≤ r. □

The next lemma turns the metric coordinate q into a coordinate taking
values in a Banach space without changing the required short distances.

Lemma 3.2. Retain the hypotheses and notation of Lemma 3.1. Use ιN to
regard N as a subset of P , and take 0 ∈ N ⊂ P as the distinguished basepoint
of P . Let Z be the closed linear span of {(n,−δn) | n ∈ N} in N ⊕1 F(P ),
and set

B0 =
(︁
N ⊕1 F(P )

)︁
/Z,

with quotient map Π: N ⊕1 F(P ) → B0. Define
j0 : N → B0, j0(n) = Π(n, 0),

and
η : P → B0, η(p) = Π(0, δp).

Then j0 is a linear isometric embedding, η is 1-Lipschitz, and
η ◦ ιN = j0. (9)

Moreover, if x0, x1 ∈ E and ∥x0 − x1∥E ≤ r, then
∥η(q(x0))− η(q(x1))∥B0 = ∥x0 − x1∥E . (10)
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Proof. The dual of the space before taking the quotient is(︁
N ⊕1 F(P )

)︁∗
= N∗ ⊕∞ Lip0(P ).

For ℓ ∈ N∗ and f ∈ Lip0(P ), define the linear functional
Φℓ,f : N ⊕1 F(P ) → R,

Φℓ,f (n, µ) = ℓ(n) + µ(f).
(11)

This functional annihilates Z exactly when

0 = Φℓ,f (n,−δn) = ℓ(n)− f(n)

for every n ∈ N . Thus the annihilator condition is precisely f |N = ℓ.
Whenever this condition holds, we use the same symbol for the induced
functional on B0. In particular,

Φℓ,f (Π(n, µ)) = ℓ(n) + µ(f). (12)

The dual unit ball of B0 therefore consists of the pairs (ℓ, f) satisfying

∥ℓ∥N∗ ≤ 1, f ∈ Lip0(P ), Lip(f) ≤ 1, f |N = ℓ.

For n ∈ N , the Hahn–Banach theorem provides ℓ ∈ N∗ such that ∥ℓ∥N∗ ≤ 1
and ℓ(n) = ∥n∥N . Thus ℓ is a norming functional for n. Extend ℓ to P by
the McShane theorem. If f denotes this extension, then (12) implies

Φℓ,f (j0(n)) = ℓ(n) = ∥n∥N .

The quotient map yields the reverse estimate because
∥j0(n)∥B0 = ∥Π(n, 0)∥B0

= inf
z∈Z

∥(n, 0) + z∥N⊕1F(P )

≤ ∥(n, 0)∥N⊕1F(P )

= ∥n∥N .

The inequality uses 0 ∈ Z. Hence j0 : N → B0 is a linear isometry. The map
η is 1-Lipschitz because Π is 1-Lipschitz and δP is an isometric embedding.
The quotient relation also yields (9).

We claim that η ◦ q preserves every distance at most r. Fix x0 = (m0, s0)
and x1 = (m1, s1) with

d = ∥x0 − x1∥E ≤ r, pi = q(xi), ai = dP (pi, N).

By (8), we also have d = dP (p0, p1).
Assume first that

d ≤ a0 + a1.

Set
c0 = min{d, a0} and c1 = c0 − d.

Then 0 ≤ c0 ≤ a0 and

|c1| = d− c0 = max{d− a0, 0} ≤ a1
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because d ≤ a0 + a1. Thus |ci| ≤ ai for i ∈ {0, 1}, and c0 − c1 = d. Define
g : N ∪{p0, p1} → R by g|N = 0 and g(pi) = ci. The function g is 1-Lipschitz.
Indeed, for n ∈ N , we have

|g(pi)− g(n)| = |ci| ≤ ai ≤ dP (pi, n),

while
|g(p0)− g(p1)| = d = dP (p0, p1).

Retain the symbol g for its McShane extension to P . The functional Φ0,g

belongs to the dual unit ball and satisfies
Φ0,g

(︁
η(p0)− η(p1)

)︁
= g(p0)− g(p1) = d.

It therefore yields the required lower bound for the B0 norm of the selected
pair.

Assume now that
d > a0 + a1. (13)

By (7), we have
ai = distP (pi, N)

= inf
n∈N

dP (pi, n)

= inf
n∈N

inf
u∈A

(︁
∥xi − u∥E + ∥φ(u)− n∥N

)︁
= inf

u∈A
∥xi − u∥E

= distE(xi, A).

For the penultimate equality, the expression inside the two infima is at least
∥xi − u∥E . Conversely, for each u ∈ A, the choice n = φ(u) makes its second
term zero. The form of A shows that this distance is attained either at a
point of M × {0} or at (a,H). Put

bi = (mi, 0) and t = (a,H).

Since distE(xi,M × {0}) = |si| is attained at bi, there is ui ∈ {bi, t} such
that

ai = ∥xi − ui∥E .
Let

Pi = [xi, ui]E

be the corresponding affine segment in E. Its length is ai.
If u0 = u1 = t, then

P0 ∗ P1

is an admissible polygonal path from p0 to p1 of length a0 + a1 < d. This
contradicts dP (p0, p1) = d.

The two minimizers cannot have different forms either. After interchanging
the indices if necessary, assume that u0 = b0 and u1 = t. The polygonal path
in E given by

R = [b0, x0]E ∗ [x0, x1]E ∗ [x1, t]E
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joins b0 to t and has length
len(R) = a0 + d+ a1 < 2d ≤ 2r.

On the other hand,
∥b0 − t∥E = ∥m0 − a∥M +H ≥ H > 4r.

This contradicts the triangle inequality in E. Consequently, ui = bi for
i ∈ {0, 1}, and hence ai = |si|. In particular,

|s0|+ |s1| < d ≤ r. (14)
For |s| < r and n ∈ N , the adjunction formula reduces to

dP (q(m, s), n) = |s|+ ∥V (m)− n∥N . (15)
To see this, consider the base route

Bm,s,n = [(m, s), (m, 0)]E ∗ [V (m), n]N

and the top route
Tm,s,n = [(m, s), t]E ∗ [y, n]N .

The base route has length
len(Bm,s,n) = |s|+ ∥V (m)− n∥N .

Equation (2) shows that a base route through (u, 0) has length at least
|s|+ ∥m− u∥M + ∥V (u)− n∥N ≥ len(Bm,s,n).

The top route satisfies
len(Tm,s,n) ≥ ∥m− a∥M +H − |s|+ ∥y − n∥N .

The triangle inequality and the definition of C also imply
len(Bm,s,n) ≤ |s|+ ∥m− a∥M + C + ∥y − n∥N .

It follows that
len(Tm,s,n)− len(Bm,s,n) ≥ H − C − 2|s| > 0

because |s| < r and H > C + 4r. Thus no route through t is shorter than
Bm,s,n, which proves (15).

Since ∥m0 −m1∥M ≤ d ≤ r, equation (1) implies
∥V (m0)− V (m1)∥N = ∥m0 −m1∥M .

The Hahn–Banach theorem provides ℓ ∈ N∗ with ∥ℓ∥N∗ ≤ 1 such that
ℓ(V (m0)− V (m1)) = ∥V (m0)− V (m1)∥N = ∥m0 −m1∥M .

Put ds = |s0 − s1| and set
c0 = min{ds, |s0|} and c1 = c0 − ds.

We have 0 ≤ c0 ≤ |s0| and
|c1| = ds − c0 = max{ds − |s0|, 0} ≤ |s1|.
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The last inequality follows from ds = |s0−s1| ≤ |s0|+ |s1|. Thus c0−c1 = ds.
On N ∪ {p0, p1}, set

f |N = ℓ, f(pi) = ℓ(V (mi)) + ci.

For n ∈ N , the formula (15) implies

|f(pi)− f(n)| ≤ ∥V (mi)− n∥N + |ci|
≤ ∥V (mi)− n∥N + |si|
= dP (pi, n).

Its difference on the selected pair is

f(p0)− f(p1) = ∥m0 −m1∥M + |s0 − s1| = d.

Hence f is 1-Lipschitz on N ∪ {p0, p1}. Retain the symbol f for its McShane
extension to P . It is an admissible dual functional. By (12), it satisfies

Φℓ,f

(︁
η(p0)− η(p1)

)︁
= f(p0)− f(p1) = d.

Together with the 1-Lipschitz property of η ◦ q, the two cases prove (10). □

The two auxiliary lemmas now supply the coordinates needed for the
successor mechanism. The next lemma adds a coordinate which separates
points and constructs the retraction used at limit stages.

Lemma 3.3. Let r, L > 0, and let

A =
(︁
MA, NA, VA

)︁
be a uniformly locally isometric triple at scale r. For every

y ∈ NA \ VA(MA),

there exist a triple B and maps ιBA, ȷBA, and RB
A which make B an L-protected

extension of A at y.

Proof. For the construction, write

M = MA, N = NA, V = VA.

Fix y ∈ N \ V (M) and a ∈ M . Put C = ∥V (a) − y∥N and choose H >
C + L + 4r. Since L > 0, this choice also satisfies the height condition in
Lemma 3.1. Apply Lemma 3.1 with these choices, and retain its notation E,
ιE , A, φ, P , q, and ιN . Apply Lemma 3.2 to the resulting adjunction and
retain its notation B0, Π, j0, and η.

The copy of N is closed in P . Indeed, for x /∈ A, we have dP (q(x), N) =
dist(x,A) > 0. Collapse N to one point and let

πQ : P → Q = P/N

be the quotient map. Denote the collapsed point by o = πQ(0). Its metric is

dQ(πQ(p0), πQ(p1)) = min{dP (p0, p1), dP (p0, N) + dP (p1, N)}.
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By [6, Proposition 2.6], this formula defines a metric, and πQ is 1-Lipschitz
and injective on P \N . For z ∈ Q, write

dz : Q → R, dz(u) = dQ(z, u)

for u ∈ Q, and let Cb(Q) be the Banach space of bounded continuous real
functions on Q with the supremum norm. The map K : Q → Cb(Q) defined
by K(z) = dz − do is an isometric embedding and satisfies K(o) = 0 by [8,
Theorem 2.6]. Let

GQ = spanK(Q) ⊂ Cb(Q).

Since K(Q) ⊂ GQ, we henceforth regard K as a map from Q to GQ. Define˜︁K : P → GQ by ˜︁K = K ◦ πQ. The map ˜︁K is 1-Lipschitz, vanishes on N , and
separates two points unless both belong to N . Set

F = B0 ⊕∞ GQ.

Define
ιF : N → F, ιF (n) = (j0(n), 0),

and
J : P → F, J(p) = (η(p), ˜︁K(p)).

The forward maps are summarized by

P
πQ−−−→ Q

K−−→ GQ, ˜︁K = K ◦ πQ,

J = (η, ˜︁K) : P → B0 ⊕∞ GQ, V + = J ◦ q.
(16)

The first coordinate η preserves the required short distances. The second
coordinate ˜︁K separates points not already separated inside the old target.
The map J is 1-Lipschitz and injective. Equation (9) and the fact that ˜︁K
vanishes on N show that

J ◦ ιN = ιF . (17)
The first coordinate and (10) show that J ◦ q preserves every distance at
most r. By (16), V + is injective.

M E

N F.

ιE

V V +

ιF

(18)

The square commutes because q◦ ιE = ιN ◦V , and equation (17) then implies
commutativity. The distinguished point at height H also satisfies

V +(a,H) = J(ιN (y)) = ιF (y).

Set
B = (E,F, V +), ιBA = ιE , ȷBA = ιF .

The construction so far proves (E1)–(E4).
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It remains to prove (E5) and (E6). Let λ : R → [0, 1] vanish on (−∞, L],
be affine on [L,H], and equal one on [H,∞). Define

ρE : E → N, ρE(m, s) = V (m) + λ(s)(y − V (a)).

Since
Lip(λ) =

1

H − L
and C

H − L
< 1,

we have
∥ρE(m0, s0)− ρE(m1, s1)∥N

≤ ∥V (m0)− V (m1)∥N + C|λ(s0)− λ(s1)|

≤ ∥m0 −m1∥M +
C

H − L
|s0 − s1|

≤ ∥m0 −m1∥M + |s0 − s1|.
Therefore, the map ρE : E → N is 1-Lipschitz. It agrees with φ on A. To-
gether with the identity on N , it descends to a pointed 1-Lipschitz retraction
ρP : P → N . By construction,

ρP ◦ q = ρE , ρP ◦ ιN = idN . (19)
By the universal property of F(P ), the map ρP has a unique 1-Lipschitz

linear extension ˆ︁ρP : F(P ) → N.

It satisfies ˆ︁ρP (δp) = ρP (p)

for every p ∈ P . Define
T : N ⊕1 F(P ) → N, T (n, µ) = n+ ˆ︁ρP (µ).

For every n ∈ N and µ ∈ F(P ), we have
∥T (n, µ)∥N ≤ ∥n∥N + ∥ˆ︁ρP (µ)∥N ≤ ∥n∥N + ∥µ∥F(P ).

Thus T is 1-Lipschitz. Since ρP (n) = n for n ∈ N , we have
T (n,−δn) = n− ˆ︁ρP (δn) = n− ρP (n) = 0.

It follows that Z ⊂ kerT . Consequently, T induces a 1-Lipschitz linear map
R0 : B0 → N, R0(Π(n, µ)) = n+ ˆ︁ρP (µ).

For n ∈ N , we have
R0(j0(n)) = n.

Hence R0 is a linear retraction onto the old target. Moreover, the defining
formula yields

R0 ◦ η = ρP . (20)
Define the first coordinate projection by

πB0 : F → B0, πB0(b, g) = b.

Set
R = R0 ◦ πB0 : F → N.
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This is a 1-Lipschitz linear map, and R ◦ ιF = idN . The named maps now
fit into the commutative recovery diagram

E P F

N N N.

q

ρE

J

ρP R (21)

The left square is (19). The right square follows from (20) because πB0◦J = η.
Consequently,

(R ◦ V +)(m, s) = ρE(m, s) = V (m) + λ(s)(y − V (a)).

If |s| ≤ L, then λ(s) = 0, and therefore
(R ◦ V +)(m, s) = V (m).

Finally, set
RB

A = R.

The preceding identities prove (E5) and (E6), which completes the proof. □

4. Coherent limit stages

We record how the retractions in Lemma 3.3 control completed increasing
unions. Preservation at the fixed distance scale alone does not ensure that the
extension to a completed increasing union remains injective. The retractions
supply the missing coordinate recovery.

Consider a transfinite chain {(Mα, Nα, Vα)}α<τ of Banach spaces and
injective maps. For α ≤ β < τ , let

ιβα : Mα → Mβ and ȷβα : Nα → Nβ

be linear isometric embeddings. These stage embeddings are required to
satisfy

ιαα = idMα , ιγβ ◦ ιβα = ιγα

and
ȷαα = idNα , ȷγβ ◦ ȷβα = ȷγα

whenever α ≤ β ≤ γ < τ . We also require the square

Mα Mβ

Nα Nβ

ιβα

Vα Vβ

ȷβα

(22)

to commute. Thus
Vβ ◦ ιβα = ȷβα ◦ Vα. (23)

We use the stage embeddings to identify each stage with its image in every
later stage. Under these identifications, the source spaces and target spaces
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are increasing chains and the stage maps extend one another. Assume that
every Vα : Mα → Nα preserves distances at most a fixed r > 0. Fix L > 0.
Whenever Lemma 3.3 is applied at a successor stage α+ 1, set

Mα+1 = Mα ⊕1 R,
take ια+1

α and ȷα+1
α to be the embeddings ιE and ιF from that lemma, and

let
Rα+1

α : Nα+1 → Nα

be the 1-Lipschitz linear retraction obtained there. It satisfies
(Rα+1

α ◦ Vα+1)(m, s) = Vα(m) (24)
whenever |s| ≤ L. At a successor stage where no extension is required, set

Mα+1 = Mα, Nα+1 = Nα, Vα+1 = Vα,

and use the identity as ια+1
α , ȷα+1

α , and Rα+1
α .

Retractions to earlier stages are defined by composition at successors.
They satisfy

Rβ
α ◦ ȷβα = idNα , Rγ

α ◦ ȷγβ = Rβ
α (25)

whenever α ≤ β ≤ γ.

Proposition 4.1. Let λ be a limit stage of the construction above. Assume
that every stage map below λ is injective and preserves every distance at most
r. Let Mλ and Nλ be the completions of the corresponding algebraic increasing
unions. Then the coherent union of the stage maps extends uniquely to an
injective 1-Lipschitz map

Vλ : Mλ → Nλ

which extends every earlier stage map and preserves every distance at most
r. For each α < λ, the coherent retractions extend uniquely to a 1-Lipschitz
linear retraction

Rλ
α : Nλ → Nα

and continue to satisfy (25).
More precisely, call the transition from stage η to stage η + 1 active when

it applies Lemma 3.3. For δ ≤ λ, define
I(δ) = {η < δ | the transition from η to η + 1 is active}.

Thus each η ∈ I(δ) indexes the new R coordinate introduced in that transition,
while an idle transition contributes no coordinate. We have I(γ) = I(λ) ∩ γ
for γ < λ. Under the stage embeddings, the source spaces have the canonical
coordinate representations

Mγ = M0 ⊕1 ℓ1(I(γ))

for γ ≤ λ. In particular,
Mλ = M0 ⊕1 ℓ1(I(λ)).

For γ < λ, let
Pγ : Mλ → Mγ
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be the projection onto stage γ, defined by

Pγ

(︁
m, (sη)η∈I(λ)

)︁
=

(︁
m, (sη)η∈I(γ)

)︁
.

If
x = (m, (sη)η∈I(λ))

and γ is chosen so that η < γ whenever |sη| > L, then(︁
Rλ

γ ◦ Vλ

)︁
(x) = Vγ(Pγ(x)). (26)

Proof. Fix a limit stage λ and assume by transfinite induction that the
recovery identity has been established at every earlier limit stage. For fixed
α < λ, the maps Rβ

α agree on overlaps by (25). They therefore define a
1-Lipschitz linear map on the algebraic union by

Rλ
α

(︁
ȷλβ(n)

)︁
= Rβ

α(n)

for α ≤ β < λ and n ∈ Nβ. This map extends uniquely to a 1-Lipschitz
linear retraction Rλ

α : Nλ → Nα. The extensions continue to satisfy (25).
At every transition indexed by η ∈ I(λ), the protected extension replaces

the current source Mη by Mη+1 = Mη⊕1R, and the stage embedding satisfies

ιη+1
η (m) = (m, 0)

for m in Mη. An idle transition leaves the source unchanged. Induction
over the stages below λ therefore identifies Mα with M0 ⊕1 ℓ1(I(α)) inside
M0 ⊕1 ℓ1(I(λ)) by extending later coordinates by zero. Consequently,

M0 ⊕1 c00(I(λ)) ⊆
⋃︂
α<λ

Mα ⊆ M0 ⊕1 ℓ1(I(λ)),

where c00(I(λ)) denotes the finitely supported scalar families on I(λ) with
the ℓ1 norm. The first inclusion holds because every finite subset of I(λ) is
contained in I(γ) for some γ < λ. Since the completion of c00(I(λ)) in this
norm is ℓ1(I(λ)), the algebraic increasing union is dense in the right hand
side. Therefore, the completed source has the canonical form

Mλ = M0 ⊕1 ℓ1(I(λ)). (27)

The coherent union of the maps Vα is 1-Lipschitz by (2). It therefore extends
uniquely to a 1-Lipschitz map

Vλ : Mλ → Nλ.

For every α < λ, the extension satisfies

Vλ ◦ ιλα = ȷλα ◦ Vα.

Common finite coordinate truncations show that Vλ preserves every dis-
tance at most r. For a finite set F ⊂ I(λ), let

τF : Mλ → Mλ
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be the coordinate projection which retains the M0 component and the
coordinates indexed by F . Its operator norm satisfies

∥τF ∥op ≤ 1.

If x0, x1 ∈ Mλ and ∥x0 − x1∥Mλ
≤ r, then τF (x0) and τF (x1) belong to a

common earlier stage and remain at distance at most r. Their distance is
therefore preserved by that stage map and hence by Vλ. As the finite sets F
increase, τF (xi) converges to xi for i ∈ {0, 1}. Continuity now yields equality
at the limit.

Fix x ∈ Mλ and write

x = (m, (sα)α∈I(λ)) ∈ M0 ⊕1 ℓ1(I(λ)).

Choose γ < λ so that α < γ whenever α ∈ I(λ) and |sα| > L. There are only
finitely many such coordinates because the tail in (27) belongs to ℓ1(I(λ)).

For a finite set F ⊂ I(λ) ∩ [γ, λ), let

τγ,F : Mλ → Mλ

be the coordinate projection which retains the M0 component and the
coordinates indexed by I(γ)∪F . Put xF = τγ,F (x). Choose δ with γ ≤ δ < λ
so that xF ∈ Mδ. By compatibility of the stage maps and (25), we have

Vλ(xF ) = ȷλδ (Vδ(xF )) and Rλ
γ ◦ ȷλδ = Rδ

γ .

Every coordinate of xF added after stage γ has absolute value at most L. The
successor identity (24), the identity maps at idle stages, and the induction
hypothesis at earlier limit stages therefore yield the complete map calculation(︁

Rλ
γ ◦ Vλ

)︁
(xF ) =

(︁
Rλ

γ ◦ ȷλδ ◦ Vδ

)︁
(xF )

=
(︁
Rδ

γ ◦ Vδ

)︁
(xF )

= Vγ(Pγ(x)). (28)

As F increases through the finite subsets of I(λ) ∩ [γ, λ), the points xF
converge to x. Continuity therefore yields (26).

Assume that
Vλ(x0) = Vλ(x1).

Write
xi = (mi, (si,η)η∈I(λ))

for i ∈ {0, 1}. Choose β < λ so that η < β whenever η ∈ I(λ) and

max{|s0,η|, |s1,η|} > L.

For every γ with β ≤ γ < λ, apply Rλ
γ to the equality and use (26). We

obtain
Vγ(Pγ(x0)) = Vγ(Pγ(x1)).

Injectivity at stage γ implies

Pγ(x0) = Pγ(x1).
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The projection onto every stage retains the M0 component. For each η ∈ I(λ),
choose γ with max{β, η + 1} ≤ γ < λ. The equality of the two stage
projections then implies s0,η = s1,η. Hence x0 = x1. □

Together with Lemma 3.3, Proposition 4.1 shows by transfinite induction
that all successor maps and all completed limit maps remain injective and
preserve every distance at most r.

5. The counterexample

We now assemble the counterexample. The construction has three parts.
We first define the initial map, then control the size of every stage so that
target points can be scheduled, and finally run the transfinite recursion.

5.1. The bent seed. Define the polygonal map S : R → ℓ21 by

S(t) =

⎧⎪⎨⎪⎩
(t, 0), t ≤ 0,

(0, t), 0 ≤ t ≤ 1,

(1− t, 1), 1 ≤ t.

(29)

The image consists of two parallel rays joined by a vertical segment, so S
is injective. If |s− t| ≤ 1/2, the parameter interval between s and t meets
at most one corner. At either corner the two directions occupy different ℓ1
coordinates. It follows that

∥S(s)− S(t)∥ℓ21 = |s− t| (30)

whenever |s− t| ≤ 1/2. On the other hand,

∥S(−1)− S(2)∥ℓ21 = 1 < 3 = |−1− 2|. (31)

5.2. Cardinal bounds and scheduling. The bent map supplies the re-
quired failure of global distance preservation, but its image is not the whole
target. To add every missing target point later, we first choose a recursion
length larger than the cardinality of every possible stage. Put

c = 2ℵ0 , θ = 2c, κ = θ+.

The cardinal κ is regular and uncountable. We shall construct a chain
through all ordinals below κ.

Every stage of the construction will have cardinality at most θ. The
initial spaces have this property. At a successor stage, the metric adjunction
constructed in Lemma 3.1 has cardinality at most θ. Its Lipschitz-free space
has density at most θ. The relative Banach envelope B0 from Lemma 3.2
therefore has density at most θ. The metric quotient Q has cardinality at
most θ, and its Kuratowski image has closed linear span GQ of density at
most θ. Thus the direct sum used in Lemma 3.3 also has density at most θ.
A Banach space of density at most θ has cardinality at most

θℵ0 = (2c)ℵ0 = 2c = θ.
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If λ < κ is a limit ordinal, then |λ| ≤ θ. The increasing union at stage λ
therefore has cardinality at most θ, and its completion has the same bound.
This proves the stage bound by transfinite induction.

To ensure that every target point is eventually included in the image, we
use a standard bookkeeping argument. Fix an injection

σ : κ× κ → κ (32)
such that α < σ(α, ξ) for all α, ξ < κ. Such an injection can be constructed
recursively after well ordering κ× κ in order type κ. At each step fewer than
κ ordinals have been used, while the tail above the selected first coordinate
still has cardinality κ.

5.3. Proof of the main theorem. At a successor transition which processes
a missing target point, we use Lemma 3.3. An idle successor transition uses
the identity maps, and a limit stage uses Proposition 4.1. Equation (23)
then makes the stage maps into one well-defined final map.

Proof of Theorem 1.1. We construct the stage data by transfinite recursion
on β < κ. When stage β is formed, the data consist of Banach spaces Mβ

and Nβ, a map Vβ : Mβ → Nβ, and a surjection
eβ : κ → Nβ.

We retain the constants
r = 1/2 and L = 1

at every stage. The stage invariant is that Vβ is injective and preserves every
distance at most r.

At stage zero, set
M0 = R, N0 = ℓ21, V0 = S,

where S is defined by (29). The cardinal bound permits us to choose the
surjection

e0 : κ → N0.

Assume next that stage β has been formed. Once stage δ has been
formed, the pair (δ, ξ) ∈ κ×κ represents the requirement that the point eδ(ξ)
eventually belong to the image of a stage map. The schedule map assigns
this κ× κ-indexed family of requirements to distinct transition indices below
κ. At the transition from β to β + 1, there is at most one pair (δ, ξ) with

β = σ(δ, ξ)

because σ is injective. If there is no such pair, leave the stage unchanged.
If there is such a pair, then δ < β by the defining property of σ. The stage
embedding therefore defines the scheduled point

yβδ,ξ := ȷβδ
(︁
eδ(ξ)

)︁
∈ Nβ.

When yβδ,ξ /∈ Vβ(Mβ), the stage invariant permits us to apply Lemma 3.3
to Vβ and yβδ,ξ. When yβδ,ξ already belongs to the image, leave the stage
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unchanged. After Nβ+1 has been formed, the cardinal bound permits us to
choose

eβ+1 : κ → Nβ+1.

At a limit ordinal λ < κ, form Mλ, Nλ, and Vλ as in Proposition 4.1. The
cardinal bound then permits us to choose

eλ : κ → Nλ.

This completes the transfinite recursion.
The same recursive clauses prove by transfinite induction that every Vβ is

injective and preserves every distance at most 1/2. At an active successor
transition this follows from Lemma 3.3. At an idle transition it is immediate,
and at a limit stage it follows from Proposition 4.1. The stage maps satisfy
(23), and every stage embedding is a linear isometry. The cardinal calculation
above verifies at each recursive clause that the required enumeration exists.

Define the final spaces by

X =
⋃︂
α<κ

Mα, Y =
⋃︂
α<κ

Nα.

Define
U : X → Y, U(x) = Vα(x) when x ∈ Mα.

Equation (23) shows that this definition is independent of the chosen stage
α. The spaces X and Y are complete. Indeed, the members of a Cauchy
sequence {xn}n∈Z≥0

belong to countably many stages. Their stage indices
have supremum below κ by regularity. The entire sequence is therefore con-
tained in one earlier Banach stage and converges there. The same argument
applies to the target.

The map U is injective and preserves every distance at most 1/2, since
every pair of source points belongs to a common stage. It is also surjective.
To see this, fix y ∈ Y . There is δ < κ with y ∈ Nδ, and there is ξ < κ with

eδ(ξ) = y.

Put β = σ(δ, ξ). Under the stage identifications, the scheduled point

yβδ,ξ = ȷβδ (y)

is the same element of Y as y. At the transition from β to β + 1, this point
is put into the image if it is still missing. It remains in the image at every
later stage.

If p, q ∈ BX(x, 1/4), then ∥p− q∥X ≤ 1/2. Hence

∥U(p)− U(q)∥Y = ∥p− q∥X

by the fixed short distance property. Finally, the points −1 and 2 from the
initial source remain at distance three, while their images remain at distance
one by (31). Thus U is not a global isometry. □
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The counterexample shows that the local closed ball hypothesis alone
is insufficient. The positive results recalled in the introduction leave the
following problem.

Problem 5.1. Find further structural conditions on real Banach spaces X
and Y , or regularity conditions on a bijection U : X → Y , which ensure that
the local closed ball hypothesis of Scottish Book Problem 155 forces U to be
a global isometry.
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